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Abstract

In this thesiswe addresslevel of detail optimization, theproblemof automaticallyselectingobject

detail levels in an interactive visualization.A goodselectionmechanismshouldselectlevels that

areappropriateto theviewing situationandthelimited time availablefor rendering.Our principle

contribution is the extensionof a previous predictiveapproachto caterfor hierarchicalscenede-

scriptionsin whichmultiple sharedrepresentationsareprovidedfor groupsof objects.This results

in savingsin renderingandoptimizationcostsandsupportsthehierarchicalnatureof typicalscenes.

We presentthe�rst rigorouscharacterizationof thepredictivehierarchicallevel of detailoptimiza-

tion problem,andshow its equivalenceto a new hierarchicalgeneralizationof theMultiple Choice

Knapsack Problem. Thisallowsusto identify andcorrectproblemswith previousapproaches.

We presenta seriesof new mathematicallyproven algorithmsin the developmentof an im-

provedpredictive hierarchicallevel of detailoptimizationalgorithm,includingnew algorithmsfor

the HierarchicalandconventionalMultiple ChoiceKnapsackProblems.Our level of detail algo-

rithm is predictive, guaranteeingthatthepredictedrenderingcostof its selectedlevelsof detailare

alwayslower thantheavailableframerenderingtime. It is hierarchical, allowing theuseof shared

groupobjectrepresentations.It is incremental, exploiting coherencebetweensuccessive optimal

solutionsfor increasedef�ciency. Lastlyit is mathematicallycorrectandprovidesguaranteedlevels

of predictedperceptualquality. Ouralgorithmis a signi�cant contributionto theeliminationof lag

in interactivevisualization.

We introducea new formalismfor the investigationandanalysisof the hierarchicallevel of

detailproblem,the level of detail graph. Usingthemwe prove theequivalenceof our algorithms,

andshow how this proofcanbeadaptedto prove theunprovenequivalenceof previousalgorithms.

We presentthe resultsof a perceptualexperimentdemonstratingthe effectivenessof the useof

sharedobjectrepresentationsandanimplementationdemonstratingthepracticalfeasibility of our

level of detail optimizationalgorithm. This representsthe �rst applicationof hierarchicallevel of

detailoptimizationto therenderingof scenesgeneratedwith hierarchicalradiosity.

iii



Acknowledgments

I amgratefulto my supervisorDr. EdwinBlakefor hissupportthroughoutmy degree.His guidance

anddirection,aswell ascountlessdebatesanddiscussions,werevital to my research.In addition

hewasresponsiblefor severalkey ideasincluding theuseof themetric that I refer to as“relative

value”.

In additionI amindebtedto severalpeoplefor their kind helpwith areasof this work. Shaun

NirensteinandSimonWinbergperformedtheexperimentalwork thatis describedin Chapter9. I am

gratefulto themfor their input aswell astheir dedicatedandinspiredwork. Dr. SilvanoMartello,

Dr. Ulrich Pferschy, Dr. SvenKrumkeandDr. TheoSwartall providedvaluableassistancewith

my work on the Multiple ChoiceKnapsackProblem.Dr. TanjavanRij andDr. FonsKuijk were

instrumentalin arrangingaworkingvisit to theCWI in Amsterdamwhichprovedto betheturning

pointof my research.TheInstitutefor PerceptionResearch(IPO)in Eindhovenprovidedusefulin-

formationonperceptualexperiments.My thanksgoto theFoundationfor ResearchDevelopmentof

SouthAfrica (now theNationalResearchFoundation)for their �nancial supportduringmy studies.

I wish to thankmy parentsfor their love andsupport. I dedicatethis work to them. Lastly

I would like to thankmy friendsandfellow studentsfor many helpful discussionsandmany �ne

gamesof BZFlag.

iv



Contents

Abstract iii

Acknowledgments iv

1 Intr oduction 1

1.1 Aims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Background 7

2.1 Introductionto Level of Detail . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Level of DetailOptimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 PreviousLevel of DetailOptimizationStrategies. . . . . . . . . . . . . . . . . . . 15

2.4 HierarchicalLevel of DetailDescriptions . . . . . . . . . . . . . . . . . . . . . . 21

2.5 KnapsackProblems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5.1 BinaryKnapsackProblem . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5.2 Multiple ChoiceKnapsackProblem . . . . . . . . . . . . . . . . . . . . . 29

2.5.3 Algorithmsfor 0-1KP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.5.4 Algorithmsfor MCKP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.6 Non-HierarchicalLevel of DetailOptimization . . . . . . . . . . . . . . . . . . . 41
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Chapter 1

Intr oduction

“There area numberof challengesthat still have to be met beforeany of these[3D

virtual interface]techniquesareusedroutinely in industry. Onethat I cantalk about

brie�y is time-critical computing,which the networkingcommunitycalls quality of

service. Insteadof having algorithmsthat computeperfectlyandtakehowever long

they require,we want algorithmsthat yield a usableresultwithin a given time limit

andproducehigher-quality resultsif givenmoretime. This will enableusto schedule

the numberof framesthat we areableto generateandavoid motion sickness.Such

time-criticalcomputingrequiresanew wayof lookingat algorithms”

–AndriesvanDam,1996.

Virtual reality and3D visualizationsystemssuffer chronicallyfrom lag, thedelaybetweenthe

expectedperceptionof eventsby theuserandtheir actualperception.Lag is annoyingto theuser

and is associatedwith motion sickness,deteriorationof immersivenessand degradationof user

performance.Themajorsourceof lag is the complexity of the renderingprocess,exacerbatedby

thevastsizeof typical models,leadingto inconsistentandexcessive framerenderingtimes.Many

techniqueshave beenproposedto reducelag, but no softwarealgorithmor advancein rendering

hardwarehasyetsucceededin eliminatingit.

In this dissertationwe reporton work thatpromisesto eliminatea majorcauseof lag entirely

by actively regulatingthecomplexity of therenderedscenemodel. This constitutesa time-critical

approachto renderingin which thepreservationof consistentandreasonableframeratesis valued

above “realism” andspatialimagequality. That is not to saythat we disregardimagequality in

1



2 CHAPTER1. INTRODUCTION

favour of increasedspeed— ratherwe seekto control the renderingprocessactively andintelli-

gentlyto ensurethatthebestpossiblevisualperceptionis achievedwithout sacri�cing consistently

adequateframerates.Webelievethattheeliminationof lagdueto excessiverenderingtimesandthe

regulationof frameratesonwhichit dependsrequiresafundamentallydifferentapproachto render-

ing in whichtheconstraintson framerenderingtimeareexplicitly encodedandreligiouslyadhered

to, ratherthanbeingleft to goodfortuneandtheunpredictedwhimsof therenderingsystem.

Thetime-criticalapproachto renderingembodiedby this researchhasreceivedsomeattention

in thepast.However we feel it hasbeenwidely neglecteduntil very recentlyandevennow holds

nowherenearthe importantpositionit deserves. In this dissertationwe show that all of the best

attemptsto investigateit formally, thoughcertainly inspirational,have been�a wed by a lack of

mathematicalrigour thathamperstheusefulnessof their ideas.By basingourapproachmore�rmly

onasoundtheoreticalfoundation,weproposereplacementalgorithmsandnew techniquesthatcor-

rect previous problemsandelegantly combinetwo of the most importantideasin contemporary

computergraphics:hierarchical scenedescriptionsandpredictivelevel of detail optimization. We

draw on previous work that shows the advantagesof predictive level of detail optimizationtech-

niquesandshareddrawablerepresentationsfor hierarchicalgroupsof sceneobjects. We present

a new classi�cationof existing level of detail optimizationstrategiesin termsof whetherthey are

predictive andwhetherthey supporthierarchicalscenedescriptions.This classi�cationshows that

few predictive strategieshave beenproposedand,of those,only two have beenhierarchical.Our

work servesto addressthisdisparity.

We presenta formal andgeneralde�nition of a hierarchicallevel of detail scenedescription:

a hierarchicalscenedescriptionthat is characterizedby theprovisionof sharedrepresentationsfor

groupsof relatedobjects.Fromthis generalde�nition we derive rigoroushierarchicalversionsof

intuitiveconceptssuchaslevelsof detailandtheoperationsandrelationsassociatedwith them.We

distinguishfor the�rst time betweenthe level of detailoptimizationproblemsfor hierarchicaland

non-hierarchicalscenedescriptions.This distinctionis drivenby the demonstrationthat the most

promisingof thepredictivelevel of detailoptimizationtechniquesproposedsofar is inherentlynon-

hierarchicalanddoesnot allow sharedrepresentationsfor groupsof sceneobjects.By considering

the implicationsof sharedobject representationsandclearly outlining their meaningin termsof

non-hierarchicalscenedescriptions,we derive the �rst formal descriptionof thehierarchicallevel

of detailoptimizationproblem.This allowsa rigorousre-evaluationof previouspredictive level of

detailoptimizationalgorithmsandclearlyidenti�es thesourcesof their limitations.

We develop a new representationaltool for the analysisand investigationof the hierarchical
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level of detail optimizationproblem. Theselevel of detail graphsaregraphicalrepresentationsof

thestatespacesgeneratedby hierarchicallevel of detaildescriptions.Weusethemto recastlevel of

detailoptimizationasa searchproblemand,in sodoing,prove theequivalenceof several level of

detailalgorithms.

Basedon our formal investigationof the hierarchicallevel of detail optimizationproblemand

analysisof previous approacheswe formulatean improved hierarchicalpredictive level of detail

optimizationalgorithm.Thisalgorithmis truly hierarchicalandallowstheuseof hierarchicalscene

descriptionswith sharedrepresentationsfor groupsof objects. Becauseof its predictive nature

it guaranteesconstantframerenderingtimesby ensuringthat the predictedrenderingcostof the

selectedscenerepresentationis alwayslower thantheavailablerenderingtime. Furthermoreit ac-

tively optimizestheperceptualbene�t of theselectedrepresentationandproducesguaranteedlevels

of predictedperceptualquality. By virtue of this we correctproblemswith previous algorithms

thatmadetheir solutionsarbitrarilybadin theworstcase.Lastly our algorithmis incrementaland

so exploits frame-to-framecoherencefor improvedef�ciency by basingits initial solutionon the

approximatesolutionfoundfor thepreviousframe.

Ourapproachis foundedin theory. We prove thecorrectnessandequivalenceof ouralgorithms

anddevelop,whereappropriate,formalde�nitions of conceptsintroduced.This�rm basisin theory

allowsusto developmoreeffectivetechniques.Wemeasurethepracticalusefulnessof our theoreti-

cally developedideasusingexperimentalimplementationsin workingsystems.Our�rst experiment

introducestheuseof perceptualevaluation, thesubjectiveassessmentof imagesequencesby non-

experthumanusers,for establishinga �rm connectionbetweenthetheoryandtherealworld. The

secondexperimentdescribesthe implementationof our predictive hierarchicallevel of detailopti-

mizationalgorithmin an actualinteractive realtimevisualizationsystem.This systemallows the

explorationof radiosity-generatedscenemodelsthroughtherealtimepredictivelevel of detailopti-

mizationof thousandsof sceneobjects,andconstitutesthe�rst applicationof hierarchicallevel of

detail optimizationto the dynamicview-dependentadaptive renderingof scenemodelsgenerated

usinghierarchicalradiositymethods.

1.1 Aims

We investigatethe implicationsof hierarchicallevel of detail descriptionsfor predictive level of

detailoptimization.Ouraimsare:

1. Theformal investigationof thepredictivehierarchicallevel of detailoptimizationproblem.
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2. Thedevelopmentof formal toolsandtechniquesto aid in this investigation.

3. Thedevelopmentof improvedpredictivehierarchicallevel of detailoptimizationalgorithms.

4. Thetestingof theeffectivenessandef�ciency of thesealgorithms.

1.2 Overview

Chapter 2 We begin in Chapter2 with a review of relatedwork. In thatchapterwe distinguish

betweenthehierarchical andnon-hierarchical level of detail optimization problems, wherethere-

spectiveproblemsarecharacterizedby theclassesof level of detailmodelsthatthey allow. Previous

level of detailoptimizationschemesarediscussedin light of this distinction.We re�ect on anear-

lier resultdemonstratingtheequivalenceof thelevel of detailoptimizationproblemto theMultiple

ChoiceKnapsack Problem(MCKP),andshow thatthisequivalenceholdsonly for non-hierarchical

level of detail optimization. We arguethat the equivalenceassumesthe useof a non-hierarchical

level of detail descriptionin which no sharedrepresentationsareprovided for groupsof objects.

Thekey differencebetweentheproblemsarisesfrom thefact that in thecaseof hierarchicalscene

descriptionswith sharedrepresentationsfor groupsof objectsit is possibleto selectsingleshared

representationsfor multiple objects. This differenceis the centralthemeof our research.Finally

we review in detail the predictive level of detail optimizationalgorithmsproposedpreviously and

outlinetheir shortcomings.In particularwe show thatnoneof thepreviously proposedalgorithms

provideguaranteedlevelsof perceptualquality, in spiteof claimsto thateffect.

Chapter 3 In Chapter3 we presenta greedyalgorithm for the MCKP that we prove is half-

optimalor betterfor all instancesof theproblem.Thisalgorithmis animprovementoverthesimilar

algorithmpresentedby FunkhouserandSéquin,whosesolutionwe show is not guaranteedto be

half-optimalasthey claim. Our algorithmmakesuseof a metric, relativevalue, that embodiesa

usefulinsightinto thenatureof theMCKP. Sinceouraim is thedevelopmentof level of detailopti-

mizationalgorithms,weconsidertheuseof this�rst greedyalgorithmin level of detailoptimization

and�nd that its mostsigni�cant limitation in this regardis that it is not incrementalandperforms

a completegreedyoptimizationevery time it is applied. With this in mind we alsopresenta sec-

ond,simpli�ed MCKP greedyalgorithmthat is capableof beingmadeincremental.This second

algorithmis the resultof a simplifying assumptionthatmoreexpensive selectionsalwaysprovide

diminishingreturns.We show thatthesimpli�ed algorithm'ssolutionis at leasthalf-optimalfor all
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instancesof theMCKP in whichthis assumptionis true.

Chapter 4 In Chapter4 we presenta formal de�nition of a generalhierarchicallevel of detail

description(or scenemodel)in which multiple sharedrepresentationsmaybeprovidedfor groups

of relatedobjects.Along with thiswe provide formalde�nitions of conceptssuchasthepartialor-

deringof levelsof detailthatsuchdescriptionsprovideandtheincrementationanddecrementation

operationsbetweenthem. We de�ne a hierarchicalgeneralizationof theMCKP, theHierarchical

Multiple ChoiceKnapsack Problem, to which thehierarchicallevel of detailoptimizationproblem

is shown to be equivalent. This equivalenceis demonstratedby meansof an intermediatoryrep-

resentation,the constrainednon-hierarchical level of detail description, in which thehierarchical

constraintson level of detail selectionsimplicit in the hierarchicallevel of detail descriptionare

representedexplicitly by constraintson theselectionof objectrepresentations.

Chapter 5 In Chapter5 we introducea novel representation,the level of detail graph, of the

statespacesgeneratedby hierarchicallevel of detail descriptions.The level of detail graphis a

representationaltool that allows the formal, visual andsemanticanalysisof hierarchicallevel of

detailoptimizationalgorithmsandtheinvestigationof thehierarchicallevel of detailoptimization

problem.

Chapter 6 In Chapter6 we presenta new greedyapproximationalgorithmfor the Hierarchical

MCKP. Thisalgorithmis anaturalhierarchicalextensionof oursimpli�ed greedyalgorithmfor the

MCKP. Justasthatalgorithmis half-optimalfor a subproblemof theMCKP, sowe prove thatthis

algorithmis half-optimalfor a subproblemof theHierarchicalMCKP in which morecomplex se-

lectionsprovidediminishingreturns.Theextensionof thenon-hierarchicalalgorithmmakesuseof

a hierarchicalextensionof thepreviously proposedrelativevaluemetricto caterfor theconstraints

onselectionthatareimplicit in hierarchicallevel of detaildescriptions.

Chapter 7 Chapter7 presentsa predictivehierarchicallevel of detailoptimizationalgorithmthat

is an equivalentincrementalversionof the greedyapproximationalgorithmfor the Hierarchical

MCKP describedin Chapter6. This algorithmis designedto takeadvantageof frame-to-frame

coherenceby acceptingas an initial solution the approximatesolution reachedfor the previous

frame.We prove theequivalenceof theincrementalandnon-incrementalalgorithmsusinglevel of

detailgraphs.
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Chapter 8 In Chapter8 wedescribeexperimentalresearchinvolving subjectiveperceptualevalu-

ationof animationsequencesby volunteerusersinto theeffectivenessof hierarchicallevel of detail

optimizationandtheuseof hierarchicallevel of detailmodels.A contributionof thisexperimentis

the introductionof perceptualevaluationasa meansof testingtheeffectivenessof graphicsalgo-

rithms.

Chapter 9 In Chapter9 wepresenttheresultsof asecondexperiment,consistingof theimplemen-

tationandtestingof our predictive incrementalhierarchicallevel of detail optimizationalgorithm

in a practicalsystemimplementedby studentsunderour supervision.This experimentrepresents

the�rst application,to ourknowledge,of hierarchicallevel of detailoptimizationtechniquesto the

interactive realtimerenderingof radiosity-generatedscenedescriptionsto provide view-dependent

adaptive re�nement at render-time. We show that by taking advantageof view-dependentinfor-

mationsuchasthe positionandorientationof the viewer, aswell as informationwon during the

radiositycomputations,it is possibleto reducevisible detail in visually unimportantareasof the

sceneadaptively anddynamicallysoasto limit framerenderingtimeswithout impactingseverely

on theperceptualbene�t of therenderedframes.

Chapter 10 Finally in Chapter10we endthisdissertationwith someconcludingremarksandan

evaluationof thekey resultswith regardto theaimsof theresearchstatedin Section1.1.



Chapter 2

Background

In this chapterwe discusstherelatedpreviouswork which forms thebasisof our research,andin

sodoingoutlinemoreclearlytheproblemwe aim to address.In Section2.1 we describethelevel

of detail problemin generalform anddistinguishbetweenlevel of detail modeling,optimization

andrendering.In Section2.2 we describea high level classi�cationof level of detailoptimization

strategiesaccordingto their aimsandapproaches,showing that the mostpromisingstrategiesare

thosethatarepredictive. In Section2.3 we review previous level of detail optimizationstrategies

in termsof this classi�cation,noting that relatively few arepredictive. In Section2.4 we discuss

the advantagesof the useof hierarchicalscenedescriptionsandreview the extensive useof such

descriptionsby previousschemes,notingthatthenumberof predictivehierarchicalschemesis sur-

prisinglysmall. In Section2.5we review thetheoryof severalvariationsof theKnapsack Problem,

a well-known problemin OperationsResearch.In Section2.6 we describea usefulequivalence

betweenlevel of detail optimizationandtheMultiple ChoiceKnapsackProblemnotedpreviously

by FunkhouserandSéquin,andshow thatthisequivalenceis brokenby thesharedobjectrepresen-

tationsthatcharacterizehierarchicallevel of detaildescriptions.We describetwo non-hierarchical

predictive level of detailalgorithmsin somedetail,outlining their limitations. Thenin Section2.7

weconsiderthehierarchicallevel of detailoptimizationproblemanddiscussin detailtwo hierarch-

ical predictive level of detail algorithms,outlining their limitations in turn. Finally we provide a

summaryof themainpointsof thechapterin Section2.8.

7
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2.1 Intr oduction to Level of Detail

The techniqueknown aslevel of detail hasdevelopedasa meansof managingthe complexity of

renderingatrender-time in interactiveanimation,visualizationandvirtual realitysystems.Oneaim

of suchgraphicssystemsis thecreationandperpetuationof whatwe shall referto asuserconvic-

tion, theextentto which theuseris “convinced”of theillusory reality or environmentthat is being

portrayed.Crucial to userconviction arevisualquality andtemporal quality. Visualandtemporal

quality referto theextentto which theframes(or images)producedby thesystemandtheir timing

contributeto userconviction. We refer to the temporalquality of thesystemasinteractivity, since

the timing (or temporalquality) of the framesdirectly affectsthedegreeto which the useris able

to interacteffectively with thesystem.Becauseboththevisualqualityandtiming of theframesare

dependenton thecomplexity of therenderingprocess,thereis a continualtradeoff betweenvisual

qualityandinteractivity. Any increasein visualqualitymaybederivedat theexpenseof increased

renderingcomplexity andthereforedecreasedinteractivity, andconverselyany improvementin in-

teractivity may be achieved at the expenseof decreasedimagequality. Practicalexperienceand

experimentalwork suchasthatof SmetsandOverbeeke[79] suggestthatstaticresolutionfactors

suchasspatialandcolour resolutionaresigni�cantly lessimportant,relatively speaking,for the

performanceof many interactivetasksthantheregulationof aconsistentandreasonableframerate.

Thereforecaremustbetakento ensurethat interactivity is not compromisedin thequestfor more

“realism”. Level of detail (LoD) techniquesmakethemanagementof this tradeoff explicit andal-

low it to beperformeddynamicallyat render-time,whereaspreviously it wasgenerallyhardcoded

by thedesignerof thesystematdesign-time.

Thecommonthemeunderlyingall level of detailtechniquesis theprovisionof multiresolution

representationsfor sceneobjects:geometricrepresentationsor collectionsof representationsfrom

which distinctdrawablerepresentationsat a rangeof detail levelsmaybeextracted.Themultiple

drawablerepresentationsof a givenobjectarereferredto asthelevelsof detail or impostors[47] of

thatobject(Figure1). Theadvantagesof multiresolutionrepresentationswere�rst pointedout by

Clark [16]. Essentiallytheprovisionof multipledrawablerepresentationsof differingcomplexities

allowstheadaptiveselectionof moreappropriaterepresentationsfor objectsin reactionto changing

context thanis possiblewith asingle�x edrepresentation.This in turnallowstherenderingsystem

to control theamountof detail renderedin eachpartof thesceneintelligently anddynamicallyso

asto prevent therenderingof detail that is too �ne to bedisplayedaccurately, perceivedusefully,

andrenderedinteractively.
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Figure1: Levels of detail. Five representationsof thesameobject(a sphere)at
differentlevels of detail. Eachlevel of detail consistsin this caseof a different
numberof planarpolygonsandhasa differentrenderingcostanda differentcon-
tributionto theperceptionof theobjectasasphere(andthereforeto theperception
of thesceneasa whole). A typical scenemight consistof many differentobjects,
eachof whichmaybeprovidedwith its own setof representationsatvariouslevels
of detail.

We distinguishbetweenlevel of detail modeling, level of detail optimizationandlevel of detail

rendering(seeFigure2). Our interestis focusedalmostexclusively on level of detailoptimization.

Levelof detailmodeling, alsoknownasmultiresolutionmodeling, is theprovisionof multipledraw-

ableobjectrepresentationsat variouslevelsof detail. Level of detail optimizationis theautomatic

selectionof themostappropriatelevel of detail for eachsceneobjectfor renderingdynamicallyat

render-time. Finally level of detail renderingrefers,in this sense,to therenderingof the levelsof

detail extractedfrom the level of detail modelandselectedfor renderingby level of detail opti-

mization. To bemoreprecise,level of detailoptimizationis a processthatactsasa �lter between

thelevel of detailmodelandtherenderingsubsystem,�ltering from all thepossiblerepresentations

madeavailableby the modelonly thosethat areappropriatefor renderingin the currentviewing

situation.Part of its job is to predicttheneedsof theuserandto adjustits �ltering accordingly.

In this dissertationour interestlies primarily in level of detailoptimizationandin thedevelop-

mentof automatictechniquesby which it maybeperformed.We will not addresslevel of detail-

speci�c renderingtechniquesat all, andour coverageof level of detail modelingwill amountto

the de�nition of general-purposeabstractde�nitions of hierarchicalandnon-hierarchicallevel of

detailmodels,with little considerationof the practicaltechniquesby which thesemodelsmaybe

implementedin reality. A vastamountof ongoingresearchhasbeenconductedinto theautomatic

generationandstorageof perceptuallyoptimal multiresolutionpolygonalobject representations.

PuppoandScopigno[54] providea usefulsurvey of thesetechniques.

While level of detailoptimizationitself incurssomecomputationalexpense,decreasingslightly

the time availablefor actualrendering,this investmentis worthwhilesinceit allowsactive control

over what is rendered.This intelligentmanagementof renderingdetailcreatesthe illusion of a far
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Figure 2: The level of detail paradigm. Traditionally the renderingprocess
hasbeentreatedasbeingcomposed,broadlyspeaking,of two stages:modeling
andrendering.The foundationsof the level of detail paradigmlie in level of de-
tail modeling, wherea single�x edmodelis replacedby a collectionof modelsof
varyingcomplexity. Thesemultiresolutionmodelscreatea needfor level of detail
optimization, in the form of automaticprocessesfor selectingtheparticularlevels
of detail to be rendered,andlevel of detail rendering, the extensionof rendering
processesto dealwith level of detailmodels.This thesisis concernedwith level of
detailoptimization.

morecomplex full-detail rendering,by adaptively allocatingtherenderingtime that is availableto

the detail that will mostbene�t the perceptionof the scene.This can,if usedproperly, createthe

perceptionby the userof a constantdetail level higherthanthe greatestconstantdetail level that

couldhave beenrenderedif no level of detailoptimizationwereperformed(seeFigure3).

2.2 Level of Detail Optimization

Level of detailhasbeenusedpreviously with thefollowing threeaimsin mind:

1. Thepreventionof aliasing.

2. Thereductionof renderingcomplexity.

3. Theregulationof framerates.

Aliasing is the misrepresentationof �ne (high frequency) detail during the samplingandre-

constructionprocessconstitutedby rendering[4]. It commonlyresultsin theappearanceof jagged
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Figure3: Why levelof detail optimization isworthwhile. Thediagramshowsthe
levelsof detailselectedfor theeightobjectsof ahypotheticalscene,in eachof � ve
caseslabeled(a) to (e). Levelsof detail,or impostors,arerepresentedby triangles,
with higher levels of detail beingrepresentedby darkertriangles. Higher levels
of detail have bettervisual perceptionbut arealsomoreexpensive. (a) shows a
possibleselectionwith themaximumtotal renderingcostthatcanbeaffordedif no
level of detailoptimizationis performed.(b) showsa selectionwith themaximum
costthat canbe affordedafter somerenderingtime is allocatedto level of detail
optimization. However sincelevel of detail optimizationis beingperformedit is
possibleto intelligentlyselect,for example,either(c) or (d), which have thesame
total costas(b). In eachcasemoreimportantobjectsareallocatedhigherlevelsof
detail.Dueto thediminishedperceptionof unimportantobjectsthiscancreatethe
perceptionby theuserof a constanthigh level of detail of all objectsasshown in
(e)with averageperceptualbene�t greaterthanthatof (a).

lines,randomnoiseandmoirepatternsin therenderedoutput,as�ne detail is sampledtoosparsely

andincorrectlyreconstructed.By activecontroloverwhatdetailis rendered,it is possibleto prevent

therenderingof detailthat,whenrendered,wouldprojectto detailtoo�ne to beresolvedaccurately

on thetargetdisplay. By removing (by meansof culling, �ltering, smoothingor simpli�cation) any

object-spacedetail thatwould be reducedby perspective projectionto screen-spacedetail smaller

thanapixel it is possiblein theoryto eliminatealiasingentirely. Furthermoreby providing multiple

representationsat a rangeof detail levelsandselectingbetweenthemintelligently it is possibleto

avoid the renderingof excessive detail (leadingto aliasing)on the onehandandthe renderingof

too little detail(leadingto impairmentof userconviction) on theother. This amountsto a �ltering

of detail in object-space,andhashistoricallybeenput to goodusein adaptive andmultiresolution
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texture mappingtechniquessuchasmipmapping[27] [32] aswell asin the adaptive renderingof

terrainin �ight simulators[20]. Theuseof multiple levelsof detailto regulatethedisplayof visual

detailwassuggestedby Clark [16].

Whilst theoriginsof level of detaillie in perception,it is morecommonlyassociatedtodaywith

renderingef�ciency. A usefulside-effectof theremoval prior to renderingof detailthatmaynotbe

correctlydisplayedis a reductionin thewastedeffort of renderingthatdetail. By adaptive control

over the renderingof detail it is possibleto signi�cantly reducethe complexity of the rendering

process,whichis generallyworthwhileevenat theadditionalexpenseof thelevel of detailselection.

HeckbertandGarlandprovide a usefulsurvey of suchtechniques[34]. FunkhouserandSéquin,in

their broadclassi�cation of level of detail approaches,refer to techniquesthat have this aim as

performingstatic detail elision [24]. Static techniquesare thosethat performdetail elision (the

removal of unwanteddetailprior to rendering)by meansof unchangingstaticthresholds,typically

basedon thedistanceof objectsfrom thevieweror theirprojectedsizeon thescreen.

FunkhouserandSéquinwerethe�rst to notethatlevel of detailtechniquesarecapablenotonly

of reducingthecomplexity of therenderingprocessbut alsoof limiting it. Theaim of limiting the

renderingcomplexity is to guaranteeconsistentandreasonableframerates.Experienceof real-life

interactive visualizationsystemshasshown that a consistentframerateof at leastten framesper

secondis essentialto theperceptionby theuserof a continuousenvironment,over andabove the

needfor spatialimagequality [79] [63].

The increasinguseof advancedclipping andvisibility preprocessingtechniquesthat remove

invisiblemodelgeometrysuchasthoseof Greeneetal [30], TellerandSéquin[80] andZhangetal

[88] [89] servesto makethecomplexity of renderingdependenton thechangingcomplexity of the

visibleportionof thescene,ratherthanontheconstantcomplexity of theentirescenerepresentation.

This tendsto causeframeratesto vary dramaticallyastheuser's viewpoint changesto encompass

smallerandgreaterportionsof themodel.For example,theresultsreportedby Zhanget al in [89]

show thatalthoughtheuseof hierarchical occlusionmapssucceedsin culling between50and100

percentof the scenemodel, its effect on frameratesis to makethemmore variableandirregular

thanbefore.

Staticlevel of detailtechniquesserve to reducethedependency of thecomplexity of therender-

ing processon thecomplexity of thevisiblesceneby de-emphasizingvisuallyunimportantregions

andsoreducingtheregion of themodelonwhichrenderingdependsto thepartswhicharevisually

important. Hencestatic level of detail techniques,while usefulfor decreasingthe dependency of

renderingcomplexity on thecomplexity of thevisiblescene,donot remove it completely.
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In this senseperceptually-basedstaticdetail elision canbe seenasan extensionof culling to

considernot only thecoarsebinaryyes/novisibility of objectsbut alsotheir fuzzy, perceptualvisi-

bility. As well assometimesbeingculledcompletely, objectsaresometimesreplacedwith simpler

representations.Alternatively, clipping andculling may be seenascoarsespecializationsof the

moregeneralconceptof perceptually-basedlevel of detail, in which objectsareconsideredto be

eithervisible (andthereforeimportant)or invisible. Indeedratherthancompetingwith level of de-

tail techniques,advancedculling methodscanbeusedto providecoarsevisibility informationasa

startingpoint for level of detailoptimization.

As thecomplexity of the visible sceneincreases,so thecomplexity of dataprocessedfor ren-

deringandhencethecomplexity of therenderingprocessincreasesaccordingly. Statictechniques

arecapableof recognizingthatanobjectis only faintly perceivedandadjustingits detail level ac-

cordingly, but fail to reactto the overall complexity of the visible scene:the samelevel of detail

will beselectedfor anobjectin a certainviewing situationirrespective of whethersevensuchob-

jectsarevisible or sevenhundred.By reactingintelligently to changingperceptuallyvisible scene

complexity it is possibleto ensurethat no moredetail is renderedin total thanmay be rendered

in somearbitraryamountof availabletime. This removescompletelythedependency of rendering

complexity on the complexity of any part of the sceneandensures(in theory) that the rendering

time of every frameis boundedby some�x edupperlimit, sothatconsistentandreasonableframe

ratesmaybeachieved.Thisaimrequiresmoreadvancedlevel of detailoptimizationtechniquesthan

thoserepresentedby staticdetailselection:naivelyassigninglevelsof detailbasedonthedistances

of objectswithoutanyknowledgeof globalscenecomplexity is notenough.

Thisuseof level of detailtechniquesto bound— ratherthanmerelyreduce— renderingtimes

hasbeenreferredto asloadbalancingby Reddy[60] andastime-critical renderingby Wloka[87],

Gossweiler[29] andvanDam[23]. FunkhouserandSéquindistinguishbetweentwo paradigmsin

time-criticallevel of detail:adaptivedetailelisionandpredictivedetailelision.Adaptivetechniques

aresimilar to statictechniques,but adjusttheirdetailselectionthresholdsdynamicallyaccordingto

informationgarneredfrom therenderingof previous frames.For examplelevel of detailselection

criteriamaybemademoreconservative in responseto measurementsindicatingthat therendering

timesof precedingframeswereexcessive,andrelaxedin responseto measurementsindicatingthat

all is well. FunkhouserandSéquinnotethatthesetechniquesareproneto a tradeoff betweenrapid

reactionspeedandstability, leadingto overshoot(theover-reactionto suddenchanges),oscillation

(thecyclic meanderingbackwardsandforwardsacrossthe thresholds)anddelayedreactiontimes

[24]. Moreovertheverynatureof reactiveor adaptivetechniquesis fundamentallylimiting: thebest
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we canhopefor is a slight delayin reactingto changesduringwhich theboundariesof acceptable

framegenerationtimesareexceeded.
�

Theselimitationstendto causeadaptivetechniquesto behave

poorly in theregulationof frameratesof complex interactiveenvironmentsin whichthecomplexity

of thevisiblesceneis subjectto frequentdramaticandunpredictablechangesfrom oneframeto the

next [24].

For this reasonFunkhouserandSéquinsuggesttheuseof predictivelevel of detail techniques

in which thecomplexity of renderingis limited by meansof active predictionof theneteffectsof

the renderingof potentialobject representationson the total renderingtime of eachframe. This

approachseeksto selectfor eachframeasubsetof all possibledrawablerepresentationsof all scene

objectssuchthat their total contribution to userconviction is maximized,while limiting their total

renderingcostto some�x edmaximum.By limiting thetotalpredictedrenderingcostof eachframe,

it is possiblein theoryto ensureconsistentandreasonableframeratesat theexpenseof somevari-

ationandreductionin spatialimagequality. Predictive level of detailoptimizationis distinguished

from staticoptimizationby the fact that it aims to limit renderingcomplexity completelyrather

thanmerelyreduceit, andfrom adaptive optimizationby the fact that it takesactivecontrol over

renderingcomplexity ratherthanpassively reactingto previous results. It explicitly predictsand

considersthe renderingcostsof potentialrepresentationsof individual objects,ratherthansimply

adjustingcoarsethresholds.Themotivationfor performingthislevel of detailselectiondynamically

at render-time ratherthanasa preprocessor during thedesignof the systemis that in an interac-

tive visualizationsystemit is impossibleto predictin advancethe positionandorientationof the

viewer'spoint of view at any giventime. Thereforethemostinterestingpartsof thelevel of detail

problemarethosethatapplyto interactivevisualizationsystems.

Thetime-criticalapproachto renderingembodiedby predictive level of detail optimizationis

closely relatedto time-critical approachesin other �elds. Andriesvan Dam for exampledraws

an analogyto the conceptof guaranteedquality of servicein networking[23]. Fussel,Readand

Silberschatz[56] notethatthelevel of detailconceptis generalandarguefor systemwidemultires-

olution — therepresentationof all dataat variouslevelsof detail to allow intelligentmanagement

of processingloads.Sincetheproposalof predictivelevel of detailfor renderingby Funkhouserand

Séquin,similar techniqueshave beenappliedwith somesuccessto theautomaticregulationof the

accuracy of physicalsimulation[11], collision detection[38] andupdateratesof animatedobjects

[87], all with theaim of preservinginteractivity at theexpenseof computationalaccuracy.

�

Theuseof multiplethresholds,known ashysteresis, improvesthesituationslightlyby tradingdetectionaccuracy for
improvedstability.
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In this dissertationwe focusexclusively on predictive level of detail optimizationtechniques,

in the belief that they promisegreatersuccessin guaranteeinguniform frameratesin interactive

visualization.We feel thatstatictechniquesarerelatively well establishedandthat thenext hurdle

in level of detail researchis the developmentof effective andef�cient predictive level of detail

optimizationalgorithms.We de�ne the(predictive) levelof detail optimizationproblemasfollows:

De�nition 2.1 Thelevel of detail optimizationproblem

Thelevelof detailoptimizationproblemis theselectionof a scenerepresentationfor each frame

fromall availablescenerepresentationssuch that theperceptualbene�t of theselectedrepresenta-

tion is maximizedwhile its total renderingtimeis limitedto some�xed upperbound.

This de�nition is fairly generaland makesno demandsnor distinctionconcerningthe form

that the sceneobject's representationsmay takeandhow they may be rendered.We assumethat

ef�cient level of detailmodelingandrenderingtechniquesexist — anassumptionthatis supported

by the largeamountof researchinto multiresolutionmodeling[54]. We rely on the generalityof

ourapproachto ensurethatit appliesto multiresolutionmodelingtechniquesusedin practice.

2.3 PreviousLevel of Detail Optimization Strategies

In this sectionwe review level of detail optimizationschemesproposedpreviously by other re-

searchers,in light of the static, adaptiveandpredictiveclassi�cation begun by Funkhouserand

Séquin.

Thevastmajorityof previousapproacheshavefocusedprimarily onlevel of detailmodelingand

renderingratherthanlevel of detailoptimization,relying on staticdetailelisionfor their optimiza-

tion algorithms.Theoverwhelmingpopularityof statictechniquesis duein partto their simplicity

(both in termsof understandingandin termsof implementation)andin part to historicalreasons:

Staticlevel of detail techniquescanbedatedbackto 1976[16] whereaspredictive methodswere

�rst proposedin 1993[24]. Wesuspectthatwhile many researchersareawareof thetraditionaluses

of level of detailin preventingaliasingandreducingthecomplexity of rendering,relatively few are

awareof its potentialusein ensuringconsistentandreasonableframerates. The distinctionbe-

tweenreducingandlimiting is subtleandthereis ageneralacceptanceof therepeatedly-reinforced

“fact” that the complexity of renderingis dependenton thecomplexity of the visible scene.This

perceptionhasbegunto changewith therecentrisein popularityof imagebasedrendering, which
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promisesto deliver freevisible scenecomplexity throughthereplacementof geometriccomplex-

ity with images.Imagebasedrenderingschemeshave variedfrom replacingrealtimerenderingof

geometryentirelywith clever warpingof prerecordedimageryto theselectiveuseof images(often

derived from renderingsof previous frames)to serve asapproximateimpostorrepresentationsof

sceneobjects[2] [47] [55] [73] [75]. In thesenseof thesecondusage,imagebasedrenderingcan

beconsidereda subclassof level of detail basedtechniques.Both canbeconsideredexamplesof

a generaltrendtowards“faking it” [64] [10] by meansof cunningandappropriateapproximations

ratherthanbruteforcecomputation.

Staticdetailelisionwas�rst proposedby Clark [16]. Clark'saimin proposingtheuseof multi-

ple levelsof detailwasperceptuallymotivated:to guaranteetheselectionof themostperceptually

appropriatelevel of detail for every objectin every conceivableviewing situation.Clark's insight

wasthat by providing multiple explicit representationsfor eachsceneobjectat design-time,it is

possibleto choosebetweenthemat render-time soasto minimizetheappearanceof insuf�ciently

detailedrepresentationswhile simultaneouslylimiting the needlessrenderingof detail that is too

small (dueto perspective projection)to beclearlyrepresentedor perceived. Themostappropriate

level of detail in any givensituation,in this approach,is the mostconvincing representationthat,

whenrendered,doesnot resolve to detailtoosmallto bedisplayedontheavailabledisplay.

Becausethe ability to perceive detail decreasesmostobviously andpredictablywith distance

from the viewer, the commonperceptionof level of detail amongnon-specialistshascometo be

that level of detail selectionimplies selectionby thresholdsbasedon distance. Blake [10] took

the ideaof perceptually-motivateduser-centric renderingfurther, noting that perceptionof detail

dependsalsoon dynamicfactorssuchastherelative motionof objectswith respectto theviewer,

andproviding metricsthat predict the mostperceptuallyappropriatelevel of detail in any situa-

tion [9]. Reddyprovidesa similar perceptually-basedframework for rendering[59] [61] [62] and,

like Blake,providesa perceptualframework by which thevisualeffectsof rendereddetailmaybe

quantitatively measured.We notethat althoughsomeargumentcanbe madefor the existenceof

perceptualeffectsthatdependonthestateof theglobalvisiblescene[47], theseperceptually-based

schemeshave assumedfor simplicity that theperceptionsof independentobjectsareindependent.

Thereforeperceptually-basedlevel of detail optimizationhastraditionallybeendoneon a strictly

object-by-objectbasis.

Many level of detail schemeshave beenproposedthat makeuseof staticlevel of detail opti-

mizationin oneform or another. Most have followedClark's leadandbasedtheir level of detail

selectiononsimpleheuristicsthatapproximatetheprojectedsizeof objectsonthedisplay— either
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by somecombinationof object-spacesizeanddistanceor by a directmeasureof projectedscreen-

spacesize,andoftenby consideringtheobject'sboundingbox ratherthantheobjectitself. Rubin

andWhitted [67] [68] andChamberlainet al [14] proposeschemesin which they aim to prevent

aliasingandto reducerenderingtimesby replacingscenegeometrywith low detail boundingbox

representationsaccordingto thescreenareathatthey occupy.

BeigbederandJahami[6] andMacielandShirley [47] proposetheuseof simpleimpostorssuch

as texturedplanesasreduceddetail representationsof groupsof sceneobjects. The Maciel and

Shirley schemeis distinguishedby the useof a predictive level of detail optimizationalgorithm,

which will be discussedin Section2.7.1. Shadeet al [75], Aliaga andLastra[1] [3] aswell as

Schau�eret al [73] [72] presentrelatedschemesin which cachedimagesof previously rendered

objectsareusedastexturedimpostorsto replacedistantgeometry. Shadeet al usea perceptually-

basederrormetric thatpredictsthe perceptualdifferencebetweenthe impostorandthe full-detail

geometryto decidewhetheror not to usetheimpostor. AliagaandLastraaremoreconcernedwith

level of detailmodelingthanoptimization,anddon't specifyhow thedecisionasto whetheror not

to usean impostormaybemade. In [1] and[3] they statethat they areinvestigatinghow predic-

tiveoptimizationschemesmight beusedto scheduleimpostoruseautomaticallysoasto guarantee

consistentframerates.In [2] and[55] they describetheadaptionof their texturedimpostorscheme

to thesimpli�ed representationof portals(doorways)betweencells(rooms)in a denselyoccluded

environmentsuchasa building. In thecaseof portaltexturestheselectionof geometryfor replace-

mentby impostorsis dictatedby the topologyof the building andno attemptis madeto placea

rigid boundon framerates.For examplethe roomsconstitutingcellsmay bearbitrarily andnon-

uniformly complex.

Schau�erandSturzlinger[73] proposea hierarchicalthree-dimensionalimagecachesimilar to

thatsuggestedbyShadeetal, in whichimpostortexturesarecreatedfor eachof ahierarchyof nested

boundingboxes,andtheimpostorsaresubstitutedfor thegeometrycontainedin theboundingboxes

they representif the texels of the impostortexturesaresmallerthanpixelswhenprojectedto the

display. This constitutesstatic level of detail optimizationbasedon screen-spacearea. Schau�er

alsopresentsaschemefor theautomaticcreationof layeredtexture-basedobjectimpostorsthatlend

themselveswell to commonimpostorwarpingoperations[71] [72].

Eriksonproposestwo relatedhierarchicalpolygonalsimpli�cation strategies, one with Lue-

bke[45] andtheotherwith Manocha[19]. Theseschemesareautomaticandproducehierarchical

simpli�cations in that they arecapableof merging distinctobjects.They bothoperateby collaps-

ing polygonverticeswithin closevisual proximity of eachother, andthe schemeof Eriksonand
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Manochaallows thecreationof HLODs(hierarchicallevelsof detail),which aresharedimpostors

for groupsof objects. Theseschemesareprimarily level of detail modelingstrategies,andtheir

level of detailoptimizationamountsto staticdetailelisionbasedon screen-spacearea.No attempt

is madeto ensureboundedframerenderingtimes,andwhile the resultspresentedin [19] show a

speedupof up to 10 timesover conventionalrendering,the speedupdependson the viewpoint of

theuserandin theworstcasesthereis nospeedupatall. Furthermorethesituationswhenthealgo-

rithm'sspeedupis nonexistentarepreciselythosein whichtheconventionalrenderingtakeslongest,

sothattheeffectof staticlevel of detailoptimizationin thiscaseis to worsenthenon-uniformityof

theframerateratherthanimprove it.

LuebkeandEriksonstatein [45] that“the userselectsthescreen-spacesizethresholdandmay

adjustit duringthecourseof aviewing sessionfor interactivecontrolover thedegreeof simpli�ca-

tion”. Thisneedfor user-basedcontrolin aneffort to maintainreasonableframeratesis asymptom

of the lack of awarenessof global statethat characterizesstaticdetail elision andis exactly what

predictivelevel of detailoptimizationpromisesto remove.

Sillion etal [78] proposealgorithmsfor theautomaticgenerationof three-dimensionalgeomet-

ric impostorsof urbanscenery(that is, buildings). They focuson thedevelopmentof methodsby

which the scenecanbedividedinto sectionsthat arethenrepresentedby simplerimpostorrepre-

sentations,andtheautomaticgenerationof theseimpostors.Theselectionof geometryfor dynamic

replacementby impostorsis basedroughly on the distanceof the cells (city blocks in this case)

from theviewer, andno attemptis madeto limit explicitly thetotal complexity of theselectedren-

dering.As with theroomsof [2] and[55], thecity blocksconstitutingcellsmaybearbitrarilyand

non-uniformlycomplex. It is upto thedesignerto ensurethatthey arenot.

TheOpenInventorrenderinglibrary by Silicon Graphicsprovideslimited supportfor level of

detail optimization,in the form of special-purposeSoLevelOfDetailscene-graphnodesthat auto-

maticallyswitchbetweenmultiple availablerepresentationsbasedon screen-spaceareathresholds

provided by the user [52]. No facility is provided for more advancedlevel of detail optimiza-

tion techniques.VRML, beingcloselybasedon Inventor, hassimilar level of detail support[53]

[83]. Level of detailswitchingis basedon thedistanceof objectsfrom thecamera,ratherthanon

theirprojectedscreen-spacesize.Predictive level of detailoptimizationis dif�cult or impossiblein

VRML, dueto thefact thatit is purelya scene-descriptionlanguage.

In additionmany techniqueshave beenproposedfor theautomaticcontrolof thelevel of detail

of arti�cial terrains[13] [17] [20] [33] [43] [44] (in �ight simulatorsandmilitary-stylegames,for

example). Thevastmajority of thesehave madeuseof someform of hierarchicaldecomposition
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of the landscapedatafrom which customversionsof the terrain may be dynamicallyextracted.

Thesecustomversionsaretypically adaptively re�ned accordingto someerrormetricthatpredicts

the visual appropriatenessof further re�nements. Theseare invariably aimedat eliminatingthe

renderingof detail that, after perspective projection,is too small to be properly resolved. This

amountsto staticselectionbasedon screen-spacearea.Accordingto FunkhouserandSéquin[24]

somehavealsoattemptedto limit framerenderingtimesadaptively, ratherthanmerelyreducethem,

by dynamicallyvaryinglevel of detailselectionthresholds.

Reddyproposesthe extensionof level of detail optimizationto takeinto accountthe portion

of the imagefalling on the fovea,or mostsensitive areaof the eye [58], andthe relative motion

of objectswith respectto thecamera[57]. Theseideasweresuggestedpreviously by Funkhouser

andSéquin[24] andBlake [10] respectively. Thedegradationof visualdetail in the peripheryof

head-mounteddisplayshasbeeninvestigatedexperimentallyby Watsonetal [84] [85]. Theseideas

constituteextensionsof perceptuallydrivenstaticlevel of detail,althoughthey mayalsobeusefully

incorporatedinto predictive level of detail optimizationassuggestedby FunkhouserandSéquin

[24].

Remarkablyfew researchershave proposedpredictive level of detail optimizationstrategies,

sincetheir inceptionby FunkhouserandSéquinin 1993. Thealgorithmproposedby Funkhouser

andSéquinwill bedescribedin detailin Section2.6.1.Theschemeproposedby MacielandShirley

[47] is anextensionof theFunkhouser-Séquinpredictive approachto allow theuseof hierarchical

level of detailmodelswith sharedimpostorsfor groupsof objects,andwill bedescribedin Section

2.7.1.Belblidia et al [8] [7] presenta predictivehierarchicallevel of detailoptimizationalgorithm

that is similar to but simplethanthatof Maciel andShirley. We discusstheir approachin Section

2.7.2.

Aliaga et al describethedevelopmentof a systemfor renderingmassive models;in their case

a modelof a power station.Their systemdividesthescenemodelinto a collectionof distinctcells

anddirectly measuresthecomplexity (in termsof sheernumberof polygons)of eachcell. It is at

leastpartially predictive in that it thenpredictively variesthe level of thedetailselectionthreshold

for eachcell soasto limit thetotal measuredcomplexity of thevisible cells. They reportthatthey

areableto walk throughtheir13million polygonmodelat interactiveframerates,at theexpenseof

someimagequality. Little or noattemptis madeto maximizeimagequalityby meansof intelligent

selectionof relativecell detaillevels.

Schau�er[70] describesan extensionof the schemeof FunkhouserandSéquinwhich makes

useof their level of detail optimizationalgorithmbut combinesit with an imagecachingscheme
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similar to thoseof Shadeet al [75], AliagaandLastra[3], andSchau�erandSturzlinger[73]. Sin-

glecomplex distantobjectsarereplacedwith polygonimpostorstexture-mappedwith dynamically

updatedimagesof thoseobjects. Sincenothingin FunkhouserandSéquin's original formulation

of thealgorithmexcludesthetheuseof simpletexturemappedimpostorsratherthanconventional

polygon-based“levelsof detail” this constitutesa combinationof theapproachof Funkhouserand

Séquinwith the single-polygonimpostorregime, ratherthanan improvementof the optimization

algorithmitself. Indeedtheoriginalde�nition of impostorgivenby MacielandShirley [47] explic-

itly includesbothconventionallevelsof detailandsimplerbut differentstylesof representationthat

only resembletheirassociatedobjectsvisually:

An impostor is an entity that is fasterto draw than the true object, but retainsthe

importantvisual characteristicsof the true object. TraditionalLODs area particular

applicationof impostors.
�

Schau�ernotesthat the useof image-basedimpostorssavesadditionalrenderingtime (over con-

ventionallevelsof detail) thattheFunkhouser-Séquinalgorithm,by its predictivenature,is ableto

apportionintelligently to moreimportantobjects.This is of coursetruefor thepredictivealgorithm

of MacielandShirley [47] aswell, sincethey alsomakeuseof image-basedimpostors.

Horvitz andLengyel [37] describeanothercombinationof the predictive Funkhouser-Séquin

approachwith imagebasedrenderingthat formspartof the Microsoft Talismanrenderingsystem

[82]. We describetheirapproachin moredetailin Section2.6.2.

A survey of contemporaryvirtual reality solutions(commercialandotherwise)by Reddyin

1995showedthatwhile roughlyhalf of thesystemsreviewedsupportedameansof automaticstatic

level of detailswitching(basedon distanceor screen-spacesize)only IRISPerformer[65] [76] by

Silicon GraphicsInc. supported“load balancing”,which Reddyde�nes asautomaticmodulation

of the levels of detail of all objectsin an attemptto maintaina �x ed framerate[60]. Performer

providestraditionaldistance-or screen-area-basedlevel of detailcontrol. In orderto provide frame

ratecontrol it alsosupportsadaptive modulationof the thresholdsbasedon estimatesof system

stressderiveddirectly from measurementsof renderingload(thepercentageof theframetimeused

up by rendering)for the previous frame. The switchingthresholdsandthe modulationby stress

andloadareindividually customizableonanobject-by-objectbasis,providing theability to favour

higherlevelsof detail for semanticallyor perceptuallyimportantobjects.Theapproachemployed

�

We follow roughlythis de�nition in this dissertation,usingimpostorto denoteany usefulrepresentationof a scene
objectof groupof sceneobjects.
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by Performeris agoodexampleof adaptivedetailelisionasde�nedby FunkhouserandSéquin[24]

(Section2.2).Rohlf andHelman[65] notethatapredictiveschemewouldbemoreeffective:

Stressisbasedonload, thefractionof frametimetakento renderaframe,andincreases

asloadexceedsauser-speci�edthreshold.Theloadfor frame
�

is usedin conjunction

with user-speci�edparametersto de�ne thestressvaluefor frame
�����

, thusde�ning

a feedbacknetwork.As discussedin [FunkhouserandSéquin[24]] this methodworks

reasonablywell for relatively constantscenedensitiesbut suffersbecausethestressis

alwaysa framelate andcanexhibit oscillatorybehaviour. As illustratedin Figure9

[not shown], a hysteresisbandcanreducestressoscillationsbut a moresophisticated

stressmanagementtechniquesuchasthatdescribedin [FunkhouserandSéquin[24]]

hasbettercharacteristics.

OpenGLOptimizer,alsobySiliconGraphicsInc.,isdescribedasfeaturing“contributionculling”,

allowing the developerof thevisualizationsystemto createoneor morelevelsof detail by either

specifyinga target polygoncountor polygoncount reductionpercentageand thenhaving Opti-

mizer's built-in objectsimpli�er build thenew levelsof detail. A separatepassregroupslevelsof

detail into level of detail nodes.During renderingthe selectionof the level of detail to renderis

basedoneithertheviewing distanceor theprojectedareaof themodelontothescreen[77].

Silicon GraphicsdescribeOptimizerasthe �rst “anti-graphics”system,referringto its useof

level of detail techniquesto actively eliminategeometryfrom the renderingprocess.While this

is perhapsan overstatementit doesre�ect the growing acceptanceof the idea that the optimal

renderingis not necessarilythatwith themostvisibledetail.

In concludingthis sectionwe notethatthereis clearlya needfor moreresearchinto predictive

level of detailoptimization.Sinceits inceptiononly a few researchersandpracticalsystemshave

attemptedto useit. In thenext sectionwe describeonepossiblereasonwhy this is so.

2.4 Hierar chical Level of Detail Descriptions

Level of detail optimizationtechniqueshave typically madeuseof hierarchical level of detail de-

scriptions, in whichobjectsaregroupedhierarchicallyandsharedrepresentationsmaybeprovided

for groupsof objects(seeFigure4). Thepopularityof hierarchicalscenedescriptionsis duein part

to theirability to representthehierarchicalrelationshipsbetweenthevariouspartsof typicalscenes,

andthe fact thatpart-wholehierarchies(in which eachobjectis theunionof its children,or parts)
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naturallyproducescenerepresentationsat varyinglevelsof detail. For thesakeof comparisonwe

speakalsoof non-hierarchical level of detail descriptions,which arecharacterizedby the provi-

sionof multiple representationsfor objectsbut notof commonsharedrepresentationsfor groupsof

objects.A scenedescriptionmight for examplebehierarchicalin structure(with objectsgrouped

recursively into groupobjects)but notprovideany sharedrepresentationsfor thegroups.

1 2

4 5

6 7

3

8 9 10

Figure4: A simplehierarchical level of detail description. In thisstylizeddraw-
ing objectsarerepresentedby circlesandareconnectedto theirchildrenby down-
wardarcs.Eachgroup(non-leaf)objectis theunionof its children. Impostors,or
drawableobjectrepresentations,arerepresentedby trianglesbelow theobjectsthey
represent,in orderof increasingdetail from left to right. The impostorsof group
objects(impostors1 through5) areeffectively sharedrepresentationsfor all of the
childrenof thosegroupobjects.For exampleimpostor5 is a suitablereplacement
for impostors9 and10.

FunkhouserandSéquinclaim in [24] thattheir level of detailoptimizationalgorithmis suitable

for applicationto hierarchicalscenedescriptions.However we will show in Section2.6 that this

doesnot extendto cateringfor sharedgrouprepresentations.This is sucha signi�cant limitation

thatthealgorithmof FunkhouserandSéquincannotreallybesaidto beusefulfor hierarchicallevel

of detaildescriptions.NotablySchau�erpresentstwo separatelevel of detailschemes,oneof which

usesFunkhouserandSéquin'spredictiveoptimizationalgorithmbut doesnotcaterfor sharedgroup

objectrepresentations[70] while theotheris hierarchicalandcatersfor sharedrepresentationsbut

is not predictive andmakesno attemptto usea Funkhouser-like scheme[73]. Similarly Horvitz

andLengyel[37] useanapproachthatis very similar to FunkhouserandSéquin'sandis alsonon-

hierarchicalwith no mentionof sharedgrouprepresentations.We discusstheir schemein Section

2.6.2.
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MacielandShirley, aswell asproviding apredictivelevel of detailoptimizationalgorithm,per-

mit the useof truly hierarchicallevel of detail scenedescriptionsin which sharedrepresentations

maybeprovidedfor groupsof objects[47]. Thehierarchicaldescriptionsassumedby Maciel and

Shirley is identical in generalform to that shown in Figure4. While the predictive algorithmof

MacielandShirley is in somesensea hierarchicalextensionof FunkhouserandSéquin'salgorithm

it differssigni�cantly from it, asweshallshow in Section2.7.1.Our researchconstitutestheinves-

tigationof waysin whichpredictiveandhierarchicallevel of detailoptimizationmaybecombined

into aworkingwhole,andis thereforeanextensionof thework of bothFunkhouserandSéquinand

MacielandShirley.

Like Maciel andShirley, Belblidia et al [8] allow hierarchicallevel of detaildescriptionswith

sharedobjectrepresentations.Their level of detaildescriptionis identicalin form to thatof Maciel

andShirley.

Clark wasthe �rst to suggesttheuseof hierarchicallevel of detailscenedescriptions,or hier-

archicalmultiresolutionmodelsin which the sceneis describedin termsof a nestedhierarchical

decompositionof objectsinto subobjectsor partsandmultiple drawablerepresentationsmay op-

tionally beprovidedfor objectsat any level of thehierarchy. Clark's descriptiontakestheform of

a hierarchyof objects,eachof which containsbothpointersto otherobjectswhich areits children

andpointersto otherpossiblerepresentations(or impostors)of thatobject. Blake[9] assumesthe

useof a similar structurein his formalizationandextensionof theperceptually-inspiredparadigm

of Clark.

RubinandWhitted[68] makeuseof anirregularpart-wholehierarchicaldescriptionin theform

of a hierarchyof nestedarbitrarily orientedrectangularparellalepipedboundingboxes,with no

otherdrawablescenegeometry. Only oneassociateddrawablerepresentationis explicitly provided

for eachobjectin thehierarchy, however otherimplicit representationsareavailablein theform of

the explicit representationsof their ancestorsanddescendants.Note thateachnon-leafbounding

box functionsasa sharedimpostorfor all of the boundingboxesit contains. A completescene

representationmaybeproducedby renderingany subtreeof thescenedescriptionrootedat theroot

object.

Chamberlainetal [14] presentasimilarschemein whichapart-wholehierarchicalscenerepre-

sentationis automaticallygeneratedaroundthenative geometryof theavailablescenedescription

(Figure5). They createa regular hierarchicalspatialdecompositionof the scenein the form of

anoctree, suchthat theleavesof theoctreecontainonly a limited maximumnumberof geometric

primitives.Eachof thenon-leafnodesof theoctreeis essentiallyagroupobject,andhasassociated
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with it asingledrawablerepresentation,or impostor. Theseimpostorsarecolourcubeswhosesides

arecolouredwith theaveragecolourof thegeometrycontainedwithin thatcubewhenviewedfrom

thatside,calculatedin a preprocessingstepby meansof orthographicrenderings.This schemedif-

fers from thatof RubinandWhittedprimarily in that thehierarchicalscenedescriptionis regular

andcontainstraditionalgeometryat theleavesaswell asboundingboxes.

Figure5: Hierarchical spatial decompositionin the form of an octree. An il-
lustrationof themannerin whichChamberlainetal constructaregularhierarchical
spatialdecompositionof thescenefrom anavailablegeometricscenedescription
usinganoctree.

Marshallet al [48] describeanotherschemethat is similar to that of Chamberlainet al, but

usesanon-uniformrecursivepart-wholesubdivisionof thesceneinto tetrahedronsinsteadof cubes.

Like thecubesof Chamberlain,thesetetrahedronsthemselvesserveasdrawableimpostorsfor their

containedgeometry.

Wiley etal makeuseof anextendedform of theBSPtreecalledaMultiresolutionBinarySpace

Partition (MBSP)Tree, in which multiple representationsmaybeprovidedfor eachhierarchically

partitionedsubspaceanda distinctsubtreeis createdfor eachrepresentation[86]. This represents

theconversionof a part-wholehierarchicalscenedescription(theBSPtree)to a hierarchicallevel

of detaildescription(theMBSPtree).

Shadeetal [75] presentaschemethatis similarin spirit to thoseof Chamberlainetal, Marshall

et al andWiley et al, but makesuseof cachingof previously renderedimagesof scenegeometry

ratherthanpre-computedimpostors.They usea BSPtreeto partitionthescenehierarchically, and

associatewith eachnodepreviously renderedimagesof the scenegeometryrepresentedat that

node. Thesepreviously renderedimagesare then texturedonto billboard-stylepolygonsplaced
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in the sceneto function as impostorsfor their representedgeometry. In this way impostorsare

generatedautomaticallyandcachedto improve ef�ciency by taking advantageof frame-to-frame

coherence.

Theschemepresentedby Schau�erandSturzlinger[73] is closelyrelatedto that of Shadeet

al. They employa hierarchyof nestedboundingboxes,andusetexturesrepresentingthecontents

of eachboundingbox asimpostors.This ideaalsohasmuchin commonwith thatof Chamberlain

et al, anddiffersprimarily in theuseof an irregular boundingbox hierarchyratherthana regular

octreeandtheuseof cachedtexturesasimpostorsratherthansimpleshadedpolygonscubes.

AliagaandLastra[1] [3] areunusualin that,althoughthey usecachedtexture-mappedimpostors

like Shadeet al, theseimpostorsarenot organizedin a hierarchy. Their work is concernedmore

with the low level technicalitiesof usingsingle-polygontexture-mappedimpostors(for example,

accountingfor thevisualerrorsintroducedby parellax)thanwith level of detailoptimization.While

hierarchicallevelof detaildescriptionsarecertainlyusefulfor levelof detailmodeling,muchof their

bene�t arisesin level of detail optimizationwheretheir recursive natureandpower of expression

allowsef�cient waysof dealingwith thecomplexity of largescenes.Chamberlainet al'suseof an

octreefor exampleallows themto easilyselectsimplesharedrepresentations(cubeimpostors)for

largegroupsof relatedobjectsin onestep.

Theschemeproposedby Sillion et al [78] for the automaticgenerationof 3D geometricim-

postorsof urbanscenerycanbeconsideredto beessentiallyhierarchical.They partitionthemodel

into cells correspondinglooselyto city blocks,andcreateimpostorsthat represententirecells or

combinationsof cells.

Theideaspresentedby EriksonandManocha[19] andLuebkeandErikson[45] combineele-

mentsof traditionalpolygonalsimpli�cation (or multiresolutionmodeling)andhierarchicallevel of

detaildescriptions.Of thetwo, EriksonandManocha's scenemodelis closerto a regularhierarch-

ical level of detaildescriptionin which objectsaregroupedrecursively anddynamicallygenerated

sharedrepresentationsareprovidedfor thegroups.Thescenemodelof LuebkeandEriksonis notas

regularandconsistsof a vertex tree: a hierarchicallisting of all theverticesin thescene,according

to proximity andwithout regardto objecttopology, thatmaybequeriedona frame-by-framebasis

to provide customscenerepresentationsin whichno groupsof distinctverticesareclosertogether

thanagivenscreen-spacethreshold.

Onedisadvantageof this vertex treestructurefrom a level of detail modelingpoint of view

is that it discardsuseful informationabout the scenetopology that might otherwisebe usedto

ensurethat the collapsingof verticesresultedin visually meaningfulsimpli�cations of groupsof
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objects.Secondlyit losestheadvantagesof theuseof displaylists (in OpenGL, for example)that

�x ed
�

levels of detail suchas thoseassumedby FunkhouserandSéquinallow. In particularthe

dynamiccreationof customimpostorsfavourstheuseof currentgraphicshardwarein immediate

moderatherthandisplaylist mode, sinceuniqueimpostorsaregeneratedfor every frameandthere

is thereforelittle advantageto begainedfrom displaylists. Theuseof immediatemodeoftencauses

areductionin speedby a factorbetween2 and3 [45]. Ontheotherhandthedynamicpolygon-level

simpli�cation of geometryallows the systemof LuebkeandErikson to provide view-dependent

simpli�cations of individual objectsin which partsof large objectswhich arenearto the viewer

aresimpli�ed lessthanpartsthat are further away. Hoppe[36] presentsa relatedtechniquefor

view-dependentadaptivere�nementof mesh-basedobjectrepresentations.

Ultimately the distinctionbetween“�x ed” and“dynamic” impostorscomesdown to the level

of the geometryat which the objectsoneconsidersto be available for manipulationby level of

detail optimizationare located. LuebkeandEriksonregard individual polygonsas availablefor

simpli�cation anddecimation,while moretraditionalapproaches[16] [9] [24] have assumedthat

all polygon-tweakingis performedasapre-processin thegenerationof arelatively smallnumberof

�x eddrawablerepresentations.Clearlythelevel of geometrywhichoneregardsas“objects”dictates

whatcanandcan't bedonewith theobjectsonechooses.Thework we presenthereis inspiredby

the orthodoxview of scene-object-level impostorsandso our discussionwill be formulatedwith

this in mind. However our approachis generalenoughto beappliedat any level of geometryand

in fact in Chapter9 wepresentanexperimentin whichpolygonsareconsideredindividuallyby our

level of detailoptimizationalgorithm.But asChapter9 shows,our experiencesuggeststhatwhile

the perceptualbene�ts of optimizing individual polygonsmay be great,the performancebene�ts

of level of detail optimizationmay be lost in the overheadthat this involves. As a generalrule

we suggestthat,for thepurposesof ef�ciency, thecostof consideringwhetheror not to renderan

impostorshouldbesigni�cantly lower thanthecostof simply renderingthatimpostor.

As we said in Section2.2, the many techniquesthat have beenproposedfor the automatic

controlof thelevel of detailof arti�cial terrainstypically makeuseof someform of hierarchicalde-

compositionof thelandscapedata.Oftenthis is in theform of a quadtree,or regular2-dimensional

decomposition[20]. In thesameway that the facesof thecubesin Chamberlainet al's octreehi-

erarchyserve asimpostorsfor thegeometrycontainedin thosecubes,sothe facesof thequadtree

nodesserve asimpostorsfor their containedgeometry. In thesesystems2-dimensionalhierarchical
�

Fixed levelsof detailarealsosometimescalledstaticlevelsof detail to distinguishthemfrom thedynamiccreation
of impostorsat render-time that systemssuchasthoseof Luebke,EriksonandManochaallow. We avoid this term,
preferringto useit to distinguishbetweenstatic,adaptiveandpredictive level of detailoptimization.
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level of detaildescriptionsareexploitedfor thesamebene�tsas3-dimensionalones:theautomatic

generationof simpli�ed impostorrepresentationsfor groupsof objectsandtheef�ciency of being

ableto considerentiregroupsof objectsat thesametime in level of detailoptimization.

IRISPerformer[76] allowstheuseof hierarchicallynestedlevel of detailnodesin its scenede-

scriptionhierarchy. Usingthesenodes,multiple level of detailrepresentationsmaybeprovidedfor

thepartsof largerlevel of detailrepresentations.Thisstyleof hierarchicallevel of detaildescription

is similar to but slightly more�e xible thanthatof Maciel andShirley [47], depictedearlierin Fig-

ure4. In this thesiswe assumea Maciel-Shirley stylehierarchicaldescription,which we describe

formally in Chapter4.

All of thehierarchicallevel of detailschemesdiscussedabove arenon-predictive (SeeSection

2.2), with thenotableexceptionsof thoseof Maciel andShirley [47] andBelblidia et al [8]. The

non-predictive schemesmakeno attemptto placea �rm restrictionon renderingcomplexity and

aredesignedto reduce,ratherthanbound,framerenderingtimesand (in somecases)to ensure

perceptuallyappropriaterendering.Thecomplexity of therenderedgeometryis still �rmly linked

to the complexity of the visible portion of the scene,althoughin many instancesthe severity of

the dependency is reduced.As we notedin Section2.3 the only predictive methodsproposedso

far (to our knowledge)arethealgorithmof FunkhouserandSéquin[24], thelevel of detailsystem

of Schau�er [70], which simply makesdirectuseof FunkhouserandSéquin's algorithm,andthe

hierarchicallevel of detail optimizationschemesof Maciel andShirley andBelblidia et al. This

suggests,�rstly , thatpredictive level of detailoptimizationis a dif�cult problemin needof further

research(given that the schemesthat exist have not completelysolved it) andsecondlythat the

incorporationof hierarchicallevel of detaildescriptionsinto predictivelevel of detailis still anopen

problem. Theonly proposalswhich have addressedit, to our knowledge,arethoseof Maciel and

Shirley and Belblidia et al. Their schemesapply a predictive approachinspiredby Funkhouser

andSéquinto hierarchicallevel of detail descriptions.We will investigatethemin moredepthin

Sections2.7.1and2.7.2.

2.5 KnapsackProblems

In their seminalpredictive level of detailoptimizationpaper[24] FunkhouserandSéquinnotethat

thelevel of detailoptimizationproblemis equivalentto theMultiple ChoiceKnapsackProblem. For

this reasonwe provide in this sectiona brief overview of theKnapsackProblemandseveralof its

variations.In additionwe describeseveralapproximationalgorithmsfor theseproblems.We will
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returnto thequestionof level of detailoptimizationin Section2.6.

TheKnapsack Problemdescribesa classof real-life optimizationproblemsin which a limited

subsetof a setof candidateitemsmustbeselected,suchthat their total pro�t is maximizedwhile

their total costis limited. Eachitem hasa certainconstantcostandpro�t . Theproblemdraws its

namefrom an analogyto the �lling of a knapsackof limited capacitywith a selectednumberof

availableitems,eachof which hasa particularintrinsic worth (pro�t) anda certainsizeor weight

(cost).Many variationsonthethemehavebeendiscussedat lengthin the�eld knownasOperations

Research.We outlinea few of themhere.

2.5.1 Binary KnapsackProblem

TheBinaryKnapsack Problem(0-1KP) is a specializationof theKnapsackProblemin whicheach

item maybeselectedexactly zeroor onetimes(asopposedto themoregeneralproblemsin which

multipleor fractionalselectionsarepermitted).0-1KP is shown conceptuallyin Figure6 andmay

bede�ned formally asfollows:

De�nition 2.2 TheBinaryKnapsack Problem

Givena set
�

of � candidateitemsanda knapsack, with

����� pro�t of item
	

����� costof item
	

��� capacityof theknapsack

maximize
	
�

�

�

� 
��

��� ���

subjectto
�

�

� 
��

��� �������

������� � �

� ��� 	

�

�

where

�������

� �

�

if item
	

is selected
� otherwise
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knapsackcandidate items
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4

1
2

53

2

Figure6: The Binary KnapsackProblem(0-1KP). A variationof theKnapsack
Problemin which eachcandidateitem may be selectedonly zero or one times.
Eachitem hasa certaincostandpro�t , andtheobjectis to selectthesubsetof the
candidateitems that maximizesthe total pro�t andhastotal cost lower thanthe
capacityof theknapsack.

2.5.2 Multiple ChoiceKnapsackProblem

TheMultiple ChoiceKnapsack Problem(MCKP) is a generalizationof 0-1KP in whichthecandi-

dateitemsarepartitionedinto a collectionof distinctcandidatesubsets(or types)andexactly one

item mustbe selectedfrom eachsubset. It is shown conceptuallyin Figure7. The MCKP will

serveasthebasisof ourwork in laterchapters,dueto its usefulnessasamodelof thelevel of detail

optimizationproblem.

selection

candidate
subsets

knapsack

3

4

5

3
4

5

1

2

Figure7: The Multiple ChoiceKnapsackProblem(MCKP). Theproblemcon-
sistsof a setof candidateitems, partitionedinto a collectionof candidatesubsets.
Eachitem hasa certainconstantcostandpro�t . Theobjectis to selectthesubset
of thecandidateitemswith greatesttotal pro�t, subjectto theconstraintsthatex-
actlyoneitemmustbeselectedfrom eachcandidatesubsetandthetotalcostof the
selecteditemsmustbelessthanor equalto thecapacityof theknapsack.
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De�nition 2.3 TheMultiple ChoiceKnapsack Problem

Givena set
�

of � candidateitems, a partition into disjoint candidatesubsets
�

� �

� � �

�

�

� of

theitemset
�

anda knapsack, with

����� pro�t of item
	

(1)

����� costof item
	

(2)

��� capacityof theknapsack (3)

maximize
	
�

�

�

� 
��

��� ��� (4)

subjectto
�

�

� 
��

��� ����� � (5)

�

� � ���

�����

� ���

���

�

�

� � �

� �

�

(6)

������� � �

� ��� 	

�

�

(7)

�

� �

�

�

� � �

� �

�

�

�

	

� 
��

�

� (8)

assuming
��

� �

� ���

�����

�

�

� (9)

The ContinuousMultiple ChoiceKnapsack Problem, C(MCKP), is a relaxationof MCKP in

which the candidateitemsmay be fractionallyselected(asopposedto eithercompletelyselected

or not selectedat all, asin the MCKP). It is alsoknown asthe linear or continuousrelaxationof

MCKP. AlthoughC(MCKP)is notcentralto ourwork,weincludeit herebecauseanunderstanding

of it is usefulin laterchapters.

De�nition 2.4 TheContinuousMultiple ChoiceKnapsack Problem

Givena set
�

of � candidateitems, a partition into disjoint candidatesubsets
�

� �

� � �

�

�

� of

theitemset
�

anda knapsack, with

����� pro�t of item
	

����� costof item
	

��� capacityof theknapsack
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maximize
	
�

�

�

� 
��

��� ���

subjectto
�

�

� 
��

��� ����� �

�

� � ���

�����

� ���

���

�

�

� � �

� �

�

� � �����

� � 	

�

�

�

� �

�

�

� � �

� �

�

�

�

	

� 
��

�

�

assuming
��

� �

� ���

�����

�

�

�

Intuitively, insteadof selectingexactly oneitem from eachcandidatesubsetexactly once,we

mustselecta total of exactlyoneitem from eachcandidatesubset,possiblycomposedof fractional

portionsof severalitems.
�

2.5.3 Algorithms for 0-1KP

The0-1 KP is NP-complete,but maybesolved in psuedo-polynomialtime by dynamicprogram-

mingtechniques.Theseareef�cient for smallprobleminstances.For largerinstancesbranch-and-

boundalgorithmsaregenerallyused[49]. Branch-and-boundtechniquesareexamplesof algorithms

that“while acknowledgingtheapparentinevitability of exponentialtimecomplexity, seekto obtain

asmuchimprovementover straightforwardexhaustive searchaspossible”[25]. They constructa

searchtreeof possiblepartialsolutionsandutilize powerful boundingmethodsto recognizepartial

solutionsthatcannotpossiblybeextendedto actualsolutions,therebyeliminatingentirebranches

of thesearchin a singlestep.While their worstcaseperformanceapproachesthecomplexity of an

exhaustivesearch,theiraveragebehaviour for typical problemsis acceptable.

Aside from algorithmsfor theoptimalsolutionof 0-1 KP, thereareseveralapproximational-

gorithmsthatprovidesolutionsof guaranteednear-optimalquality in exchangefor polynomialtime
�

Our de�nition of C(MCKP) is identicalto that presentedby Martello andToth [49]. Garey andJohnson[25] use
ContinuousMultiple ChoiceKnapsack to refer to a differentNP-completeproblemin which exactly onedistinct item
mustbeselectedfrom eachsubset,but this itemmaybefractionallyselectedwith any selectionvaluerangingfrom zero
to one.Notethatthisdoesnot imply thata totalof exactlyoneitem is selectedfrom eachsubset.
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complexity. Sahni[69] andothershavedescribedfully polynomialtimeapproximationschemesfor

0-1 KP thatconsist,essentially, of a seriesof approximationalgorithmsof increasingpolynomial

timecomplexity thatprovideapproximatesolutionsof any arbitrarynon-optimalguaranteedquality.

A simplegreedyapproximationalgorithmfor 0-1 KP is shown in Figure 8. This algorithm

correspondsroughlyto theleastexpensivealgorithmin Sahni'sapproximationschemeandis guar-

anteedto produceasolutionwith totalpro�t atleasthalf asgoodasthepro�t of theoptimalsolution

(wesaythatit is half-optimal). Its time complexity is
���

� log ��� [49].

input: aninstanceof the0-1KP (seeDe�nition 2.2)
output: ahalf-optimalor bettersolutionto theinstance

// consideritemsin descendingorderof value,
// selectingeachitemif wecanafford to

begin
set ���

� � � �

�

�

�	�

�

�

ordertheset
�

of candidateitemsby descendingvalue(� � 
 � � )
for eachcandidateitem

	

�

if �

� � �

� � � �

�

����� � then
set ���

�

�

else
if �

� � then
set ���

	

�

// considerthecritical itemsolution

if �

�

� � then
if �
���

�

� � �

� � � � then

set � �

�

�

�

if
�

�

�

� otherwise
�	�

�

�

end

Figure8: Greedyapproximation algorithm for 0-1KP.

The greedyalgorithm performsa greedyselectionof the candidateitems using a heuristic,

or simpleguideline,that suggestswhich item shouldbe selectednext. The heuristicusedis to
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considerat eachstagethe availableitem with the greatestvalue(pro�t / cost). Valueprovidesa

measureof the “bank for the buck” provided by prospective representations.Wheneachitem is

consideredit is placedin theknapsackif thereis suf�cient remainingspaceanddiscardedif there

is not. Therationalebehindthis heuristicis thatwhenever an item is consideredwe know thatall

of theremainingunconsidereditemshave lowervalueandthereforewould provide aninferior use

of the spacetakenup by it. Notice thatbecauseitemsmay only be eithercompletelyselectedor

completelyunselected,this generallyresultsin somewastedunusedspace.Thegreedyselection

thereforeworksaslongastheselectionof anitemdoesnotpreventtheselectionof alargelateritem

of lower valuethat,dueto the speci�c sizesof the items,would have provided a morepro�table

�lling of the knapsack.To guardagainstthis pathologythe algorithmcomparesthe pro�t of the

solutionresultingfrom thegreedyselectionstageto thepro�t of thesolutionconsistingof only the

critical item, which is the �rst item to be discardedduring greedyselectiondueto its costbeing

greaterthan the remainingspacein the knapsack.If the critical item solutionhasgreaterpro�t

thealgorithmrejectsthegreedysolutionandselectsthecritical iteminstead.Thisstepresolvesthe

pathologyandguaranteesthatthealgorithm'ssolutionis atleasthalf asgoodastheoptimalsolution

(in termsof total pro�t).

We presentherea proof of the half-optimalityof the 0-1 KP greedyalgorithm,basedin part

on ideaspresentedin [49]. We include it hereonly becausein Chapters3 and6 we will extend

it to provide proofsof the half-optimalityof our own algorithms.Thebasicapproachunderlying

the proof is that of relating the solutionvalueof the optimal solution to that of the algorithm's

approximatesolution,producingan expressionfor the maximumerror or differencebetweenthe

two. By consideringtheimplicationsof theselectionorderof itemswe thenreducethis maximum

errorexpressionto termsinvolvingonlyweightsandthevalueof thecritical item.Wethenformulate

anotherexpressionrelatingtheweightsof themaximumerrorequationto theweightof thecritical

item and,substituting, show that the maximumerror is boundedby the pro�t of thecritical item.

Sincethegreedyalgorithmalsoconsidersthesolutionconsistingof only thecritical item,wededuce

thatthealgorithm'ssolutionis at leasthalf asgoodastheoptimalone.

Theorem 2.1 Thetotal pro�t of the0-1 KP greedyalgorithm'ssolutionis at leasthalf asgoodas

thetotal pro�t of theoptimalsolution,for everyinstanceof 0-1KP.

Proof:

Assumethat thecandidateitemshavebeenorderedbydescendingvalue,such that
� �

� �

�

���

���

� ��� 	

�

�

�
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Let
�

be thesetof itemsselectedby thegreedyalgorithmbefore thecritical item � is considered.

Thensince � is the�rst itemto berejectedthetotal pro�t 	 � of theitemsin
�

is givenby

	

�

�

�

� � �

� �

�

Thepro�t 	 of theoptimalsolutionis relatedto 	
� by

	�� 	

�

�

�

� � �

� ���

�

� � �

� �

where � is thesetof itemsthat are in theoptimalsolutionbut not in
�

, and � is thesetof items

thatare in
�

but not in theoptimalsolution.Thensince

� �

� �

�

�
�

���
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�

�

and
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�

�
�

���

� �


�

�
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andso
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�
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Nowweknowthat

�

� � �

� ���

�

� � �

� � � �
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where � is thespaceleft in theknapsack after theselectionof
�

andbefore therejectionof � , since
�

�

�

�

�

�

� �t into theknapsack byde�nition.

Since� wasrejectedweknowthat � � � � . Hence

�

� � �

� ���

�

� � �

� � �����

andso,from(11),

	 � 	

�

�

���

�
�

���

(12)

� 	

�

�

�
�

� (13)

Recall that the greedyalgorithmcomparesthe total pro�t of the �nal greedysolution(which

is greater than or equalto 	
� ) to the pro�t �
� of the critical item solution,and keepswhichever

solutionis better. That is, the algorithm's solutionhaspro�t 	




�

max
�

	 � � �
� � . Therefore, from

(13)

	




�

�

�

	

and thepro�t of thealgorithm'ssolutionis guaranteedto beat leasthalf thepro�t of theoptimal

solution.

2.5.4 Algorithms for MCKP

The MCKP, like 0-1 KP, is NP-complete. However it too may be solved by branch-and-bound

algorithmsandin psuedo-polynomialtimeby dynamicprogrammingtechniques[49]. Branch-and-

boundalgorithmsfor MCKP areprecededby a reductionphase,in which itemsthataredominated

by otheritems(andthereforearenotelementsof anoptimalsolution)areremoved.Thecomplexity

of thereductionphaseis
���

� log � � , where � is thecardinality(or size)of thelargestcandidate

subset[49]. Thenat eachstageof thebranch-and-boundalgorithmaninstanceof theContinuous

Multiple ChoiceKnapsackProblem,C(MCKP),is constructedandsolved.Algorithmsfor theexact

solutionof C(MCKP) arepresentedfor exampleby Armstronget al in [5] andby Dudzinskiand

Walukiewicz in [18].

We however areparticularlyinterestedin approximationalgorithmsfor MCKP, ratherthanop-

timal algorithms.Thereareseveralreasonsfor this. Most obviously, theapproachtakenby Funk-

houserandSéquin[24] is basedon a greedyalgorithm. More importantly, optimalalgorithmsare

invariablymoreexpensive thanapproximationalgorithmsfor thesameproblem.Sinceour chosen
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applicationis level of detailselectionin computergraphics,whereapproximationof visualquality

in exchangefor reasonableexecutionspeedsis the norm, we do not requireoptimal solutionsto

our NP-problemsandarehappyto settlefor approximatesolutionsof guaranteedquality levels in

returnfor relatively ef�cient timecomplexities. This favouringof guaranteedexecutionspeedover

completelyaccuratesolutionsis in keepingwith our time-criticalcomputing-styleapproach.

Lastly, and most importantly, the greedyapproximationalgorithmsthat we proposemay be

madeincremental, so that they acceptas input an initial solutionderived from the approximate

solutionfoundfor thepreviousprobleminstance.This allowsusto exploit thecoherencebetween

theprobleminstancespresentedby successive frames,in amannerthatwasoriginally proposedby

FunkhouserandSéquin[24].

FunkhouserandSéquinpresentagreedyalgorithmfor avariationof C(MCKP),whichthey use

asa basisfor anincrementallevel of detailoptimizationalgorithm(describedin Section2.6.1). In

effectthey usethisalgorithmasanapproximationalgorithmfor MCKP, since,aswenotein Section

2.6,their level of detailoptimizationapproachassumesdistinctunitaryobjectrepresentations.The

greedyalgorithmpresentedby FunkhouserandSéquinhasa time complexity of
���

� log ��� . They

claim thatit is half-optimal: thatits solutionis guaranteedto beat leasthalf asgoodastheoptimal

solutionin termsof totalpro�t. Howeverwe shallshow thatthis is not thecase.

TheFunkhouser-Séquinalgorithmis shown in Figure9. Like the0-1 KP algorithmpresented

earlier, thealgorithmoperatesby consideringitemsfor selectionin descendingorderof value(pro�t

/ cost),selectingthemif they canbeafforded.Whenanitemis consideredthatbelongsto thesame

candidatesubsetasan item alreadyin the knapsack,only the item with greaterpro�t is retained.

Thatis, if thenew item hasgreaterpro�t thenit replacesthecurrentlyselectedone.Otherwiseit is

discarded.Thethinkingbehindthis is thattheretaineditem,whichever it is, representsabetteruse

of thespaceit takesup thanany of theunconsideredlower-valueditems[24].

It is not clear for which problemthe Funkhouser-Séquingreedyalgorithmis intendedto be

an approximationalgorithm. FunkhouserandSéquinstatethat it is an approximationalgorithm

for the “ContinuousMultiple ChoiceKnapsackProblem”,and refer to two sources:Computers

and Intractability by Garey andJohnson[25] anda papercalledTheMultiple ChoiceKnapsack

Problemby Ibarakiet al [39]. However thesetwo sourcesde�ne theContinuousMultiple Choice

KnapsackProblemdifferently. In [25] it is de�ned asarelaxationof theMultiple ChoiceKnapsack

Problemin whichexactlyonedistinctitemmustbeselectedfrom eachsubset,but this itemmaybe

fractionallyselectedwith any selectionvaluerangingfromzerotoone.In [39] Ibarakietal dealwith

thecontinuousrelaxationof MCKP which we (aswell asMartello andToth [49]) call C(MCKP),
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input: aninstanceof theMCKP (seeDe�nition 2.3)or C(MCKP)
output: asolutionto thatinstance

// consideritemsin decreasingorderof value,selectingitemsif we
// canafford themandreplacingitemsfrom thesamecandidate
// subsetonhigherpro�t

begin
set � �

�

�

�	�

�

�

ordertheset
�

of candidateitemsby decreasingvalue(� � 
 � � )
for eachcandidateitem

	

�

if thereexistsanitem
�

suchthat ��� �

�

and
�

�

	

�

�

� for some
�

then
if ��������� and �

� � �

� � � ��� ���

�

��� � � then
set ���

�

� � ���

�

�

else
if �

� � �

� � � �

�

����� � then
set ���

�

�

�

end

Figure9: The Funkhouserand Séquin greedyalgorithm.

de�ned previously in De�nition 2.4. Theseproblemsaresigni�cantly different,althoughbothare

NP-complete.Finally, aswenotein Section2.6,FunkhouserandSéquinactuallyusetheiralgorithm

asanapproximationalgorithmfor theconventionalMCKP. �

Nomatterwhichof theseproblemstheFunkhouser-Séquinalgorithmis intendedfor, it is �a wed.

In thecaseof bothMCKPandC(MCKP),thealgorithmfails toguaranteethatitssolutionis feasible:

that (a total of) exactly oneitem is selectedfrom every candidatesubset.Considerfor example

whathappensin the casewhere,after thecandidateitemsareorderedby descendingvalue,all of

the itemsfrom onecandidatesubsetareconsideredonly aftertheavailableknapsackcapacityhas

beencompletelyspent.�
�

It is importantnot to be confusedby the fact that the MCKP andeven its “continuous”relaxationC(MCKP) are
oftende�ned suchthatthepro�ts andcostsof eachitemareinteger. This is aconvenienceandis assumedwithout lossof
generality. In practicethepro�ts andcostscanbeany positive realnumbers[49]. Considerfor examplethatany instance
of MCKP representedwith �nite accuracy on a computercanbe convertedto an equivalent instancecontainingonly
integral pro�ts andcostsby multiplying throughby aconstantfactor. Theword“continuous”in “continuousrelaxation”
refersto theselectionvalues� 	 , ratherthanthepro�ts 
 	 andcosts��	 .




In the caseof the variationof the ContinuousMultiple ChoiceKnapsackProblemde�ned by Garey andJohnson
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More importantly, FunkhouserandSéquinclaim that their algorithmis guaranteedto produce

a solutionwith total pro�t that is at leasthalf asgoodasthe total pro�t of theoptimalsolution. It

is however possibleto �nd two kindsof counterexamplefor this,eachof whichoutlinesa separate

problem.An exampleof the�rst typeof counterexample,shown in De�nition 2.5,is aninstanceof

theMCKP in which therearetwo candidatesubsets(
�

� and
�

� ), eachof whichcontainsonly one

item.
�

� containsitem 1, and
�

� containsitem 2. Item1 haspro�t � ���

�

� � andcost � � �

�

and

item2 haspro�t �����

� � � �

andcost � ���

�

� � . Thecapacityof theknapsackis 100.Thealgorithm

selectsitem1, while theoptimalsolutionconsistsof item2.

De�nition 2.5 First counterexamplefor theFunkhouser-Śequingreedyalgorithm

Considertheinstanceof theMCKPin which:

� �

�
�

� � �

� � � �

�

� �

�
�

�

�

� � �

���

�

�

� � �

� �

�

��� �

�
�

���

�

� �

Thesolutionreachedby thegreedyalgorithmfor MCKPin this instanceis

� �

�
�

� � �

with a total pro�t 	
�

�

�

� � , while theoptimalsolutionis

� �

�

� �

�

�

with a total pro�t 	 �

� � � �

. Therefore the solutionreached by the Funkhouser-Śequingreedy

approximationalgorithmin this instanceis lessthanhalf asgoodastheoptimalsolution.

Notethatthis counterexampleis effective for bothMCKP andC(MCKP),sinceC(MCKP) is a

relaxationof MCKP. It maybemadearbitrarilybadsimply by changingthepro�ts of theitems.It

representsthe pathologicalcasein which the selectionof an item preventsthe selectionof a later

item that in fact happensto provide a muchbetterusageof thatparticularknapsackcapacity. This

[25], this is still a feasiblesolution,sincein theirproblemit is not requiredthatexactlyoneitem is selectedin total from
eachcandidatesubset.
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problemis inherentin thenaivegreedyapproachandoccursin thesimilargreedyalgorithmfor the

0-1 KP (seeSection2.5.1). It may be corrected,asit is in the caseof the 0-1 KP algorithm,by

simply comparingtheresultof thegreedyselectionagainsta solutioncontainingthecritical item,

whichis the�rst itemto bediscardeddueto insuf�cient remainingspacein theknapsack,andtaking

whichever is better.
�

However the FunkhouserandSéquingreedyalgorithmalsosuffers from anotherintrinsic and

moreseriouslimitation:

De�nition 2.6 Secondcounterexamplefor theFunkhouser-Śequingreedyalgorithm

Considertheinstanceof theMCKPin which:

� �

�
�

� �

�

� � �

�
�

� �

�

� � � � � �

�

� � ��� � �

� �

�
�

�

�

� � � � � � �

�

� � � � �

�

� ��� � �

�

� � �

�

�

�

� �

�

�

��� � � � �

�

�

�

� � � � �

�

���

�

� � �

Thesolutionreachedby theFunkhouser-Śequingreedyalgorithmin this instanceis

� �

�

� � � �

�

�

�

� � �

�

� � �

with a total pro�t 	 ���

�

� � , while theoptimalsolutionis

� �

�

� �

�

� � � � �

�

� � �

�

�

with a total pro�t 	 �

�
�

� � . Therefore thesolutionreachedby thealgorithmin this instanceis less

thanhalf asgoodastheoptimalsolution.

Note that this counterexample,like the �rst, is valid for both the MCKP and its continuous

relaxation.Unlike the�rst, it cannotbecorrectedsimply by comparingthegreedysolutionagainst

the critical item solution. The critical item in this instanceis item 5, andits pro�t is 600. The

critical itemsolution,afteraugmentationwith thelowestcostitemsfrom theothercandidatesubsets

to ensurefeasibility, is
�

�

� � � � � � �

�

�

�

� � � , with a total pro�t of 620. This counterexampletherefore
�

In orderto constructa feasiblecritical item solutionwe might augmentthecritical item with thelowestcostitems
from everyothercandidatesubset.
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representsapathologythatdoesnotaf�ict thegreedyalgorithmfor the0-1KP, andis aresultof the

additionalconstraintimposedon theMCKP andits relaxationsthatwemayselectatmostoneitem

from eachcandidatesubset.

Conceptually, thesecondcounterexamplerepresentsthepathologicalcasein whichanitemwith

high pro�t andlow costis replacedby anotherfrom thesamecandidatesubsetwith slightly higher

pro�t but muchhighercost(andcorrespondinglymuchlower value). The large gain in total cost

incurredfor thesmallgainin pro�t preventsthealgorithmfrom selectinglateritems(includingthe

critical item) that,togetherwith the replaceditem, would have resultedin a muchhighersolution

value.Theactof replacementis morerisky thantheactof simpleselectionsinceit impliestheloss

of the replaceditem, which maypotentiallyprovide a high pro�t for a low cost. By replacingwe

maysacri�cea largegainin costfor a smallgainin pro�t.

In this instancetheerroneousreplacementis thereplacementof item2 with item3. Noticethat

item3 hasslightly higherpro�t thanitem2, but muchgreatercost.Howeverthevalue1.3of item3

is still higherthanthevalue1.2of item5. Theoptimalsolutionactuallyconsistsof thecritical item

5 andthereplaceditem2, togetherwith item7. Notehoweverthatthepro�t of thereplacingitemis

alwaysgreaterthanthepro�t of thereplaceditem(sincethealgorithmonly replacesif thenetpro�t

increases).Thereforetheextra penaltyincurredby replacements,of losinga possiblyhigh valued

itemin exchangefor a lowervalueditemwith higherpro�t, is only reallya penaltyif theincreased

costpreventsmoredesirablelater items from beingselected.If later itemsarediscardeddue to

therebeinginsuf�cient availablespacefor their selectionthenby de�nition the critical item must

beoneof them.In Chapter3 weproposeanapproximationalgorithmfor theMCKP thataccurately

predictstheeffectsof thereplacementof itemsandsocorrectsthefaultsof theFunkhouser-Séquin

algorithm.

Wenotethatotherauthorshaveproposedseveralcorrectapproximationalgorithmsandapproxi-

mationschemesfor MCKP. Chandraetal [15] for examplepresentafully polynomialtimeapproxi-

mationscheme.Theirschemecontainsanalgorithmthatis half-optimalandwhosetimecomplexity

is
���

� � log ��� , where� is thenumberof candidatesubsets.Lawler [42] presentsanotherapproxi-

mationscheme,basedon thatof IbarraandKim [40]. Its complexity is
���

� log �

�
� �

�

� , where �

is anaccuracy measure�

�

� �

�

suchthat theerrorof theapproximationis boundedby a factor
� of theoptimalsolution. GensandLevner [26] presentanapproximationalgorithmbasedon ap-

proximatebinarysearchwhosesolutionis at least
�

�

asgoodastheoptimalsolutionandwhosetime

complexity is
���

� log � � . While theseapproximationalgorithmsareef�cient, they maynot,asfar

aswe know, easilybemadeincremental.In Chapter3 we presenta greedyalgorithmfor MCKP
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thatformsthebasisfor thelevel of detailoptimizationalgorithmsthatwedescribein laterchapters.

Ouralgorithmmayreadilybemadeincrementalandhasa timecomplexity of
���

�

�

�

�

� � � , where
� is thecardinality, or size,of the largestcandidatesubset.Althoughit is simple,we can�nd no

precedentfor it in theliterature.

2.6 Non-Hierarchical Level of Detail Optimization

In this thesiswedistinguishbetweenthenon-hierarchical andhierarchical level of detailoptimiza-

tion problems.Theseproblemsaretheapplicationof thepredictivelevel of detailoptimizationprob-

lem de�ned in Section2.2 to non-hierarchicalandhierarchicallevel of detaildescriptions,respec-

tively. Althoughthismightnotseemobvious,thetwo arefundamentallydifferentandtheparticular

approachto solving the predictive level of detail optimizationproblemsuggestedby Funkhouser

andSéquin[24] is, asit stands,onlyapplicableto thenon-hierarchicalproblem. Thishasimportant

implicationsfor the predictive hierarchicallevel of detail algorithmfor Maciel andShirley [47],

which is essentiallyanattemptto extendthepredictiveapproachof FunkhouserandSéquinto the

hierarchicallevel of detailoptimizationproblem.

FunkhouserandSéquin'sapproachtosolvingthelevelof detailoptimizationproblemis,broadly

speaking,to performacost-bene�tanalysisof therenderingof eachpossiblerepresentationof each

sceneobject.By consideringtheperceptualbene�t (predictedcontribution to theperceptionof the

scene)andrenderingcostof eachobjectrepresentation,they aim to selectthescenerepresentation

thatprovidesthebestpossiblecontribution to theperceptionof thescenewithout takinglongerto

renderthansome�x edmaximumpermissablerenderingtime. They assumethat therearea �nite

collectionof distinct objectsand that eachobjecthasa �nite collectionof distinct impostorsor

drawablerepresentationswhich constituteits levelsof detail. Noting that it is alwaysdesirableto

selectexactlyonerepresentationfor everyvisibleobjectthey show thatundertheseassumptionsthe

level of detailoptimizationproblemis equivalentto the Multiple ChoiceKnapsackProblem.The

level of detailoptimizationalgorithmthatFunkhouserandSéquinproposeis anincrementalversion

of a greedyalgorithmfor theMCKP.

FunkhouserandSéquinactuallystatethatthelevel of detailoptimizationproblemis equivalent

to the ContinuousMultiple ChoiceKnapsack Problem[24]. However we argue that it is better

modeledby theMCKPitself. In eithercase,predictivelevel of detailoptimizationis theselectionof

asubsetof asetof availablecandidateobjectrepresentations,subjectto constraintsontheselection

of objectsandtheirtotalcost.An instanceof thelevelof detailoptimizationproblemis reformulated
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asaninstanceof theMultiple ChoiceKnapsackProblem(seeDe�nition 2.3)asfollows:

1. Eachcandidateitemcorrespondsto oneobjectimpostor.

2. Thecostandpro�t of eachitemcorrespondto therenderingcostandperceptualbene�t of its

associatedimpostor.

3. Thecapacityof the knapsackcorrespondsto the availableframerenderingtime. The total

renderingcostof theselectedscenerepresentationmustbelessthanor equalto thiscapacity.

4. The candidateitems are partitionedinto disjoint candidatesubsetsthat correspondto the

objectsto which the impostorsbelong. The selectionof oneitem from a candidatesubset

correspondsto theselectionof oneimpostorfor its associatedobject.

5. Theobjectiveof theproblemis themaximizationof thetotalpro�t of theselecteditems.This

correspondsto the aim of maximizingthe perceptualbene�t of the impostorsselectedfor

rendering.

The constraintson the selectionof impostorsthat distinguishMCKP from C(MCKP) areof

vital importance. In assertingthe equivalenceof level of detail optimizationto the Continuous

Multiple ChoiceKnapsackProblem,FunkhouserandSéquinallow for theselectionof non-integral

portionsof candidateitems(andthereforeincompleteobjectimpostors).However in their level of

detailoptimizationthey treatobjectimpostorsasdistinctunitsthatmayonly beeithercompletely

selectedor not selectedatall [24]. We suggestthatthelevel of detailoptimizationproblemtackled

by FunkhouserandSéquinis bettercharacterizedby MCKP itself (in which candidateitemsmay

onlybeeithercompletelyselectedor notselectedatall) thanby its continuousrelaxationC(MCKP).

We caneasilyenvisagea variationof the level of detailoptimizationproblemin which object

impostorscanbepartially rendered;for examplethatarisingfrom theuseof progressivemeshob-

jectrepresentationsfrom whichanimpostoratany givencontinuouslevel of detailmaybeextracted

dynamicallyat render-time,asproposedby Hoppe[35]. Insteadof a collectionof distinctalternate

representationsof eachobject,a progressivemeta-representationmaybeprovidedfor eachobject.

This makesit possibleto selectessentiallyany fractionalproportionof thefull detail renderingof

eachobject(up to the �nite resolutionof theprogressive mesh),inviting comparisonsto a contin-

uousrelaxationof MCKP suchasC(MCKP). Indeedif only oneprogressive meta-representation

is provided for eachobject(asseemssensible)thentheproblemis no longermultiple-choiceand

reducesto the linear relaxationof 0-1 KP, for which effective greedyalgorithmsexist. However
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FunkhouserandSéquin,in our opinion,assumetraditionaldisjoint representationsthat cannotbe

fractionallyrendered[24].

Furthermorewe foreseea complicationwith the continuousrelaxation-basedapproach.The

natureof thecontinuousrelaxationsof 0-1 KP andMCKP imply that thecostandpro�t resulting

from theselectionof anitemareexactly proportionalto theselectionvalueof that item. Thatis, if

theselectionvalueof agivenitem
�

is � � , thenthepro�t resultingfrom it is � � � � andthecostis � � � � .

In practiceprogressively morecomplex renderingsof objectstypically providediminishingreturns:

proportionallysmallerincreasesin perceptualbene�t for further increasesin renderingcost. For

examplethe perceptualbene�t of a renderingof anobjectwith 100000polygonsis not typically

100 timesgreaterthan the perceptualbene�t of anotherrenderingwith only 1000 polygons. In

generaltheperceptualbene�t of arepresentationis relatedto its renderingcostby somecomplicated

arbitrary function. The linear relaxationsof 0-1 KP andMCKP are fundamentallyincapableof

representingthis non-linearity, beinglinearoptimizationproblems.TheMCKP, with its multiple

distinct candidateitems in eachcandidatesubset,is capableof copingwith the non-linearityby

approximation.The multiple itemsin eachcandidatesubsetof the MCKP serve essentiallyasa

piece-wiseapproximationor samplingof thecostandbene�t functionsof somecontinuousrange

of possiblerepresentations,asshown in Figure10.

cost

pr
of

it

Figure10: Approximation of perceptualbene�t function by multiple candidate
items. Theitemsin a candidatesubset,shown aspointson a graphof increasing
pro�t vs. increasingcost.Notehow themultiple itemsin a candidatesubsetserve
as approximationsof someactualcontinuousfunction describingthe returns,in
termsof perceptualbene�t, provided by a seriesof progressively morecomplex
renderings.

It is worth noting that even a progressive meshis capableof producingonly a �nite number
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of differentobjectimpostors.A progressive meshthereforereally functionsasa compactor com-

pressedstoreof a large but �nite numberof distinct impostors. An importantadvantageof pro-

gressive mesheshowever is that they canbe non-uniformlygeneratedto favour higherandlower

levelsof detail in differentareasof a singleobject,accordingto thecurrentviewing situation[36].

Thereis thereforeno singlemeaningfulorderingof thepotentiallygeneratableimpostorsin terms

of increasinglevel of detail. In this researchwe ignoreprogressive meshesandassumemultiple

distinctobjectrepresentations.We notehowever that the multiple representationsof varyingper-

ceptualbene�t andrenderingcostthata progressive meshprovidesmight usefullybe represented

by themultiplecandidateitemsin eachcandidatesubsetof theMCKP.

In thiswork wewill takeit asgiventhatthepredictivenon-hierarchicallevel of detailoptimiza-

tion problem(asoutlinedby FunkhouserandSéquin)is equivalentto theMCKP. We assumethat

eachobjectimpostormaybeeithercompletelyselectedor not selectedat all, andthatexactly one

impostorrepresentationmustbeselectedfor eachobject.Theobjectiveis to maximizethetotalper-

ceptualbene�t of theselectedrepresentationswhile limiting their total renderingcost.Funkhouser

andSéquinexploit thisequivalenceto producea non-hierarchicallevel of detailoptimizationalgo-

rithm basedon their greedyalgorithmfor MCKP describedpreviously in Section2.5. We describe

their level of detailalgorithmin Sections2.6.1.

Of course,the de�nition of the MCKP assumesthat the pro�t andcostof eachitem is well

de�ned. In practiceperfectlyaccuratenumericalmeasuresof theperceptualbene�t andrendering

costof arbitraryobjectrepresentationsaretricky or even impossibleto de�ne, asFunkhouserand

Séquinnote [24]. The situationisn't helpedat all by the fact that to be useful in realtimelevel

of detailoptimization,thesemeasuresmustbecalculatedef�ciently for largenumbersof potential

sceneobject representations.Traditionally, simple heuristicmetricsfor perceptualbene�t have

beende�ned that attemptto provide a �a vour of the perceptualissuesinvolved (for example,the

attenuationof visionoverdistancebyperspectiveandatmospherichazeandthelimitationsof human

perception)for asmallinvestmentof computationalcost.Blake[10] andReddy[59] [62] havebeen

chief amongthese.LikewiseFunkhouserandSéquinproposethe useof simpleheuristicscalled

bene�tandcostto predictroughlytheperceptualbene�t andrenderingcostof objectrepresentations

asrequired.They suggestvariousfactors(similarto thosementionedby BlakeandReddy)thatsuch

heuristicsmight ideally takeinto account.In practiceeven theheuristicsusedby Funkhouserand

Séquinareasrudimentaryaspossibleandtakeinto accountonly the distanceof the objectfrom

theviewerandsimpleestimatesof theperceptualaccuracy of impostors(in thecaseof bene�t) and

empirically-derivedestimatesof their relative renderingcost(in thecaseof cost). In this thesiswe
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ignoreentirelythedevelopmentof moreusefulheuristicsandrestrictourattentionsto level of detail

optimizationalgorithmsthemselves. We assumethat useful (althoughprobablynot completely

accurate)bene�t andcostheuristicsmayalwaysbede�ned.

Theequivalencebetweenthe level of detailoptimizationproblemandtheMCKP is subjectto

an importantassumptionthatresultsfrom thefact that in theMCKP thereis no conceptof depen-

denciesbetweenthe selectedrepresentationsof differentobjects. It assumesthat the selectionof

therepresentationsof separateobjectsis independent;thatselectinga givenrepresentationfor one

objectneitherforcesnor preventstheselectionof any representationof any otherobject. This as-

sumptionholdsfor theproblemtackledby FunkhouserandSéquin(dueto their implicit assumption

thatall objectsandtheirrepresentationsaredistinct)but is brokenby hierarchicalscenedescriptions

in whichsharedrepresentationsmaybeprovidedfor groupsof objects.Wereferto theclassof scene

descriptionsin whichmultiple representationsmaybeprovidedfor objectsbut nosharedrepresen-

tationsmaybeprovidedfor groupsof objectsasnon-hierarchical level of detail descriptions. Such

a descriptionis illustratedin Figure11.

21 53 4 6 7 8 9

Figure 11: Non-hierarchical level of detail description. A simple non-
hierarchicalscenedescriptionwith multiple levelsof detail. Thesceneconsistsof
a collectionof distinctobjects(shown conceptuallyascircles).Multiple drawable
representations,or impostors,maybeprovidedfor eachobject(shownastriangles).
Impostorsarenumberedandthe impostorsof eachobjectareshown in ascending
orderof detail from left to right. Comparewith Figure4 andnotethatno shared
representationsmaybeprovidedfor groupsof objects.

Theselectionof a sharedgrouprepresentationfor oneobjectimpliestheselectionof thatrep-

resentationfor all of its siblings,asshown in Figure12. We thereforerefer to the subsetof the

level of detail optimizationproblemthatFunkhouserandSéquinhandle(by virtue of their useof

the equivalenceto MCKP) asthenon-hierarchical level of detail optimizationproblem. Thepro-

vision of sharedrepresentationsfor groupsof objectsthatcharacterizeshierarchicallevel of detail

descriptionsinvalidatesthis,giving riseto thehierarchical levelof detail optimizationproblem. We

shalldiscussthis furtherin Section2.7.1.
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Figure12: Implications of shared object representations. Theprovision of a
sharedrepresentationfor a groupof objectsintroducesthe implicit constraintthat
whenthe sharedrepresentationis selectedfor oneobject it mustbe selectedfor
all of them. In this example,a singlesharedcuberepresentation(on theright) is
providedfor theeightindividualcubeobjectson theleft.

Theequivalencebetweenlevel of detail optimizationandtheMCKP is subjectto anotherim-

portantassumption:it assumesthat thepredictedperceptualbene�t (or pro�t) andrenderingcost

(or cost)of eachrepresentationis independentof therepresentationsselectedfor otherobjects.Ma-

ciel andShirley notein [47] (andmoreextensively in [46]) thatin practicethis is not generallythe

case.Theselectionof a particularrepresentationfor oneobjectmay in�uence the perceptionand

renderingcostof otherrepresentationsof otherobjects.In the�eld of psychologythedependence

of theperceptionof oneobjecton theperceptionof anotheris anaspectof Gestaltperception[28].

It is illustratedby anexamplein Figure13. Foley etal [22] list theGestaltrulesof groupperception

thatpredicttheperceptionof groupsof objects,with particularregardto userinterfacedesign[22].

AlthoughMaciel andShirley draw attentionto this assumptionthey chooseexplicitly to ignoreit

[47]. Like MacielandShirley wesatisfyourselveswith representingonly thedependenciesbetween

objectsthatarechildrenof thesamegroupobject,ignoringmorecomplex andsubtledependencies

andfocusingonwhatcanbededucedaboutthehierarchicallevel of detailoptimizationproblemby

assumingthattheequivalencebetweenthenon-hierarchicalproblemandtheMCKP holds.
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Figure13: Exampleof Gestaltperception. Eachblackshapemaybeperceivedas
a circleoverlaidwith onecornerof a white triangle,becauseof thepresenceof the
othertwoblackshapes.If any of theblackshapesis removedthentheperceptionof
thetriangleandthereforeof theothershapesis changed(after[28]). Furthermore
if oneof theshapeswereto beapproximatedby a low detailimpostorconsistingof
a completecircle thentheperceptionof theotherswouldalsochange.

2.6.1 Funkhouser-Séquin Algorithm

SincetheMCKP is equivalentto thenon-hierarchicallevel of detailoptimizationproblem(asdis-

cussedin the previous section),the greedyapproximationalgorithmfor the MCKP proposedby

FunkhouserandSéquin(describedin Section2.5.4)is alsoanapproximationalgorithmfor thenon-

hierarchicallevel of detailoptimizationproblem.Indeed,it is for thispurposethatit wasproposed.

Howeveranaive implementationof thisalgorithmasa level of detailoptimizationalgorithmwould

requirecalculatingandsortingthebene�ts, costsandvaluesof all objectrepresentationsin every

frame(sincethey aredependentontheviewingsituationandsogenerallychangefrom oneframeto

thenext). FunkhouserandSéquinthereforeformulatean incrementalversionof thealgorithmthat

basesits initial solutionontheapproximatesolutionfoundfor thepreviousframe,takingadvantage

of frame-to-framecoherencein the form of the similarity of the optimal solutionsof consecutive

frames.This algorithmis theirpredictiveincrementalnon-hierarchical level of detail optimization

algorithm, andembodiesthe constrainedoptimizationapproachthat later inspiredthe predictive

hierarchicalalgorithmof MacielandShirley, whichwedescribein Section2.7.1.

FunkhouserandSéquinclaimthattheincrementalalgorithmis equivalentto theMCKP greedy

algorithmfor a restrictedsubproblemof the MCKP in which the values(pro�t / cost)of items

within eachcandidatesubsetalwaysdecreaseuniformly astheir cost increases[24]. In termsof

level of detail optimization,this implies that higher (more expensive) levels of detail of objects
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shouldalwaysprovidediminishingreturns. If this requirementis satis�edthenthetwo algorithms

areequivalent,otherwisetheactionof theincrementalalgorithmis uncertain.By de�nition higher

levels of detail have higherrenderingcostandgreaterperceptualbene�t. It is worth noting that

this approachassumesthat the levelsof detailof eachobjectaresubjectto a constantorderingby

ascendingperceptualbene�t andrenderingcost.

Thealgorithmis designedto beappliedoncebeforetherenderingof eachframe,andits output

is a setof detail levels for the sceneobjectsthat is usedto decidewhich object representations

shouldberendered.Theadvantageof theincrementalalgorithmover theoriginalgreedyalgorithm

is purelyoneof ef�ciency: it exploits thetypically largecoherencebetweensuccessiveframes(and

thereforetheir optimal detail levels) by acceptingasinput an initial solutionthat is generallythe

solutionfoundfor thepreviousframe.Thealgorithm,shown in Figure14, is iterativeandoperates

by successively improving the initial setof selectedimpostorsby a seriesof re�nements,which

arereferredto asincrementationsanddecrementations. Eachincrementationanddecrementation

consistsof thereplacementof theselectedimpostorof a singleobjectwith its immediatelyhigher

or lower detail impostor, respectively. Generallya large numberof possibleincrementationsand

decrementationsis availableatany stage.Thealgorithmchoosesthosethatbestserve to maximize

thetotalvalueof theselectedset,by eliminating(by decrementation)representationswith low value

andselecting(by incrementation)thosewith highvalue.Thisstrategyworksbecauseof theassumed

orderingof levelsof detailby ascendingcostanddescendingvalue.

In eachiterationof thealgorithmtheselectedimpostorof oneobjectis incremented.Thenthe

selectedimpostorsof otherobjectsaredecremented,while the total renderingcostof the selected

solutionis higherthanthe availableframerenderingtime. In eachcasethe objectchosenfor in-

crementationis thatwhosesubsequentlyselectedimpostor(after thepotentialincrementation)has

greatestvalue.Whenanobjectis chosenfor decrementationit is thatwhosecurrentlyselectedim-

postorhaslowestvalue.In thiswaythealgorithm,over thecourseof severaliterations,tendsto use

upasmuchof theavailablerenderingtimeaspossiblewhile favouringthehigherlevelsof detailof

objectswhosehigherlevelsof detailprovidebetter“bangfor thebuck” [24]. In thiswayit attempts

to ensurethat thebestpossiblescenerepresentationis providedwhile limiting the total rendering

costto thepermittedmaximum.

Thealgorithmterminateswhenthe impostorselectedduring incrementationin an iterationis

immediatelydeselectedby a decrementationin thesameiteration.Whenthis occursthealgorithm

hasreachedits �nal approximatesolutionandthereis nofurtherwork for it to do. After termination

of the algorithmthe selectedimpostorof eachobject is scheduledfor rendering. For simplicity
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input: aninstanceof thenon-hierarchicallevel of detailoptimizationproblem
input: a feasibleinitial solutionto thatinstance
output: animprovedsolutionto theinstance

// iteratively improve theselectedrepresentationby incrementing
// theselectedimpostorsof someobjectsanddecrementingothers

begin
selecttheimpostorsof theprovidedinitial solution
setdone � FALSE
while done= FALSE

�

// incrementtheselectedimpostorof oneobject

if any objectsarenotat theirhighestlevelsof detailthen
�

�nd theobject 
 which is not at its highestlevel of detail
andwhoseimmediatelyhigherimpostorhasgreatestvalue
incrementtheselectedimpostorof 


�

// decrementoneobject,while thetotal renderingcostis toohigh

while thetotalcostis greaterthantherenderingcostlimit
�

�nd theobject� which is not at its lowestlevel of detail
andwhoseselectedimpostorhaslowestvalue
decrementtheselectedimpostorof �

if � � 
 then
setdone � TRUE

�

�

end

Figure14: The Funkhouser-Séquin incrementallevel of detail algorithm.
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thealgorithmasshown hereassumesthat therenderingcostlimit is suf�cient to selectat leastthe

lowestlevelsof detail of all objects,but not sogreatthat thehighestlevelsof detail of all objects

maybeselected.Thespecialcasesin which theseassumptionsdo not hold maybeweededout by

trivial testsbeforethealgorithmbegins. In suchcasesthe lowestandhighestlevelsof detailof all

objectsareselected,respectively.

Equivalence

FunkhouserandSéquinstatethe equivalenceof their greedyandincrementalalgorithmswithout

proof in [24]. We provideaproofof theequivalenceof two relatedalgorithmsin Chapter7 thatcan

beeasilyadaptedto serveasaproof for theequivalenceof theFunkhouserandSéquinalgorithms.
�

The equivalenceclaim canbe intuitively supportedby noting that the criterion by which objects

areselectedfor incrementationis similar to thatby which itemsareselectedfor replacementin the

greedyalgorithm: in both casesthe item (or impostor)whoseimmediatelyhighercost impostor

hasgreatestvalueis selectedfor replacement.Thecriterionfor decrementationin theincremental

algorithmis the inverseof that for incrementation:the impostorselectedfor replacementby its

immediatelylower costimpostoris thatwhosevalueis lowest. To understandwhy thedecreasing

valueassumptionis necessary, notethattheincrementalalgorithmonly ever movesone“step” at a

time: alwaysonly consideringtheimmediatelyhigherandlower level of detailof eachobject.It is

becausehigherlevelsof detailalwayshave lowervaluethatit is safeto dothis;weknow thatapoor

immediatelyhigherdetail impostorwith no hopeof selectioncannever hideanotherhigherdetail

impostorof thesameobjectwith greatervalue.

Thegreedyalgorithmis notguaranteedto produceafeasiblesolutionin whichexactlyoneitem

is selectedfrom every candidatesubset,while the incrementalalgorithm is guaranteedto select

exactlyoneimpostorfor eachitem(evenin thecasewheretheavailablerenderingtimeor knapsack

capacityis too low). Theequivalenceof thealgorithmsthereforedependson the assumptionthat

eitherthegreedyalgorithmis forcedto selectexactly oneitem from eachsubset(by preselecting

thelowestcostitemsfrom eachone)or theprobleminstanceis augmentedwith animaginary“null

item” in eachsubsetwith negligible costandpro�t.

�

Sincewehaveshown thatthealgorithmof FunkhouserandSequinis invalid,andsincewepresentabetteralgorithm
in Chapter3, wedo notprovide thisproof.
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Complexity

The time complexity of the FunkhouserandSéquin incrementalalgorithmis
���

� log ��� in the

worstcasewhere� is thenumberof impostors(or items),like its non-incrementalcounterpart.This

is dueto thefact that in theworstcasewe mustconsiderandselectall objectimpostors,resulting

in
���

��� iterations.In eachiterationoneincrementationandpossiblyseveraldecrementationstake

place. Thenumberof decrementationsper iterationis typically small andmaybe assumedto be
���

�

� (In theworstcaseit is � , but in thatcasethemaximumnumberof algorithmiterationsis 1).

Eachincrementationor decrementationinvolvestheselectionof thehighestsubsequentlyvaluedor

lowestcurrentlyvaluedimpostor, which is
���

�

� dueto theuseof orderedpriority queues[24]. The

updatingof thequeuesaftereachincrementationor decrementationis optimally
���

log ��� .

However sincethealgorithmis incrementalandbasesits initial solutionon thesolutionfound

for the previous frame, it only performsa small numberof iterationson average. The average

complexity is thereforebetterthan
���

� log ��� . Situationsin whichsigni�cantly moreiterationsare

performedarethosein which the initial solutionis signi�cantly differentfrom the �nal solution.

For examplethe �rst frame,and framesin which the viewing directionis dramaticallydifferent

from theframebefore.FunkhouserandSéquindo not discussor addressthecomputationtimesof

their algorithmin suchcases.In Chapter9 we reporton anexperimentinvestigatingthe practical

behaviour of ourown incrementallevel of detailalgorithm,theresultsof whichcanalsobeapplied

to theFunkhouser-Séquinalgorithm.

Optimality

FunkhouserandSéquinclaim that their level of detail optimizationalgorithm,beingequivalentto

theirgreedyalgorithmfor MCKP for arestrictedsubproblemof theMCKP, producesasolutionthat

is alwaysat leasthalf asgoodastheoptimalsolution(in termsof totalpro�t or predictedperceptual

bene�t) for thatsubproblem.Recallhowever that in Section2.5.4we provideda counterexample

for which thegreedyalgorithm's solutionto MCKP (and,for thatmatter, C(MCKP)), is not half-

optimal.Thatcounterexample(referto De�nition 2.6),is alsoacounterexamplefor theincremental

level of detail algorithm,for the subproblemin which itemswithin candidatesubsetsareordered

by ascendingcostanddescendingvalue.ThereforetheFunkhouserandSéquinincrementallevel of

detailoptimizationalgorithmis not half-optimalfor thatsubproblemasthey claim.

A level of detail interpretationof thecounterexampleis a scenein which anobject(candidate

subset1 in theexample)hasonerepresentationwith highperceptualbene�t andverylow cost(item
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2), andanotherwith slightly higherperceptualbene�t but muchhighercost(item 3). For example,

the �rst representationcould be a texture map that is inexpensive to renderbut is visually very

similar to thesecondrepresentationconsistingof hundredsof polygons.Thealgorithmis in danger

of inappropriatelyincrementingthe level of detail of the object from the cheapto the expensive

representation,therebyexcludingtheless“valuable”representationsof otherobjects.

2.6.2 Horvitz-Lengyel Algorithm

Horvitz and Lengyel [37] presentanotherpredictive level of detail optimizationschemethat is

closely relatedto andclearly inspiredby that of Funkhouser-Séquin. Essentiallyit, like that of

Schau�er[70] mentionedin Section2.3,representstheapplicationof theknapsackproblem-based

constrainedoptimizationapproachto an image-basedrenderingsystemin which texture-mapped

polygonimpostors(or sprites) aresubstitutedfor actualgeometry. Theimagesmappedontotheim-

postorsareobjectrepresentationsrenderedfrom theoriginal geometryin previousframes,warped

by af�ne transformationsthat approximatethe actualperspective and geometrictransformations

causedby the changesin the positionandorientationof objectsrelative to the camerafrom one

frameto thenext. Theadvantageof usingthe impostorsis that it is substantiallycheaperto warp

andrenderanexisting image-basedrepresentationthanto re-rendertheoriginal geometry. A pre-

dictive optimizationalgorithmis usedto decidefor eachobjectat thestartof eachframewhether

to substitutethecurrentimage-basedimpostoror re-renderthegeometry. Heuristicssimilar to the

bene�t andcostheuristicsof FunkhouserandSéquinpredictthe“perceptualcost” of usingan im-

postorandtheextra renderingcostincurredby re-renderingtheactualgeometricrepresentationof

an object. Perceptualcost is essentiallythe inverseof perceptualbene�t andrepresentsthe view

thatusingimpostorsdetractsfrom the“perfect” perceptionof thefull detailrepresentation.

Theschemeof Horvitz andLengyeldiffersfrom theFunkhouser-SéquinandSchau�erschemes

in that their optimizationalgorithmis basedon the greedyapproximationalgorithmfor 0-1 KP

describedin Section2.5.1ratherthanon analgorithmfor MCKP. Horvitz andLengyelmakethe

simplifying assumptionthateachobjecthasonly two possiblerepresentations:thefull detailgeom-

etryandtheimage-basedimpostor. Thensinceeach(visible)objectmustberepresentedby at least

its image-basedimpostor, thedecisionfor eachobjectamountsto theselectionor non-selectionof

the full detail re-render. This presentsanoptimizationproblemthat is equivalentto the0-1 KP, in

whichthepro�ts andcostsof the“items” aretheperceptualcostsof thelow-detailimpostorsandthe

extra renderingcostsof thehigh detail representations.Theaim is to selectthesubsetof theitems

with greatesttotalpro�t (or lowesttotalperceptualcost)while limiting thetotalextra renderingcost
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to theavailablere-renderingtime.

Becauseof thisassumptionandtheresultingequivalenceto 0-1KP ratherthanMCKP Horvitz

andLengyelareableto usethewell-known greedyalgorithmfor 0-1 KP. They orderthecandidate

items(expensive re-renderings)by descendingvalue(pro�t / cost)andselectasmany asthey can

with therenderingtimeavailable.They thencomparethisgreedysolutionagainstthesolutioncon-

sistingof only theitemwith greatestpro�t, which is asimplerform of thecritical itemsolutiontest

(seeSection2.5.1). As we proved in Section2.5.1,this algorithmalwaysproducesa solutionthat

is guaranteedto beat leastashalf asgoodastheoptimalone. Its time complexity is
���

� log ��� .

Horvitz andLengyelusethegreedyalgorithmasit is, ratherthanformulatingan incrementalver-

sion,sounlikeFunkhouserandSéquinthey fail to takeadvantageof frame-to-framecoherenceand

mustperformanentiregreedyoptimizationover all sceneobjectsfor every frame.

In orderto usethe0-1KP greedyalgorithm,Horvitz andLengyelmustassumethateveryobject

hasonly twopossiblerepresentations.In atypicalsystemin whichtherearemultiplelevelsof detail

for eachobject(andpossiblyin multiple dimensions)this assumptiondoesnot hold. To copewith

this dif�culty they suggesta simpleapproachin which detailreductionsin otherdimensions(such

asreductionof textureresolutionor geometricdetail)areevaluatedby calculatingthecostsosaved

andconsideringtheselectionof additionalre-rendersthat this allows. No guaranteesexist on the

qualityof solutionsreachedusingthisapproach.

2.7 Hierar chical Level of Detail Optimization

From our survey of previous level of detail approachesin Sections2.3 and2.4 it is apparentthat

althoughbothpredictivelevel of detailoptimizationandhierarchicallevel of detailoptimizationare

desirable,to ourknowledgefew predictivestrategieshave beenproposedandonly two of theseare

hierarchical.Thesetwo predictive hierarchicallevel of detailoptimizationalgorithmsarethoseof

MacielandShirley [47] andBelblidiaetal [8].

In Section2.6 we pointedout that the equivalencebetweenthe predictive level of detail opti-

mizationproblemandtheMultiple ChoiceKnapsackProblemnotedby FunkhouserandSéquinis

dependenton severalcrucialassumptions,oneof which is invalidatedby hierarchicallevel of de-

tail descriptionsin which sharedrepresentationsareprovided for groupsof objects.We therefore

distinguishedbetweenthehierarchicalandnon-hierarchicallevel of detail optimizationproblems.

Herewe show that the predictive optimizationalgorithmof FunkhouserandSéquin,beingessen-

tially agreedyalgorithmfor theMCKP, is inherentlynon-hierarchical.Thekey differencebetween
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theproblemsarisesfrom thefact thatin thecaseof hierarchicaldescriptionsit is possibleto select

singlesharedrepresentationsfor multipleobjects.Thisdifferenceis thecentralthemeof this thesis,

andour aim is to investigatethe hierarchicallevel of detail optimizationproblemand formulate

improvedoptimizationalgorithmsfor it.

In responseto thedif�culties posedby sharedgrouprepresentations,onemight suggestsimply

doingawaywith themcompletely. Howeversharedrepresentationsfor groupsof objectsaccomplish

morethanwould separaterepresentationsfor thoseobjectsof identicalvisualcomplexity. Shared

representationsprovideseveraladvantagesthatarecrucialto many of thelevelof detailoptimization

strategiesreviewedin Section2.4 (for example,thoseof Chamblerlainet al [14] andShadeet al

[75]) anda greatnumberof level of detailmodels:

1. As we notedin Section2.4, they allow increasedcomputationalef�ciency sincemultiple

objectscanbedealtwith by theconsiderationof only onesharedimpostor.

2. With sharedsimplerepresentationsit is possibleto ensurethatvisualandtopologicalcoher-

enceis maintainedbetweenthesimpli�ed representationsof relatedobjects.For examplein

Figure13 it might beusefulto ensurethatsimplerepresentationsfor the threeblackshapes

areconsistentin their representationof thethreeshapes.Likewiseit might bedesirablethat

a groupof relatedobjectsareeitherall textured-mappedor not texture-mappedat all. The

sharingof low detailrepresentationsbetweenobjectsservesto constrain theirpossibleselec-

tion, ensuringthatinappropriatecombinationsof low andhigh detailrepresentationsarenot

selected.

3. Sharedgeometricrepresentationsaregenerallymorestorageandcomputationallyef�cient

thancollectionsof separaterepresentationsfor thesameobjectsthatarevisually equivalent,

dueto theeliminationof redundantgeometryandtheability to makeuseof simpli�ed topolo-

gies.

Thesebene�tsaccountpartly for thepervasivenessof hierarchicalrepresentationsof variousforms

in everydaylife. Hierarchicaldecompositionsaid thedesignof complex systemssuchasmassively

integratedcircuitswhereeachcomponentis assembledfrom coherentsubcomponentswhosefunc-

tion is abstractedfrom theirdesign.

In this Sectionwe discussthe two predictive hierarchicallevel of detailalgorithmsthatwe are

awareof: thatof MacielandShirley andthatof Belblidiaet al.
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2.7.1 Maciel-Shirley Algorithm

Maciel andShirley claim in [47] that their level of detail optimizationalgorithmis a hierarchical

extensionof the approachof FunkhouserandSéquin,re-iteratingFunkhouserandSéquin's over-

statementthatthelevel of detailoptimizationproblemis equivalentto theMCKP. In actualfact the

Maciel-Shirley algorithmdifferssigni�cantly from theFunkhouser-Séquinalgorithm,aswe might

expect.

Maciel andShirley assumea hierarchicallevel of detail descriptionsuchasthatshown previ-

ously in Figure4. This descriptionis a part-wholedescriptionandis distinguishedfrom that of

FunkhouserandSéquinby thefact thatobjectsaregroupedrecursively andmultiple sharedrepre-

sentations,or impostors, areprovidedfor groupsof objects.At leastoneimpostormustbeprovided

for every object.

Maciel andShirley de�ne heuristicmeasurescalledimportanceandaccuracy that predictthe

inherentimportanceof objectsto userconviction andthevisualaccuracy of objectimpostors.Im-

portanceis basedon the identitiesof objectsandtheir positionandsizeon the screen,andis in-

dependentof their selectedrepresentation.It is de�ned principally for leaf objects(thosewithout

children),andtheimportanceof non-leafobjectsis assumedto bethemaximumof theimportance

measuresof their children. Accuracy predictsthevisual“appropriateness”of impostorsto a given

viewing situationanddependsfor exampleon impostorcomplexity andthe directionfrom which

they areviewed.

In additiona costheuristicpredictstherenderingcostof impostors.Theaim of thealgorithm

canbe expressedsimply in termsof thesemeasures:to limit the total costof the selectedscene

representationwhile maximizingits total perceptualbene�t (which is assumedto bethesumof the

importanceandaccuracy measuresof theselectedobjectrepresentations).

The algorithm is appliedonceper frame and consistsof two stages. In the �rst stage,the

problemof having multiple impostorsexplicitly associatedwith eachobjectis solvedby traversing

thetreeandselecting,for eachobjectin turn,oneof itsassociatedimpostorsto serveasits available

representation.Theimpostorselectedfor eachobjectis thatwhichmostaccuratelyrepresentsit in

thecurrentviewing situation(someimpostorsfor exampleareonly convincing whenviewedfrom

certainangles).Theresultof theinitial stageis thatexactly oneof theimpostorsof eachobjectis

markedasthe availableimpostorof that object. It is this impostorthat will be usedto explicitly

representthatobject,if availablecostallows.

Thesecondstageof thealgorithmis a greedyselectionstagein which theselectedrepresenta-

tion of theentiresceneis iteratively improvedasmuchastheavailablecostwill allow. Thescene
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representationselectedateachstageis somesubsetof thesetof availableimpostorsof all thenested

sceneobjects.Initially theselectedrepresentationconsistsof only theavailableimpostorof theroot

(or scene)object. In eachsteptheselectedrepresentationis improvedby thereplacement,if it can

be afforded,of oneselectedavailableimpostorby the availableimpostorsof the childrenof that

object.Theobjectwhoseselectedavailableimpostoris replacedis thatwhoseimportance(aspre-

dictedby the importanceheuristic)is greatest.In otherwords,thegreedyselectionfavoursmore

detailedrepresentationsof moreimportantobjects.Thealgorithmkeepstrackof thetotalcostof the

selectedrepresentation(by meansof incrementalupdates)andif anearmarkedreplacementcannot

beaffordedwithoutexceedingthepermittedmaximumcostlimit thenthatobjectis removed from

considerationandits selectedrepresentationis scheduledfor rendering.Thisgreedyselectioncon-

tinuesuntil no furtherreplacementscanbemade.Thescenerepresentationselectedfor rendering

thenconsistsof thoseimpostorsscheduledfor renderingduringgreedyselection.

Thealgorithmselectsavailablerepresentationsfor objectsbasedonaccuracy, without regardto

cost,andthenselectsa scenerepresentationfrom theseavailablerepresentationsbasedon impor-

tance,without regardto value(perceptualbene�t/cost)or cost. This constitutesa greedyselection

basedon importance(or, loosely, bene�t).

Complexity

Thetime complexity of thealgorithmof MacielandShirley is
���

��� . Thecomplexity of theinitial

stage,in which an availablerepresentationis chosenfor eachobject, is
���

��� with respectto the

numberof impostors.Eachobjectmustbeconsideredandthereare
���

��� objects(on theassump-

tion that the numberof impostorsbelongingto eachobject is
���

�

� ). The selectionof the most

appropriaterepresentationfor eachobjectis
���

�

� with respectto � . Thecomplexity of thegreedy

stage,in which theselectedrepresentationof thesceneis incrementallyimproved,is also
���

��� in

theworstcase.
�

Optimality

No guaranteeexists asto the optimality of the Maciel andShirley greedyalgorithm's solutionto

thehierarchicallevel of detailoptimizationproblem.Theoptimalityof thealgorithmssolutioncan
�

Althoughin [47] it is claimedto bepossibleto reduceit to ��� log ��� . We canseeno way of doingthis sincein the
worstcasetheselectedrepresentationof thescenemustbeexhaustively improvedfrom theselectedrepresentationof the
root objectto theselectedrepresentationsof theleaf objects.In thiscaseall objectsmustbevisited,sothecomplexity is

��� ��� .
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bemeasuredby the total pro�t of thealgorithm'ssolution,wherethepro�t of a selectedimpostor

is de�ned by MacielandShirley to bethesumof theaccuracy of theimpostorandtheimportance

of theobjectit represents[47]. In theworstcaseit maybearbitrarilybad.Firstly, thealgorithmis

capableof selectingavailableobjectrepresentationsthatareveryexpensiveandthereforerepresent

poorvaluefor their bene�t. Secondly, we canimaginea situationin which thealgorithmreplaces

a selectedavailableimpostorwith themany expensive availableimpostorsof its children,because

oneof themhasa high importance.

Figure15showsa pathologicalinstanceof thehierarchicallevel of detailoptimizationproblem

for thealgorithmof MacielandShirley. Theproblemillustratedby thisexampleis thatthealgorithm

selectsobjectsfor incrementationbasedon their importance,without regardto theaccuracy or cost

of their available representations.The algorithmselectsthe impostorsof the left-most two leaf

objectsandthe impostorof the right child of the root object,with a total pro�t of 3.4, while the

optimal solutionconsistsof the impostorsof the right-mosttwo leaf objectsandthe impostorof

the left child of the root, with a total pro�t of 201.4. By varying the accuraciesandcostsof the

impostorsin the examplethealgorithm's solutionmaybemadearbitrarily bad. We will returnto

thesolutionqualityof theMaciel-Shirley algorithmin Section4.3.

0.2

0.2 0.1

0.1 0.1 0.10.2

0.5, 0.5

1, 1 1, 1

1, 5 1, 4 100, 5 100, 4

Figure15: Pathologicalexample for the Maciel-Shirley algorithm. The ac-
curacy andcostof eachavailableimpostoris shown below the impostor, andthe
importanceof eachobjectis markedon thatobject.Therenderingcostlimit is 10.

2.7.2 Belblidia etal Algorithm

Belblidia et al [8] [7] presenta predictive hierarchicallevel of detail optimizationschemethat

appearsto bedirectly in�uencedby thatof Maciel andShirley. Like Maciel andShirley, they use
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a hierarchicallevel of detail descriptionwith sharedobjectrepresentationsanda predictive level

of detailoptimizationalgorithmthatlimits thepredictedrenderingcostof thescenerepresentation.

Their approachis distinguishedby the fact that they proposetwo algorithmsfor level of detail

control:onethatfavoursimagequalitywhile removing asmuchunnecessarydetailaspossible,and

anotherthat favours the regulationof frameratesandremoves asmuchdetail as is necessaryto

limit predictedrenderingtimes. The�rst is essentiallystaticandtheotherpredictive. Their dual-

algorithmapproachis in contrastto the singlealgorithmsof FunkhouserandSéquinandMaciel

andShirley, whichattemptto maximizevisualqualitywhile regulatingframerates.Theuseof two

separatealgorithmsemphasizesthe fact that the approachtakenin the predictive algorithmis not

well-gearedtowardsmaximizingvisualquality.

Like Maciel andShirley, Belblidia et al usea greedyalgorithmthatincrementallyreplacesthe

selectedimpostorsof objectswith theavailableimpostorsof theirchildren.However, unlikeMaciel

andShirley, their greedyselectionis basedpurelyon thearbitraryorderof thechildrenratherthan

on any estimateof importanceor representationalaccuracy. In our opinion this representsa step

backwardsfrom thealready�a wedgreedyselectionheuristicof MacielandShirley. Henceit cannot

beexpectedto provideguaranteedor evenapproximatelyoptimizedlevelsof perceptualquality.

2.8 Summary

In this chapterwe havediscussedrelevantbackgroundwork, outlinedmoreclearlytheproblemwe

intendto address,anddiscussedlimitationsof relatedpreviouswork. We de�ned thelevel of detail

optimizationproblem,beingthe problemof dynamicallyandautomaticallyselectingdetail levels

for each object in a visualization systemso as to maximizethe perceptualbene�t of the selected

scenerepresentation,whilst ensuringthat the renderingcostof the selectedscenerepresentation

never exceedssomereasonablelimit.

We notedthat theuseof hierarchicallevel of detaildescriptionsin level of detailoptimization

is very common,andso de�ned the hierarchical level of detail optimization problem, beingthe

level of detail optimizationproblemasit appliesto hierarchicallevel of detail scenedescriptions

in which sharedrepresentationsmaybeprovidedfor groupsof objects.However we notedthatof

the few predictive level of detail optimizationalgorithmsproposedso far, the mostpromisingis

strictly non-hierarchicalanddoesnotpermittheuseof sharedrepresentationsfor groupsof objects.

For this reasonwe alsode�ned the non-hierarchical level of detail optimizationproblem,being

the predictive level of detail optimizationproblemfor a strictly non-hierarchicallevel of detail
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descriptionin which objectsaredistinct andno sharedrepresentationsarepermittedfor multiple

objects.

We observedthat thenon-hierarchicallevel of detail optimizationproblemhasbeenshown to

beequivalentto the(NP-complete)Multiple ChoiceKnapsackProblem.We thenshowedthat the

hierarchicallevel of detailoptimizationproblemwasnot.

Lastly we describedseveral predictive level of detail optimizationalgorithmsin detail. Two

arenon-hierarchicalandtheothertwo hierarchical.Thenon-hierarchicalalgorithmof Funkhouser

andSéquinhasa time complexity of
���

� log ��� in theworstcasebut is incrementalandtypically

completesin only a few iterations.However its approachis �a wedandit fails to provide solutions

of guaranteedquality levels asis claimed. The othernon-hierarchicalalgorithm,by Horvitz and

Lengyel,is essentiallya simpli�ed versionof the Funkhouser-Séquinapproach.It providesqual-

ity guaranteesbut fails to catereffectively for multiple levelsof detail. Thehierarchicalalgorithm

of Maciel andShirley hasa time complexity of
���

��� but is not incrementalandperformsa full

optimizationfor every frame.Neitheralgorithmprovidesany guaranteesasto thequalityof its ap-

proximatesolution,in spiteof claimsmadeby theirauthors.We aimin this thesisto examinemore

formally thehierarchicallevel of detailoptimizationproblemandto devisenew greedyoptimization

algorithmsfor it.



Chapter 3

GreedyAlgorithm for the MCKP

In this chapterwe presenta greedyapproximationalgorithmfor the Multiple ChoiceKnapsack

Problem(MCKP), which wasde�ned in Section2.5. Recallfrom Section2.6 that theMCKP was

shown to beequivalentto thenon-hierarchicallevel of detailoptimizationproblem.Thisalgorithm

is thereforea �rst steptowardsanimprovednon-hierarchicallevel of detailoptimizationalgorithm.

In Chapters4 and6 we will look at extendingtheMCKP andthis algorithmfor it to caterfor the

morecomplex hierarchical level of detailoptimizationproblem.

Weactuallypresenttwogreedyapproximationalgorithmsfor theMCKP in thisChapter. While

thesecondis acompletealgorithmthatis guaranteedatleasthalf-optimalfor theentireproblem,the

�rst is a simpli�ed algorithmthat is half-optimalfor a well-de�ned subproblem.We show thatthe

simpli�ed algorithmis likely to beusefulin many practicalapplications,includinglevel of detail

optimization.This simpli�ed algorithmhastwo advantagesover the full algorithm: it hasa lower

time complexity, andit may be madeincrementalso that it acceptsasinput an initial best-guess

solutionderivedfrom thepreviousprobleminstance.Theability to bemadeincrementalmakesthe

algorithmusefulfor level of detail optimization. It is this algorithmwhich we will extendto the

hierarchicallevel of detailoptimizationproblemin laterchapters.

Webegin in Section3.1by introducingametric,relativevalue, thatmeasuresthevalueof items

in the MCKP relativeto other itemsfrom the samecandidatesubset. This metric representsthe

insight instrumentalto thedevelopmentof our algorithm: thatwhenitemsin the MCKP arecon-

sideredfor selectionby anapproximationalgorithmit is generallyasreplacementsfor previously

selecteditemsfrom thesamecandidatesubset(recallfrom De�nition 2.3in Section2.5.2thatonly

oneitem maybeselectedfrom eachsubset).It is this metric thatallowsusto formulateandprove

correctapproximationalgorithmsfor the MCKP. In Section3.2 we discussthe MCKP in general

60
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andintroducethe convexity assumption, a simplifying assumptionaboutthe natureof the MCKP

thatmakesthe�rst, simpli�ed, greedyalgorithmpossible.In Section3.3we presentthesimpli�ed

algorithm. In Section3.4 we prove that its solutionis alwaysat leasthalf asgoodasthe optimal

solution,aslongastheconvexity assumptionholds.In Section3.5wepresentthesecond,complete

algorithmfor theMCKP thatdoesnotdependontheconvexity assumption.In Section3.6weprove

thatthatalgorithm'ssolutionis alwaysat leasthalf-optimal.Thisproof is anextensionof theproof

presentedfor thesimpleralgorithmin Section3.4.

In Section3.7 we discussthe expectederror of the algorithmsoverandabovethe worstcase

half-optimalityguaranteeandtheimplicationsof theconvexity assumption.Weshow thatthecases

in whichtheassumptiondoesnotholdarerelatively rare.In Section3.8wecompareouralgorithms

with thatof FunkhouserandSéquin(discussedin Section2.6.1)andremarkon thepracticalimpli-

cationsof theimprovementsthatour algorithmsrepresent.Recallfrom Chapter2 thatFunkhouser

andSéquin[24] proposeda non-hierarchicallevel of detailoptimizationalgorithmthatwasessen-

tially a greedyapproximationalgorithmfor the MCKP. We however showed that their algorithm

suffersfrom several limitations,mostnotablythat its solutionis not guaranteedto behalf-optimal

asthey claim. Thealgorithmspresentedherearethereforeintendedascorrectionsandreplacements

for theirs. In Section3.9we discusstheconversionof thesimpli�ed algorithmto anequivalentin-

crementalversionthat exploit frame-to-framecoherence,with the aim of increasingef�ciency in

level of detailoptimization.Finally in Section3.10we summarizethemainpointsof thechapter.

3.1 RelativeValue

In this sectionwe de�ne a metric,relativevalue, that is thecoreof bothgreedyalgorithmsfor the

MCKP describedin thischapter. Thismetricwasreferredto asslopeby Armstrongetal [5], where

it wasusedin agreedyalgorithmfor C(MCKP),thecontinuousrelaxationof MCKP.

Recallthat in thegreedyalgorithmfor the0-1 KP describedin Section2.5.1,thevalue(pro�t

/ cost)of eachitem wasusedasa metric measuringthe desirabilityof thoseitemsfor selection.

Itemsweresimplyorderedby descendingvalueandselectedif they couldbeafforded.TheMCKP,

by contrast,is characterizedby thefact thatexactlyoneitemmustbeselectedfrom everycandidate

subset.In theMCKP thereforetheselectionof an item is generallya replacementandentailsnot

only theselectionof that item at a certaincostandpro�t but alsothe lossof a previously selected

item from thesamecandidatesubsetfor a certaindecreasein costandpro�t. Alternatively we can

regardthereplacementof anitem by anothermoreexpensive itemastheselectionof animaginary
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relativeitemthatis thedifferencebetweentheold item andthenew (seeFigure16). Relativevalue

essentiallymeasuresthevalueof this imaginaryrelative item.

a b a b'

Figure16: Relativevalue. Whenanitemis selectedin theMCKP, it is usuallyat
theexpenseof somepreviouslyselecteditemfrom thesamecandidatesubset.This
�gure showshow, whenanitem � is replacedby amoreexpensiveitem

�

, theeffect
is equivalentto theselectionof anadditionalitem

� �

thatis thedifferencebetween
� and

�

. Therelativevalueof
�

with respectto � providesameasureof thevalueof
� �

, theeffectof replacing� with
�

.

Simply consideringthe valueof eachitem without regardto the pro�t andcostof the item it

replacesleavesthevalue-basedgreedyselectioncriterionof FunkhouserandSéquin(Section2.5.4)

opento discardingitemsthatprovide high pro�t for low costin favour of itemsof slightly higher

pro�t but with muchgreatercostin theMCKP.

In orderto measurebettertheneteffectof theselectionof anitemattheexpenseof apreviously

selecteditem from the samesubset,we de�ne a new metric, relativevalue, which measuresthe

“desirability” of itemsasreplacementsfor previouslyselecteditemsfromthesamecandidatesubset:

De�nition 3.1 RelativeValue

Therelativevalueof a candidateitem
	

with respectto anothercandidateitem
�

fromthesame

candidatesubsetis de�nedas:

RV
�

	

�

�

� �

��� � � �

��� � � �

where ��� and ��� are the pro�t andcostof item
	

, and � � and � � are the pro�t andcostof item
�

respectively.

The relative valueof an item is alwaysmeasuredrelative to someother item from the same

candidatesubset.Whenwe speakof therelativevalueof anitem wewill usuallybereferringto its

relativevaluerelativeto thecurrentlyselecteditemfrom thatsubset.
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3.2 Convexity Assumption

In thissectionwediscussthenatureof theMCKPin generalandintroducetheconvexity assumption

uponwhichoursimpli�ed algorithmdepends.It is usefulto visualizethesetof itemsin acandidate

subseton a graphof increasingpro�t vs. increasingcostas shown in Figure 17. Eachitem is

representedasa singlepoint. It follows from the IP-dominance
�

of itemswith lower pro�t and

greatercostby itemsfrom thesamesubsetthatthegraphrepresentedby thesuccessive itemsmust

bemonotonicallyincreasing[49]. Any solutioninvolving an IP-dominateditem
	

canbetrivially

improvedby replacing
	

with its dominatingitem
�

. Suchdominateditemsmaybe removed asa

preprocessto any MCKP algorithm[49].

cost

pr
of

it

i
j

Figure17: A candidatesubsetrepresentedon a pro�t vs. cost graph. Each
point representsanitem,plottedonagraphof increasingpro�t vs. increasingcost.
Dueto theIP-dominanceof itemswith lowerpro�t andgreatercostthanotheritems
from thesamecandidatesubsets,thegraphmaybeassumedto bestrictly increas-
ing. In this instance

	

is dominatedby
�

andcanberemoved from consideration.

Ourgreedyalgorithmsfor MCKP bothselect,asa conservative initial solution,thelowestcost

item from eachcandidatesubset.This ensuresthatevery subsetis represented.We theniteratively

replaceselecteditems with more expensive items from the samesubset,as far as the available

knapsackcapacitywill allow. Eachreplacementpreservesthefeasibility of thesolution,sincethe

replacingandreplaceditemsalwaysbelongto thesamecandidatesubset.

Theitemsthatarenotselectedinitially areconsideredasreplacementsin aspeci�c orderwhich

guaranteesthat items that provide greater“bang for the buck” areconsidered�rst. The relative
�

IP standsfor IntegerProgramming.
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valuemetric is usedto order the replacementitems,sinceit providesa measureof the effect of

replacingoneitem with another.
�

At eachstagetherelativevalueof eachitem underconsideration

is measuredwith respectto thecurrentlyselecteditem from its candidatesubset,sincethis is the

itemwhich it mayreplace.Themostdesirablereplacementitemin eachsubsetis thatwith greatest

relative value with respectto the currently selecteditem from that subset. The most desirable

replacementitem from all subsetsis thatwith greatestrelative valuewith respectto its respective

selecteditem. A simpleexampleis providedin Figure18.

1/2

4/6

3/4

7/5

2/2

6/3

3/4
3/1

7/4

5/8
4/3

1/2

2/7

4/3

Figure18: Selectionwithin candidatesubsets. In this exampleitemsareshown
aspro�t / costpairs. The currentlyselecteditem from eachcandidatesubsetis
shown in bold, andavailablereplacementsareshown asarrows labeledwith the
relative valuesof the replacementitems. The mostdesirablereplacementin the
�rst subsetis � 
 � with relative value �

� , and in the secondsubsetit is � 
 � with
relative value

�

� . Themostdesirablereplacementfrom any subsetis therefore� 
 �

asa replacementfor
�




�

.

Sincetherelativevalueof eachitemis measuredwith respectto thecurrentlyselecteditemfrom

its subset,wheneveraselecteditemis replacedwith another, therelativevaluesof all theremaining

itemsin thatsubsetmustbeupdated.This in generalchangestheorderingof thoseitemsin terms

of relativevalue.In thecaseof our full MCKP algorithm(presentedin Section3.5),this is exactly

what occurs.Thesituationis simpli�ed signi�cantly however if we assumethat the itemswithin

eachsubsetareorderedby descendingrelativevaluewhenthey areorderedby ascendingcost.We

call thisconditiontheconvexity assumption:

De�nition 3.2 Theconvexity assumption

Theconvexity assumptionholdsif, whenever thereexist threeitems
�

�

	

�

�

in thesamecandidate

�

Comparethiswith theuseof valueby FunkhouserandSéquinin theirgreedyalgorithmdescribedin Section2.5.4.
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subsetsuch that � � � ����� � � , it is truethat

RV
�

	

�

�

�

�

RV
�

�

�

�

�

�

Whentheconvexity assumptionholdsthegraphof everycandidatesubsetis convex, asshown in

Figure19. In thatcaseourMCKP algorithmcangetby with alwaysconsideringonly theitemswith

immediatelyhighercostthanthecurrentlyselecteditemsin eachcandidatesubset.Furthermorethe

orderingof itemswithin eachcandidatesubsetin termsof descendingrelativevaluewith respectto

thecurrentlyselecteditemin eachsubsetdoesnot changeasnew itemsareselected.An algorithm

exploiting theassumptionneedonly considertheitemsin eachcandidatesubsetin ascendingorder

of cost:at eachstagethemostdesirableunconsideredreplacementitem in eachsubsetis thatwith

lowestcost. Our simpli�ed MCKP algorithm,which we presentin Section3.3, is basedon this

assumption.

cost

pr
of

it

i

j

k

l

Figure19: A convexcandidatesubset. Whentheconvexity assumptionholds,the
itemsin eachcandidatesubsetdecreasein relative valueasthey increasein cost.
Therelativevalueof anitem with respectto anothercorrespondsto thegradientof
theline betweenthem.

3.3 Simpli�ed Algorithm

In this sectionwe describeour simpli�ed greedyalgorithmfor the MCKP that makesuseof the

relative valuemetricdescribedin Section3.1 andexploits theconvexity assumptionintroducedin

Section3.2.
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input: aninstanceof theMCKP (seede�nition 2.3)
output: a feasiblesolutionto thatinstance

begin
set ���

� �

�

� emptylist // nocritical itemyet,emptylist
set � �

�

�

� �

�

� �

�

�

�

� � �

�

�

�

�

where
�

� is thecheapestitemin subset
�

�

for
�

�

�

�

�

� � �

� � �

� � // for eachcandidatesubset
�

ordertheitemsin subset
�

� by ascendingcost
set ��� �

�

�

// selectthecheapestitemin subset
�

�

for eachitem
�

�

�

� �

�
�

�

�

� // for all otheritemsin subset
�

set �

� theimmediatelylowercostitemfrom
�

� than
�

set ���

�

� � relativevalue�

��� � � � �

	

� �

	

�insert
�

into
�

// add
�

to thelist of unconsidereditems
�

�

ordertheitemsin
�

by descendingrelativevalue
for eachitem

	

in
�

// for eachunconsidereditem
�

set
�

� theitem from thesamecandidatesubset
�

� as
	

suchthat ��� �

�

if �

� � �

� � � �������

�

����� � then // if wecanafford to replace
�

with
	

set ���

�

� � ���

�

�

// replace
�

with
	

else
if �

� � then set ���

	

// if thereis nocritical itemyet,
	

is critical
�

if �

�

� � then // if thereis acritical item
� // thenconsiderthecritical itemsolution

set 
 � theitemin � from thesamecandidatesubsetas �

if �

� � �

� ��� �
�

�

�
���

�

� � �

� � � � and �

� � �

� �������

�

����� � then

set � �

�

�

�

if
�

�

� or (
�

�

� and
�
�

�


 )
� otherwise

� �

�

�

�

end

Figure20: The simpli�ed greedyalgorithm for the MCKP.
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Thealgorithmis shown in Figure20, andits operationis illustratedby anexamplein Figure

21. The algorithmbegins by insertinginto the knapsacka minimal initial solutionconsistingof

the lowestcostitem from eachcandidatesubset.This initial solutionis theniteratively improved

by the successive replacementof selecteditemswith the immediatelymoreexpensive itemsfrom

their candidatesubsets,asfar astheavailablespacein theknapsackwill allow. Theunconsidered

itemsatany stageareconsideredfor selectionin descendingorderof relativevalue(with respectto

thecurrentlyselecteditemsfrom their respective subsets).By virtue of theconvexity assumption

(Section3.2), this alsoconstitutesan orderingwithin subsetsby increasingcost. Thereforeonly

thelowestcostitem in eachsubsetmustbeconsideredat eachstage.An item underconsideration

replacestheitemfrom thesamesubsetalreadyin theknapsackif thereplacementcanbeafforded;

otherwiseit is discarded.

After thegreedyselectionphasetheresultingsolutionis comparedto thecritical itemsolution.

The critical item is the �rst item to be rejectedduring greedyselectiondueto its costbeingtoo

high.
�

Thecritical itemsolutionconsistsof thecritical itemandthelowestcostitemsfrom eachof

theothercandidatesubsets.If thecritical item solutionhasgreaterpro�t andcanbeaffordedthen

it is selectedinstead.Thecritical item checkservesthe samepurposeasin the greedyalgorithm

for 0-1KP (SeeSection2.5.3).It guardsagainstthepathologicalcasein which theparticularsizes

of the knapsackanditemsfavoursthe selectionof a solutionof low valuethat happensto �t the

availablespacebut whoseselectionwouldotherwisebepreventedby theselectionof highervalued

itemsof low pro�t.

Thetimecomplexity of thesimpli�ed algorithmis
���

� log ��� in thenumberof candidateitems,

dueto thesortingstepin whichtheitemsareorderedby descendingrelativevalue.Thecritical item

is foundautomaticallyasa by-productof the greedyselectionstage.An immediateoptimization

that increasestheef�ciency of the algorithmis to discountall remainingitemswithin a candidate

subsetassoonasany item from that subsethasbeenfound to be too expensive. Sincethe items

in eachsubsetareconsideredin ascendingorder of cost, any remainingitemsmustalsobe too

expensive.

�

Not countingitemsthataretoo expensive to be elementsof any feasiblesolutions— if suchinfeasibleitemsexist
thenthey shouldbediscardedasapreprocess.



68 CHAPTER3. GREEDY ALGORITHM FORTHE MCKP

a b

c d

e f

1/2

3/3

4/5

2/1

3/2

5/5

6/82/1

1/1

1/2

3/3

4/5

2/1

3/2

5/5

6/81/2

1/1

1/2

3/3

4/5

2/1

3/2

5/5

6/81/2

2/3 1/2

3/3

4/5

2/1

3/2

5/5

6/81/2

1/3

1/2

3/3

4/5

2/1

3/2

5/5

6/8

1/3 1/2

3/3

4/5

2/1

3/2

5/5

6/8

Figure21: Example executionof the simpli�ed MCKP algorithm. This exam-
ple shows theoperationof thesimpli�ed MCKP algorithmfor an instanceof the
MCKPwith 7 items(shownaspro�t/cost pairs)partitionedinto 2 candidatesubsets
(circles),andwith a knapsacksizeof 9. (a) Initially the itemsin eachsubsetare
orderedby ascendingcost(indicatedby thearrows) andthecheapestitem in each
subsetis selected(bold items).Arrows leadingto itemsavailablefor selectionare
labeledwith therelativevaluesof thoseitems.Theavailablereplacementitemwith
greatestrelative valueis 3/3 in the�rst candidatesubset.It canbeaffordedandso
is selected,replacing1/2. (b) 3/2hasgreatestrelativevalueandcanbeafforded,so
it replaces2/1. (c) 5/5hasgreatestrelativevalueandcanbeafforded,soit replaces
3/2. (d) 4/5hasgreatestrelativevaluebut cannotbeafforded,soit is discarded.(e)
6/8 is the only remainingitem but cannotbe afforded,so it is discarded.(f) The
algorithm'ssolutionis 3/3 and5/5, for a total pro�t of 8. Thecritical item is 4/5,
andthecritical item solutionis 4/5 and2/1,for a total pro�t of 6.
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3.4 Proof of Half-Optimality for the Simpli�ed Algorithm

In this sectionwe prove the half-optimality of the MCKP greedyalgorithmdescribedin Section

3.3, for the subproblemof the MCKP de�ned by the convexity assumptionintroducedin Section

3.2. Recallthat theconvexity assumptionholdswhentherelative valuesof itemswithin candidate

subsetsalwaysdecreasemonotonicallywith increasingcost.Theproofis anextensionto theMCKP

of thegeneralapproachembodiedby theproof for the0-1KP algorithmpresentedin Section2.5.1.

3.4.1 Overview of Proof

Theproofconsistsof six steps:

1. We formulateanequationrelatingthepro�t of theoptimalsolutionto thatof thesolution
�

reachedatanintermediatestagein thegreedyalgorithmimmediatelybeforetheconsideration

andrejectionof the critical item. This equationprovidesan upperboundon the maximum

errorof thegreedyalgorithmandincludestermsthatquantifythepro�t lost by not selecting

itemsthatarein theoptimalsolutionandthepro�t gainedby selectingitemsthatarenot.

2. We show thatany itemsthatarein theoptimalsolutionbut werenot selectedby thegreedy

algorithmbeforethe rejectionof the critical item must have lower relative value than the

critical item,sincethey werenot selectedbeforeit.

3. Similarly weshow thatany itemsthatwereselectedby thegreedyalgorithmbeforetherejec-

tion of thecritical item but arenot in theoptimalsolutionmustat leasthave higherrelative

valuethanthecritical item,sincethey wereselectedbeforeit.

4. Usingtheresultsof steps2 and3, we show thatthemaximumerrorof thegreedyalgorithm

is boundedby thetotal differencein costbetweentheoptimalsolutionand
�

, multiplied by

therelativevalueof thecritical item.

5. Thenwe show that thedifferencein costbetweentheoptimalsolutionand
�

is boundedby

thedifferencein costbetweenthecritical item andthe item from thesamecandidatesubset

thatis selectedin theintermediategreedysolution.

6. Substituting, we show that the maximumerror of
�

is boundedby the differencein pro�t

betweenthe critical item and the selecteditem from the samesubset. Recallingthat the

algorithmalsoconsidersthecritical item solution,we concludethat thealgorithm'ssolution

is at leasthalf asgoodastheoptimalone.
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3.4.2 Proof

1. Given an instanceof the MCKP, let the pro�t of the optimal solution to this instancebe
	 . Let

�

be the setof itemsin the intermediatesolutionreachedby the greedyalgorithm

immediatelybeforethecritical itemis considered(andrejected),andlet 	
�

�

�

� �

�

� � bethe

pro�t of thispartialgreedysolution.
�

Recall that both the optimal solutionandthe intermediategreedysolution
�

mustcontain

exactly oneitem from every candidatesubset.Thereforethepro�t of theoptimalsolutionis

equalto thepro�t 	 � of thepartialgreedysolution
�

plus,for eachcandidatesubset
�

� , the

differencebetweenthepro�ts of the item 
 � �

�

� which is in theoptimalsolutionandthe

item �

� �

�

� selectedin
�

:

	 � 	

�

�

�

�

� 
��

�

��� � � �

�

� �

�

Therefore
	
� 	

�

�

�

� � �

�

��� � � �

�

� � �

�

� � �

�

�

�

� � ��� � � (14)

where � is the setof candidatesubsetsfor which 
 � hasgreatercost (andpro�t) than �

� ,

and � is the setof candidatesubsetsfor which �

� hasgreatercost(andpro�t) than 
 � . In

otherwords, � containsthosecandidatesubsetsin which thealgorithmselected“less” than

it shouldhave,and � containsthosewhereit selected“more” thanit shouldhave.

2. In this stepwe considerthe candidatesubsets
�

� that arein � . Recallthat thesearethose

for which the item 
 � �

�

� in theoptimalsolutionhasgreatercostthanthe item �

� �

�

�

selectedin
�

. Weshow thatin suchcasestheitem 
 � in theoptimalsolutionmusthave lower

relativevalue(with respectto �

� ) thanthecritical item � (with respectto theitem 
 from the

samesubsetas � , that is selectedin
�

). This follows from the fact that � waschosenfor

selectionand 
 � wasnot.

Whenthecritical item � waschosenfor selection(andrejected)thesetof currentlyselected

itemswasexactly
�

. Thereforethe critical item wasconsideredasa replacementfor some

item 
 thatis anelementof
�

, andwasconsideredinsteadof someitem �

� thatis theelement

of
�

� of immediatelyhighercostthan�

� . Therefore�

� haslowerrelativevalue(with respect
�

In practicethealgorithmmaygo on to selectotherlater items,replacingitemsin � , but sinceevery replacement
increasesthetotalpro�t of theselecteditems,weknow thatthepro�t of the�nal greedysolutionis greaterthanor equal
to � 	 .
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to �

� ) than � (with respectto 
 ):

�

�

� � �

�

�

�

�

� � �

�

�

�

�
� � �
�

��� �����

� �

�

�

�

Now becausetheitemsin eachcandidatesubsetdecreasein relativevalueasthey increasein

cost(from theconvexity assumption— De�nition 3.2),it mustbetruethat

��� � � �

�

�

� � � � �

�

�

�

�
� � �
�

��� �����

� �

�

�

� (15)

3. In this stepwe considerthecandidatesubsets
�

� thatarein � . Recallthat thesearethose

for which the item 
 � �

�

� in the optimalsolutionhaslower costthanthe item �

� �

�

�

selectedin
�

. We show that in suchcasesthe item �

� in
�

musthave greaterrelative value

(with respectto 
 � ) thanthecritical item � (with respectto 
 ). This followsfrom thefact that

�

� waschosenfor selectionbefore� .

Whenthecritical item � waschosenfor selection(andrejected)thesetof currentlyselected

itemswasexactly
�

. Theremustthereforeexist a sequenceof items
	

� �

	

� �

	

�

�

� � �

�

	

� in
�

�

from 
 � to �

� (that is,
	

��� 
 � and
	

�

�

�

� ) suchthat
	

� ��� is selectedasthereplacementfor
	

� for all of
�

�

�

�

�

� � �

� � �

� 	 �

�

.

Likewisetheremustexist a sequenceof items � � � � � � �

�

�

� � �

� ��� in the candidatesubset

containing� and 
 where� � is thecheapestitemin thatcandidatesubset,����� � , ���

�

���


 ,

and ��� ��� is selectedby thealgorithmasthereplacementfor � � for all of
�

�

�

�

�

� � �

� � �

� � �

�

. Notethat ��� is notselectedasthereplacementfor ���

�

� , because��� (ie. � ) is notselected

atall.

Thenwe know that the algorithmat somestagereplaced
	

�

�

� with
	

� (ie. �

� ) insteadof

replacingsomeitem ��� in the sequence� � � � � � �

�

�

� � �

� ���

�

� with ��� ��� , since
	

� was

selectedand � wasnot. Therefore

�

�

� � ��� � �

�

�

�

� � ��� � �

�

�

�
	�� 


�

� �
	
�

��	�� 


�

� ��	
�

�

Now becausetheitemsin eachcandidatesubsetareconsideredin orderof ascendingcostand

thereforedescendingrelativevalue(from theconvexity assumption— De�nition 3.2) it must

betruethat

�

�

� � ��� �

�

�

� ��� � �

�

�
� � �
�

��� � ���

� �

�

�

� (16)
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4. Therefore,from (14), (15)and(16)wehave

	 � 	

�

�

�

� � �

�

� � � ���

�

� �

�
� � �
�

��� � ���

�

�

� � �

�

�

�

� � � � � �

�
� � �
�

��� �����

(17)

� 	
�

�

	


�

� � �

�

� � � ���

�

� � �

�

� � �

�

�

�

� ��� � � �
�


�
� � �
�

��� � ���

(18)

� 	

�

�

�

�

� 
��

�

� � � ���

�

� �

�
� � �
�

��� �����

� (19)

5. Let � � � �

�

� �

�

� � bethespaceleft in theknapsackaftertheselectionof
�

, immediately

beforetherejectionof thecritical item � . Fromthefact that � wasrejectedwe know thatthe

differencein costbetween� and 
 is greaterthan � :

�

�

��� �����

� (20)

Furthermorewe know that thetotal differencein costbetweentheitemsin theoptimalsolu-

tion andthe itemsfrom thesamecandidatesubsetsin thegreedysolutionmustbe lessthan

or equalto � :
�

�

� 
��

�

� � � � �

�

� ��� �

�

Therefore,from (20),
�

�

� 
��

�

� � � ���

�

� �

�

��� �����

� (21)

6. Therefore,from (19)and(21),

	 ��	
�

�
�

��� � ��� �

�
� � �
�

��� �����

(22)

��	
�

�

�
� � �
� (23)

��	

�

�

�
�

� (24)

Recallthatthegreedyalgorithmcomparesthetotal pro�t of the�nal greedysolution(which

is greaterthanor equalto 	
� ) to the total pro�t 	

�

of the cheapestsolutioncontainingthe

critical item (which is clearlygreaterthan ��� ), andkeepswhichever solutionis better. That

is, thealgorithm'ssolutionhaspro�t 	




�

max
�

	 � � �
� � . Therefore,from (24),

	




�

�

�

	

and the pro�t of the algorithm's solution is guaranteedto be at leasthalf the pro�t of the

optimalsolution.
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Thecritical item checkis complicatedslightly by thefact thatthecritical item by itself is not a

feasiblesolution;hencethealgorithmconstructsa completesolutioncontainingthecheapestitem

from every othersubset.However it is certainthat this lowestcostcritical item solutionwill be

feasible,sinceotherwisethecritical item would not bea feasibleitem itself andwould have been

removedin thereductionpre-process.

3.5 Full Algorithm

In this sectionwe presentour full algorithmfor theMCKP, which we prove (in Section3.6) is at

leasthalf-optimalfor the entireproblem. Thealgorithmdiffersfrom the simpli�ed onepresented

in Section3.3 in that it doesnot makeuseof the convexity assumption.The selectionof items

in descendingorderof relative valuemay thereforenot constitutean orderingby ascendingcost

within candidatesubsets.Thealgorithmmustthereforebepreparedto consider, at eachstage,any

of theremainingitemsin eachcandidatesubset.Whenthemostdesirablereplacementitem is too

expensive to be selected,the algorithmmustalsoconsiderother“concave” itemsfrom the same

subsetwith lower relativevalue.

Thealgorithmis shown in Figure22. Its operationis illustratedby anexamplein Figure23.

Like thesimpli�ed algorithmit beginsby selectingasaninitial solutionthelowestcostitem from

eachcandidatesubset.Theremainingitemsareconsideredoneby oneaspotentialreplacementsfor

currentlyselecteditems. Eachreplacementincreasesthe total costandpro�t of thesolution. The

potentialreplacementitemsareconsideredin descendingorderof relative value,alwaysmeasured

with respectto thecurrentlyselecteditemsfrom theirrespectivesubsets.At eachstagetheitemwith

greatestrelativevaluewith respectto its respectiveselecteditemis consideredfor selection.If it can

beafforded,it is selectedandthecurrentlyselecteditem from thatsubsetis discarded.Therelative

valuesof theremainingitemsfrom thatsubsetareupdated(with respectto thenewly selecteditem)

andany unconsidereditemswith lowercostthanthenewly selecteditemarediscarded.Sincethese

discardeditemshave lower coststhantheselecteditem they areassumed,essentially, to have been

brie�y selectedandimmediatelyreplacedby themoreexpensivenewly selecteditem.

In the event that the potentialreplacementcannotbe affordedthe item underconsiderationis

simply discardedandis markedasthecritical item � if it is the�rst item to berejectedin thisway.

Like thesimpli�ed algorithmof Section3.3, thefull algorithmconsidersthecritical itemsolution

consistingof thecritical item andthelowestcostitemsfrom all othersubsets.

Thealgorithmassumesthatthereareno itemsthathave greatercostbut lowerpro�t thanother
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input: aninstanceof theMCKP (seede�nition 2.3)
output: ahalf-optimalor bettersolutionto thatinstance

begin
set ���

� �

�

� emptylist // nocritical itemyet,emptylist
set � �

�

�

� �

�

� �

�

�

�

� � �

�

�

�

�

where
�

� is thecheapestitemin subset
�

�

for
�

�

�

�

�

� � �

� � �

� � // for eachcandidatesubset
�

set ��� �

�

�

// selectthecheapestitemin subset
�

�

for eachitem
�

�

�

� �

�
�

�

�

� // for all otheritemsin subset
set ���

�

� � relativevalue�

� RV
� �

�

�

� �

�

�

�

�

�

�
�

�

while
�

is notempty // while thereareunconsidereditems
�

set
	

� theitemwith greatestrelativevaluein
�

set
�

� theitem from thesamecandidatesubset
�

� as
	

suchthat ��� �

�

set
�

�

�

� �

	��

// remove
	

from
�

if �

� � �

� � � �������

�

����� � then // if wecanafford to replace
�

with
	

�

set ���

�

� � ���

�

�

// replace
�

with
	

for eachitem � �

�

� in
�

// updatethecandidatesubsetcontaining
	

if ��	 � ��� then // if � haslowercostthan
	

set
�

�

�

� � �

�

// discard�

else // elsecalculatenew relativevalueof �

setrelativevalue	

� RV
�

� �

	

�

�

elseif �

� � then set ���

	

// if thereis nocritical item,
	

is critical
�

if �

�

� � then // if thereis acritical item
� // thenconsiderthecritical itemsolution

set 
 � theitemin � from thesamecandidatesubsetas �

if �

� � �

� ��� �
�

�

�
���

�

� � �

� � � � and �

� � �

� �������

�

����� � then

set � �

�

�

�

if
�

�

� or (
�

�

� and
�
�

�


 )
� otherwise

� �

�

�

�

end

Figure22: Full greedyalgorithm for the MCKP.
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c d
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Figure 23: Example executionof the full MCKP algorithm. This example
showstheoperationof thefull MCKP algorithmfor aninstanceof theMCKP with
8 items(shown aspro�t/cost pairs)partitionedinto 2 candidatesubsets(circles),
andwith aknapsacksizeof 10. (a)Initially thelowestcostitemfrom eachsubsetis
selected(bold items).Arrows leadto theavailablereplacementitems,labeledwith
the relative valuesof thoseitemswith respectto thecurrentlyselecteditem from
that subset.The greatestrelative value,2.0, is sharedby two replacementitems:
7/4 and 3/2. The algorithm arbitrarily chooses7/4, replacing1/1 with 7/4 and
discarding3/2 sinceit haslowercostthan7/4. Therelativevalueof theremaining
item,8/7, is updated.(b) 8/9 hasgreatestrelative valuebut cannotbeafforded,so
it is discarded.(c) 3/4hasgreatestrelativevalueandcanbeafforded,soit replaces
1/2. (d) 4/6 hasgreatestrelative valueandcanbeafforded,so it replaces3/4. (e)
8/7 is the only remainingitem but cannotbe afforded,so it is discarded.(f) The
algorithm'ssolutionis 4/6 and7/4, for a total pro�t of 11. Thecritical item is 8/9,
andthecritical item solutionis 8/9 and1/1,with a totalpro�t of 9.
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itemsfrom thesamecandidatesubsets.TheseitemsareIP-dominated(seeSection3.2)andmustbe

removedin a reductionpreprocessphase[49]. Thealgorithmalsoassumesthatno infeasibleitems

exist thatarenotelementsof any feasiblesolution(becausetheircostis toohighto allow themto be

selectedwith any combinationof otheritems).Theseinfeasibleitemscanalsoberemovedduring

thereductionphase.

Thecomplexity of thealgorithmis
���

�

�

�

�

� � � ,where� is thenumberof candidatesubsetsand
� is thenumberof itemsin thelargestsubset.In anef�cient implementationof thealgorithm,each

candidatesubsetmaybestoredasa separatelist. If thesubsetlists arestoredin arbitraryunsorted

orderthenapointeris associatedwith eachonemarkingtheitemin thatsubsetwith greatestrelative

value.After theselectionof anitem,redundantitemsareremovedby traversingthelist anddeleting

any itemswith lower costthanthe newly selecteditem. In the sametraversal,the relative values

of theremainingitemsarerecalculated.After theupdatetraversalthe index is updatedto point to

the item with highestrelative value. Thecomplexity of the entireupdatestepis
���

� � , where �

is thesizeof thelargestcandidatesubset.Thesearchfor theitem with greatestrelative valuefrom

any subsetinvolvestraversingthelist of thebestitemsfrom eachsubset,pointedto by theindices

associatedwith thesubsets.Thecomplexity of this is
���

� � , where� is thenumberof subsets.Each

candidateitem mustbeconsideredexactly once.Thereforethecomplexity of theentirealgorithm

is
���

�

�

�

�

� � � .

Note that the averagesizeof the candidatesubsetsis inverselyproportionalto the numberof

candidatesubsets� . In theworstcaseeither � or � maybeequalto � , in which casetheotheris

obviously equalto 1. In this worstcasethecomplexity of thealgorithmis
���

�

�

� . Intuitively, the

selectionof eachof the � itemsinvolvesthecomparisonof up to � candidatesubsets(in thecase

where � � � ) or up to � itemswithin onecandidatesubset(in thecasewhere � � � ). We note

however that in this worstcaseMCKP actuallydegeneratesinto simplerproblems:0-1 KP, in the

casewhen ���

�

, andthe selectionof a single item from a setof candidatesin the casewhere
� �

�

. In typical practicalproblemsneither� or � is closeto � , sothat theaveragecomplexity is
���

�

�

�

�

� � � .

The complexity of the reductionphaseis
���

� log � � [49]. It may be incorporatedinto the

initializationof thegreedyalgorithmitself.
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3.6 Proof of Half-Optimality for the Full Algorithm

In Section3.5 we presenteda secondandmorecomplex greedyalgorithmfor the MCKP. In this

sectionwe prove that thatalgorithm's solutionto theMCKP is alwaysat leasthalf asgoodasthe

optimalsolution.Unlike theproof for thesimpli�ed algorithmpresentedin Section3.4, this proof

doesnot dependon theconvexity assumptionintroducedin Section3.2. Theproof is anextension

of theearlierproof, andfollowsthesamesix-stepgeneralplan(seeSection3.4). While steps1, 4,

5 and6 areidenticalto thosein Section3.4,steps2 and3 arecomplicatedby theaddedcomplexity

of thesecondalgorithm.

A key featureof thesimpli�ed algorithmis that the itemsin eachcandidatesubsetarealways

consideredin ascendingorderof pro�t andcostanddescendingorderof relative value.In thecase

of thefull algorithmthis is no longertrue,sinceitemsaresometimesselectedoutof ascendingcost

orderwithin the samesubset.Whenthis occurs,any itemswith lower cost from that subsetare

simplydiscarded(seeSection3.5). We saythattheseitemsareimplicitly selectedandimmediately

replacedby the moreexpensive explicitly selecteditems. The following Lemmashows that the

itemsin eachsubsetthatareexplicitly selectedareselectedin descendingorderof relativevalue:

Lemma 3.1 If � � � � � � �

�

�

� � �

� ��� are elementsof thesamecandidatesubset
�

� such that ��� ���

is selectedexplicitly bythealgorithmasthereplacementfor � � for all of
�

�

�

�

�

� � �

� � �

� � �

�

then

therelativevalueof ��� ��� with respectto ��� is greaterthantherelativevalueof � � ��� with respect

to ��� ��� :
�
	

	




�

� �
	

	

��	

	




�

� ��	

	

�

�
	

	




�

� �
	

	




�

��	

	




�

����	

	




�

�

�

�

�

�

� � �

� � �

� � �

�

�

Proof:

For any threeconsecutiveitems � � � ��� ��� � ��� ��� in � � � � � � �

�

�

� � �

� ��� weknowthat ��	

	

�

��	

	




�

� ��	

	




� (by de�nition of the algorithm) and that � 	

	

� �
	

	




�

� �
	

	




� (becauseof

thedominanceof itemswith lower pro�t andgreatercostby other itemsfromthesamecandidate

subset).Furthermore we knowthat � � ��� wasselectedas the replacementfor � � and ��� ��� was

not,so
�
	

	




�

� �
	

	

��	

	




�

����	

	

�

�
	

	




�

� �
	

	

��	

	




�

����	

	

�

Therefore,byconsideringthetriangle formedby � � � ��� ��� � ��� ��� (seeFigure24)wededucethat
�
	

	




�

� �
	

	




�

��	

	




�

����	

	




�

�

�
	

	




�

� �
	

	

��	

	




�

����	
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m i+1

m i+2

m i

w

p

Figure24: Triangle formed by � � � ��� ��� and ��� ��� . Giventhattherelativevalue
of ��� ��� with respectto ��� is greaterthanor equalto the relative valueof � � ���

with respectto ��� (andknowing that ��	

	

� ��	

	




�

� ��	

	




� and�
	

	

� �
	

	




�

�

�
	

	




� ) we deducethattherelative valueof � � ��� with respectto ��� ��� is lessthan
or equalto therelativevalueof � � ��� with respectto ��� . Theslopesof thelinesin
thegraphrepresentvisually therelativevaluesof itemswith respectto otheritems.
For example,therelativevalueof � � ��� with respectto ��� is shown by theslopeof
theline from ��� to ��� ��� .

3.6.1 Proof

1. Given an instanceof the MCKP, let the pro�t of the optimal solution to this instancebe
	 . Let

�

be the setof itemsin the intermediatesolutionreachedby the greedyalgorithm

immediatelybeforethecritical itemis considered(andrejected),andlet 	
�

�

�

� �

�

� � bethe

pro�t of thispartialgreedysolution.

Recall that both the optimal solutionandthe intermediategreedysolution
�

mustcontain

exactly oneitem from every candidatesubset.Thereforethepro�t of theoptimalsolutionis

equalto thepro�t 	 � of thepartialgreedysolution
�

plus,for eachcandidatesubset
�

� , the

differencebetweenthepro�ts of the item 
 � �

�

� which is in theoptimalsolutionandthe

item �

� �

�

� selectedin
�

:

	 � 	

�

�

�

�

� 
��

�

��� � � �

�

� �

�

Therefore
	
� 	

�

�

�

� � �

�

��� � � �

�

� � �

�

� � �

�

�

�

� � ��� � � (25)
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where � is the setof candidatesubsetsfor which 
 � hasgreatercost (andpro�t) than �

� ,

and � is the setof candidatesubsetsfor which �

� hasgreatercost(andpro�t) than 
 � . In

otherwords, � containsthosecandidatesubsetsin which thealgorithmselected“less” than

it shouldhave,and � containsthosewhereit selected“more” thanit shouldhave.

2. In this stepwe considerthe candidatesubsets
�

� that arein � . Recallthat thesearethose

for which the item 
 � �

�

� in theoptimalsolutionhasgreatercostthanthe item �

� �

�

�

selectedin
�

. As in the simpli�ed proof, we show that in suchcasesthe item 
 � in the

optimalsolutionmusthave lower relative value(with respectto �

� ) thanthe critical item �

(with respectto theitem 
 from thesamesubsetas � , thatis selectedin
�

). This followsfrom

thefact that � waschosenfor selectionand 
 � wasnot.

Whenthecritical item � waschosenfor selection(andrejected)thesetof currentlyselected

itemswasexactly
�

. Thereforethe critical item wasconsideredasa replacementfor some

item 
 that is anelementof
�

, andwaschoseninsteadof selecting
 � asa replacementfor

�

� (whichwouldhave beenpossible,sincethefull algorithmconsidersnot only theitemsof

immediatelyhighercost).Therefore
 � haslowerrelativevaluewith respectto �

� than � does

with respectto 
 :
��� � � �

�

�

� � � � �

�

�

�

�
� � �
�

��� �����

� �

�

�

� (26)

3. In this stepwe considerthecandidatesubsets
�

� thatarein � . Recallthat thesearethose

for which the item 
 � �

�

� in the optimalsolutionhaslower costthanthe item �

� �

�

�

selectedin
�

. As in thesimpli�ed proof, we show that in suchcasestheitem �

� in
�

must

havegreaterrelativevalue(with respectto 
 � ) thanthecritical item � (with respectto 
 ). This

followsfrom thefact that �

� waschosenfor selectionbefore� .

Whenthecritical item � waschosenfor selection(andrejected)thesetof currentlyselected

itemswasexactly
�

. Thereforetheremustexist a sequence
	

� �

	

� �

	

�

�

� � �

�

	

� of elements

of
�

� from 
 � to �

� suchthat
	

� ��� is explicitly selectedasthe replacementfor
	

� for all of
�

�

�

�

�

� � �

� � �

� 	 �

�

. This stepis complicatedby thefact that,in thefull MCKP algorithm,

someitemsarenever explicitly selected(but only implicitly selected).We know that �

� is

explicitly selected(since�

� �

�

), but 
 � mayhave beenimplicitly selectedby theselection

of anotherelementof
�

� of highercostthan 
 � . Thereforelet
	

� bethehighestcostexplicitly

selectedelementof
�

� suchthat ���

�

� � � �

� , andlet
	

�

�

�

� . Notethat ���

�

�

� � � .
�

In thecasewhere �

�

is explicitly selected,
�

� is �

�

itself.



80 CHAPTER3. GREEDY ALGORITHM FORTHE MCKP

Theremustalsoexist a sequenceof items � � � � � � �

�

�

� � �

� ��� in thecandidatesubsetcon-

taining � and 
 leadingfrom theselectionof thecheapestitem in thatsubsetto theselection

of 
 , where� � is thecheapestitem in thecandidatesubset,��� �

� , ���

�

� �


 , and ��� ��� is

selectedexplicitly by thealgorithmasthereplacementfor � � for all of
�

�

�

�

�

� � �

� � �

� � �

�

.

Notethat ��� is not selectedasthereplacementfor ���

�

� , because��� (ie. � ) is not selected

atall.

Since � waschosenfor selectionafter �

� , for every
	

� in the sequence
	

� �

	

� �

	

�

�

� � �

�

	

�

�

�

theremustexist anitem ��� in thesequence� � � � � � �

�

�

� � �

� ���

�

� suchthat

���

	




�

� ���

	

���

	




�

� ���

	

�

�
� � �
	
�

��� ����	
�

� (27)

FromLemma3.1we know thattheitemsin � � � � � � �

�

�

� � �

� ��� arein descendingorderof

relativevalue,andthereforethat

�
	

	




�

� �
	

	

��	

	




�

����	

	

�

�
	

�

� �
	

�

�

�

��	

�

� ��	

�

�

�

� �

��� � �

� � �

� � �

� �

�

Rewriting,

�
	

	




�

� �
	

	

��	

	




�

����	

	

�

�
� � �
�

��� �����

� �

��� � �

� � �

� � �

� �

�

Therefore,since
�
� � �
	

�

��� � ��	
�

�

�

�

�

�

� 

�

�

�
	

	




�

� �
	

	

�

�

�

�

�

� 

�

�

��	

	




�

����	

	

�

�

weknow that
�
� � �
	

�

��� ����	
�

�

�
� � �
�

��� � ���

�

Therefore,from (27),

���

	




�

� ���

	

���

	




�

�����

	

�

�
� � �
�

��� �����

� �

���

�

�

� � �

� 	 �

� �

�

Thensince
���

�
� ���

�

���
�

�����

�

�

�

�

�

�

� 
��

�

���

	




�

� ���

	

�

�

�

�

�

� 
��

�

���

	




�

� ���

	

�

weknow that
���

�
� ���

�

���
�

�����

�

�

�
� � �
�

��� � ���

�
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Substituting�

� with
	

� , we have shown that the relative valueof �

� with respectto
	

� is at

leastashighastherelativevalueof � with respectto 
 :

�

�

� � ���

�

�

�

� �����

�

�

�
� � �
�

��� �����

� (28)

Now if 
 � is explicitly selected(that is, if
	

��� 
 � ) thenby substitutioninto (28) it follows

thattherelativevalueof �

� with respectto 
 � is at leastashighastherelativevalueof � with

respectto 
 (which is whatwe wantedto show in thisstep):

�

�

� � ��� �

�

�

� ��� � �

�

�
� � �
�

��� � ���

� �

�

�

� (29)

Otherwiseif 
 � is selectedimplicitly by theexplicit selectionof
	

� then
	

�

�

� 
 � and

���

�

� � � ��� ���

�
�

Then,sincethealgorithmselected
	

� over 
 � asareplacementfor
	

� ,

���

�

� ���

�

���

�

� ���

�

�

��� � � ���

�

� � � � ���

�

�

Therefore,by consideringthetriangleformedby
	

� �

	

� and 
 � (Figure25)wededucethatthe

relativevalueof
	

� with respectto 
 � is at leastashighastherelativevalueof
	

� with respect

to
	

� :
���

�

� ��� �

���

�

� � � �

�

���

�

� ���

�

���

�

� ���

�

�

Then,since
�

�

� � ��� �

�

�

� � � � �

�

�

�

�

� � ���

�

�

�
�

���

�

� ��� � �

�

�

�

� � ���

�

�

�
�

���

�

� � � � �

and
�

�

� � ���

�

�

�

� �����

�

�

�

�

�

� � ���

�

�

�
�

���

�

� ���

�

�

�

�

�

� � ���

�

�

�
�

���

�

� ���

�

�

weknow that
�

�

� � ��� �

�

�

� � � � �

�

�

�

� � ���

�

�

�

� �����

�

�

Thatis, therelativevalueof �

� with respectto 
 � is at leastashighastherelativevalueof �

�

with respectto
	

� . Therefore,from (28),

�

�

� � ��� �

�

�

� ��� � �

�

�
� � �
�

��� � ���

� �

�

�

� (30)
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Figure25: Triangle formed by
	

� � 
 � and
	

� . Giventhat therelative valueof
	

�

with respectto
	

� is greaterthanor equalto therelativevalueof 
 � with respectto
	

� (andknowing that ���

�

� � � �
� ���

� and���

�

� ��� � � ���

� ) we deducethat the
relative valueof

	

� with respectto 
 � is greaterthanor equalto therelative value
of

	

� with respectto
	

� .

4. Therefore,from (25), (26)and(30)wehave

	 � 	

�

�

�

� � �

�

� � � ���

�

� �

�
� � �
�

��� � ���

�

�

� � �

�

�

�

� � � � � �

�
� � �
�

��� �����

(31)

� 	

�

�

	


�

� � �

�

� � � ���

�

� � �

�

� � �

�

�

�

� ��� � � � �


�
� � �
�

��� � ���

(32)

� 	

�

�

�

�

� 
��

�

� � � ���

�

� �

�
� � �
�

��� �����

� (33)

5. Let � � � �

�

� �

�

� � bethespaceleft in theknapsackaftertheselectionof
�

, immediately

beforetherejectionof thecritical item � . Fromthefact that � wasrejectedwe know thatthe

differencein costbetween� and 
 is greaterthan � :

�

�

��� �����

� (34)

Furthermorewe know that thetotal differencein costbetweentheitemsin theoptimalsolu-

tion andthe itemsfrom thesamecandidatesubsetsin thegreedysolutionmustbe lessthan

or equalto � :
�

�

� 
��

�

� � � � �

�

� ��� �

�
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Therefore,from (34),
�

�

� 
��

�

� � � ���

�

� �

�

��� �����

� (35)

6. Therefore,from (33)and(35),

	 ��	

�

�
�

��� � ��� �

�
� � �
�

��� �����

(36)
��	

�

�

�
� � �
� (37)

��	

�

�

�
�

� (38)

Recallthatthegreedyalgorithmcomparesthetotal pro�t of the�nal greedysolution(which

is greaterthanor equalto 	
� ) to the total pro�t 	

�

of the cheapestsolutioncontainingthe

critical item (which is clearlygreaterthan ��� ), andkeepswhichever solutionis better. That

is, thealgorithm'ssolutionhaspro�t 	




�

max
�

	
�

� �
� � . Therefore,from (38),

	




�

�

�

	

and the pro�t of the algorithm's solution is guaranteedto be at leasthalf the pro�t of the

optimalsolution.

3.7 Advantagesand Limitations

Having provedthat thesolutionof thefull algorithmis alwaysat leasthalf-optimal,in this section

we show that in the majority of practicalcasesits solutionis muchbetterthanhalf-optimal. The

sameargumentsapply to thesimpli�ed algorithm,for the subproblemof the MCKP in which the

convexity assumptionholds.

Recallthat themaximumerrorof thealgorithmis boundedby ��� � �
� (seeequation37). This

meansthatasthegranularityof thecandidateitems(with respectto thetotal sizeof theknapsack)

becomes�ner, themaximumerror tendsto zero. Thealgorithmcanbeexpectedto performmuch

betterthanhalf-optimalfor MCKP instancesin whichthegranularityof theitemsis relatively �ne,

and pathologicalcasesariseonly when the differencein pro�t between� and 
 is a signi�cant

proportionof theoptimalsolutionvalue 	 .�

We notethat in level of detail applicationsespeciallyit is rarethat a singleitem or groupof

itemswill contributea largeproportionof the total pro�t of theoptimalsolution. In mostlevel of



A similarobservationis madefor otherKnapsackProblemheuristicsin [21].
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detailapplicationshundredsor eventhousandsof sceneobjectsarevisibleatthesametimeandeach

contributesarelatively smallproportionto thetotalvisualeffect. Thehalf-optimalityguaranteeis a

worst-case�gure andweexpectthebehaviour of thealgorithmto bemuchbetterthanhalf-optimal

in mostreal-worldapplications.

Recallthatthesimpli�ed algorithmdependsontheconvexity assumptionfor its half-optimality.

However the IP-dominanceof itemswith lower pro�t andgreatercost thanother itemsfrom the

samecandidatesubsetimply that the worst-casehalf-optimality of the algorithmis brokenonly

for instancesin which thereexist items of greatercost and pro�t but lower relative value than

otheritemsfrom the samesubset.Theseitemsarethosethat do not provide diminishingreturns.

Realworld probleminstancesin which increasedoutlaysdo not provide diminishingreturnsare

uncommon,asthey tendto simplify theproblem.All elsebeingequal,we wouldalwayschooseto

selecta moreexpensive item over lessexpensive onesthatprovide proportionatelypoorerreturns.

In level of detailsituationsit is rarethata moreexpensive representationof anobjectwill provide

proportionatelygreaterperceptualbene�t thana cheaperone.For examplethesuccessiveaddition

of morepolygonsto a meshrepresentationof anobjectgenerallyresultsin progressively smaller

increasesin visualquality, particularlyif theadditionsaremadein an intelligent“most signi�cant

�rst” fashion.

Note that in the caseof the ContinuousMultiple ChoiceKnapsackProblemC(MCKP) (see

De�nition 2.4 in Section2.5.2) “concave” items— items that provide lower relative value than

othermoreexpensive itemsfrom the samecandidatesubset— areLP-dominatedandcanbe re-

moved from considerationcompletely[49]. A solutioncontainingan LP-dominateditem canbe

improvedtrivially by replacingthatitemwith a linearcombinationof two itemsthatlie on thecon-

vex boundary. By contrastthe inability to selectfractionalportionsof itemsin theMCKP means

thattheseitemsmuststill beconsideredon theoff chancethattheitemsthatdominatethemcannot

beafforded. Theconvexity assumptionnormally hasno effect; non-convex itemscanbe ignored

completelyexceptin thecaseswherethe lowestcostitemswith costgreaterthantheirsfor which

thegraphis convex arecritical or post-critical.Thereforethesimpli�ed algorithmcanbeexpected

to performwell in mostpracticalcases.

3.8 Comparisonwith Funkhouser-Séquin Algorithm

In thissectionwecompareourgreedyalgorithmsfor theMCKP with thatproposedby Funkhouser

andSéquin(seeSections2.5.4and2.6.1).In particularwe discussthepracticalimplicationsof our
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algorithm'sprovedcorrectness.

Recall from our discussionin Sections2.5.4and2.6.1that FunkhouserandSéquinproposed

a greedyalgorithmfor the MCKP andpressedit into service(in anequivalentincrementalform)

asa non-hierarchicallevel of detailoptimizationalgorithm.Recallalsothat in De�nitions 2.5and

2.6wepresentedcounterexamplesfor theclaimedhalf-optimalityof theFunkhouser-SéquinMCKP

algorithmandincrementallevel of detailoptimizationalgorithm.

Apart from the fact that our greedyalgorithmalwaysselectsa feasiblesolutionconsistingof

exactlyoneitemfrom eachsubset,themaindifferencebetweenouralgorithmandtheirsis thatour

algorithmis basedon relativevalueratherthanvalue. This is the featurethatguaranteesthehalf-

optimality of our algorithm(for a simpli�ed subproblem,in thecaseof thesimpli�ed algorithm).

As wedescribedin Section3.1,theideabehindit is thatthechoiceof whichitemto replaceis based

on therelativedesirabilityof thepotentialreplacementitems(with respectto theitemsthey would

replace)ratherthanon their absolutevalue. This allows our algorithmto avoid inappropriately

replacingitemswith otheritemsthatprovide slight improvementsin pro�t at theexpenseof much

greaterincreasesin costwhenotherreplacementitems,with lowerabsolutevaluebut higherrelative

value,areavailable.

Examplesof practicallevel of detail situationsin which this may occur, aswe notedin Sec-

tion 2.6.1,arethosein whichobjectshave low detail impostorrepresentationsof barelysigni�cant

costthatcloselyresembletheir expensive high detail representations.For example,the low detail

impostormight bea singletexturemappedpolygonandthehigh detail impostora complex model

consistingof hundredsof polygons. In thesecasesthe higherdetail impostorsof objectsprovide

slight increasesin pro�t at the expenseof dramaticincreasesin cost,andif they areselectedthe

renderingtime wastedis unavailablefor improved renderingsof otherobjects. Our algorithmis

capableof taking this into accountandfavouring replacementsof lower valuebut higherrelative

valueinstead,shouldthey beavailable. Theexpensive representationsarenot ignoredcompletely

but areselectedonly whentheir selectionis appropriate.

3.9 Incr ementalVersion

Recallthatour interestin ef�cient approximationalgorithmsfor theMCKP arisesfrom thefactthat

theMCKP is equivalentto thenon-hierarchicallevel of detail optimizationproblem(asdescribed

in Chapter2). Themainlimitation of ourMCKP greedyalgorithm,in thisregard,is thatit performs



86 CHAPTER3. GREEDY ALGORITHM FORTHE MCKP

a completeoptimizationfrom scratchfor every frame,andso fails to exploit theconsiderableco-

herencethattypically existsbetweensuccessiveframes.A moreeffectiveapproachis to modify the

algorithmto acceptasinputaninitial best-guesssolutionderivedfrom thepreviousframe.

Recallfrom Section2.6.1thatFunkhouserandSéquin[24] proposean incrementalversionof

their MCKP greedyalgorithmthat they claim is equivalentto it for thesubproblemof theMCKP

in which itemswith highercostthanotheritemsfrom thesamecandidatesubsetalwayshave lower

value. This constitutesa value-basedconvexity assumptionthat is analogousto our relative-value-

basedone(introducedin Section3.1). It is this assumptionthatallows their algorithmto bemade

incremental:it guaranteesthat thesolutionfoundby consideringall itemsin descendingorderof

valueis thesameasthatfoundby considering,at eachstage,only theitemsof immediatelyhigher

costthanthosethatarecurrentlyselected(from eachcandidatesubset).This is becausethe items

of immediatelyhighercostareguaranteedto have valuesthat areat leastashigh as later (more

expensive) itemsfrom the samesubsetandcanthereforesafelybeassumednot to falselypoorly

advertisethem. If theconvexity assumptiondoesnot hold thenthe incrementalalgorithmrunsthe

risk that by consideringandnot selectingonly the immediatelyhighercost itemsat eachstageit

will missmoreexpensiveitemsthatrepresentfar betterchoices.

Recall that we showed in Section2.5.4 that the Funkhouser-Séquinnon-incrementalMCKP

greedyalgorithmis notguaranteedhalf-optimal(evenfor thesubproblemin whichthevalue-based

convexity assumptionholds; note that the secondcounterexample,presentedin De�nition 2.6,

satis�esit). Likewiseweshowedin Section2.6.1thattheirequivalentincrementalalgorithmsuffers

from thesamelimitation.

In the sameway that the value-basedconvexity assumptionof FunkhouserandSéquinallows

their greedyMCKP algorithmto be madeincremental,so our relative-value-basedconvexity as-

sumptionallows our simpli�ed algorithmto bemadeincremental.This is an importantadvantage

of thesimpli�ed algorithmthatprovidesanotherreasonto preferit for level of detailoptimization.

For this reasonwe chooseto extendthesimpli�ed versionin laterchaptersandhave presentedthe

full algorithmonly for completeness.

We do not presentthe incrementalversionof our simpli�ed MCKP algorithmhere;ratherwe

notethat it is to our greedyalgorithmwhat the FunkhouserandSéquin incrementalalgorithmis

to theirs, and describeinstead(in Chapter7) an incrementalversionof a greedyalgorithm for

the hierarchical level of detail optimizationproblemthat is a hierarchicalextension(presentedin

Chapter6) of oursimpli�ed MCKP greedyalgorithm.

Note thatwhile FunkhouserandSéquinexploit their value-basedconvexity assumptionin the
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makingof their incrementalalgorithm,they do not formulatea simpli�ed versionof their MCKP

algorithmdesignedto actmoreef�ciently ona simpli�ed subproblem.We exploit bothbene�tsof

theconvexity assumptionby formulatinga simpli�ed algorithmthat is half-optimalaslong asthe

assumptionholdsandthenanincrementalversionthatis equivalentto thesimpli�ed algorithm.The

fact thatthesameconvexity assumptionprovidesbothbene�ts is a fortunatecoincidence,although

of coursethereasonis thesamein bothcases.

3.10 Summary

In this chapterwe presenteda greedyapproximationalgorithmfor theMultiple ChoiceKnapsack

Problem(MCKP). This algorithm is basedon a metric, relative value, that measuresthe pro�t

densityof candidateitemswith respectto otheritemsfrom thesamecandidatesubset.Therelative

valuemetricallows our algorithmto gaugeeffectively the “desirability” of itemsasreplacements

for previously selecteditems,therebycopingwith the characteristicconstraintof the MCKP that

exactlyoneitemmustbeselectedfrom everycandidatesubset.

We provedthatour algorithm'ssolutionis alwaysat leasthalf asgoodastheoptimalsolution,

andshowedthat the performanceof the algorithmis muchbetterthanhalf-optimalin typical in-

stancesof theMCKP in which thegranularityof thecandidateitemsis �ne with respectto thesize

of the knapsack.The time complexity of our algorithmis
���

�

�

�

�

� � � . Thegreedyalgorithm,

like that for the 0-1 KP describedin Chapter2, representsa compromisebetweenoptimality and

ef�ciency. It providesa generallynon-optimalsolutionof a guaranteedquality to anNP-complete

problemin exchangefor manageablepolynomialtimecomplexity.

In additionwepresentedasimpli�ed versionof thealgorithmthatexploitsanassumption,called

theconvexity assumption,aboutthenatureof theMCKP. Weprovedthatthissimpli�ed algorithm's

solutionis alwaysat leasthalf-optimalfor instancesof the subproblemof the MCKP de�ned by

theconvexity assumptionandshowedthat theconvexity assumptionis satis�ed in themajority of

usefulprobleminstances.Thissimpli�ed algorithmhasa lowertimecomplexity of
���

� log ��� and

hasthe importantadditionaladvantagethat it may be madeincremental. This meansthat it may

bemodi�ed to createanequivalentincrementalalgorithmthatacceptsasinputaninitial best-guess

solutionderivedfrom theapplicationof thealgorithmto thepreviousprobleminstance.Thisallows

thealgorithmto exploit coherencebetweensuccessiveprobleminstances.

In laterchapterswewill put theadvantagesof thesimpli�ed algorithmto usein orderto propose

an incrementalhierarchicallevel of detail optimizationalgorithmthat is anextensionof it. In the
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meantimethenext chapter, Chapter4, presentsa formal de�nition of a hierarchicallevel of detail

descriptionto serve asa basisfor an investigationof the hierarchicallevel of detail optimization

problem.



Chapter 4

Hierar chical Level of Detail

Optimization

In Chapter2 we describedhow the Multiple ChoiceKnapsackProblem(MCKP — seeSection

2.5.2)hadbeenshown to beequivalentto the level of detail optimizationproblem. Recall that in

Section2.6 we showed that this equivalenceis brokenby hierarchicallevel of detail descriptions

with sharedrepresentationsfor groupsof objects(suchasthosedescribedby Maciel andShirley

[47], Chamberlainet al [14] andShadeet al [75]). We demonstratedthat the few predictive hier-

archicallevel of detailoptimizationschemespresentedsofar (namelythoseof Maciel andShirley

[47] andBelblidiaet al [8]) have failedto addressthisproblemcompletely. In this chapterwecon-

structabasisonwhichto formulateourwork by presentingaformalandverygeneralde�nition of a

hierarchical level of detail descriptionandidentifying thelevel of detailoptimizationproblemthat

thisdescriptionpresents.Wecall thisproblemthehierarchical levelof detailoptimizationproblem.

If thecharacterizingfeatureof level of detailscenedescriptionsis thatmultiplerepresentations,

or impostors, maybeprovidedfor sceneobjects,thecharacterizingfeatureof hierarchicallevel of

detaildescriptionsis thatsharedrepresentationsmaybeprovidedfor groupsof objects.Theadvan-

tageof this is that renderingcostmaybesavedby the renderingof simplesharedrepresentations

for groupsof unimportantobjects,while still providing a completescenerepresentationin which

groupobjectrepresentationsarecoherentandconsistent.Furthermore,hierarchiesnaturallyallow

therepresentationof thecomplex hierarchicalstructureof typical real-worldscenes.Ourde�nition

attemptsto capturetheseimportantcharacteristics.

Recall from Chapter2 that the equivalencebetweenthe non-hierarchicallevel of detail opti-

mizationproblemandtheMCKP capturesthe ideathatexactly onedrawablerepresentationmust

89
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be selectedfor eachsceneobject. In contrastwhenan object in a hierarchicallevel of detail de-

scriptionis representedby a sharedgrouprepresentationof oneof its ancestors,all of theobjects

whichsharethatrepresentationmustnecessarilyberepresentedby it aswell, asshownpreviouslyin

Figure12. Thereis no facility for takingthis into accountin theformalismof theMultiple Choice

KnapsackProblem,wherethe selecteditemsof distinct candidatesubsets(correspondingto the

selectedimpostorsof distinct objects)arechosenindependently. In this chapterwe demonstrate

thatthelevel of detailoptimizationproblemfor a hierarchicallevel of detaildescription(whichwe

shallreferto asthehierarchical levelof detailoptimizationproblem) is equivalentinsteadto ahier-

archical generalizationof theMultiple ChoiceKnapsackProblemin whichtheselectionof itemsis

limited by a hierarchyof constraints.We characterizethis Hierarchical Multiple ChoiceKnapsack

Problemformally in Section4.2. In Chapter5 we shallalsopresenta new formalismfor reasoning

aboutsuchproblems.

We begin in Section4.1by de�ning our level of detailhierarchy. In thatsectionwe will de�ne

hierarchicalgeneralizationsof usefulconceptssuchaslevelsof detailandtheincrementationsand

decrementationsbetweenthem.In Section4.2wepresenta transformationof thehierarchicallevel

of detail descriptionde�ned in Section4.1 to an equivalentconstrainednon-hierarchicalone in

whichexplicit constraintstaketheplaceof theimplicit constraintsrepresentedin thestructureof the

hierarchy. We referto this transformationin orderto show theequivalenceof thehierarchicallevel

of detailoptimizationproblemto theHierarchicalMultiple ChoiceKnapsackProblem.In Section

4.3 we revisit the hierarchicallevel of detail optimizationalgorithmof Maciel andShirley (�rst

discussedin Section2.7.1)in light of this insight,evaluatingits solutionin termsof theHierarchical

MCKP. Finally weconcludethis chapterin Section4.4.

4.1 Hierar chical Level of Detail Description

An object is de�ned recursively asconsistingof otherobjectsthat are its childrenor parts. The

entiresceneis representedby a hierarchyof suchobjectswhoseroot is called the sceneobject.

Eachobjectmay optionallybeprovidedwith a setof impostors, or drawablerepresentations,that

representit andthereforeall of its parts.The leaf objectsmusteachbeprovidedwith at leastone

impostor. Wheremultiple impostorsareassociatedwith a singleobject,they areordereduniquely

accordingto increasingdetail. The impostorsof the partsof objectstogetherform moredetailed

representationsof thoseobjects.Figure26showsanexampleof a simplelevel of detailhierarchy.

Note that this de�nition of a hierarchicallevel of detail descriptionis fairly general. All of
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1 2

4 5 6 7

3

8

scene object

impostors

Figure26: Simple level of detail hierarchy. Objectsarerepresentedby circles,
andtheir impostorsby triangles.Themultiple impostorsof eachobjectareshown
in orderof increasingdetailfrom left to right. Theimpostorsof thedescendantsof
eachobjectconstitutehigherlevelsof detail of partsof thatobject. Impostorsare
numberedfor convenience.

the hierarchicallevel of detail descriptionsusedby previous level of detail schemes(reviewed in

Section2.4)canbeviewedasspecializedinstancesof thisdescription;in all of themsharedsimple

representations(and sometimesmultiple sharedsimple representations)are provided for groups

of relatedobjects.Differenthierarchicaldescriptionsdiffer from eachotherin the typesof scene

objectsto whichthe“objects” in thehierarchycorrespond,thewaysin whichthey arecombinedto

form groupobjects,thetypesof drawablegeometricdescriptionscomprisingtheimpostors,andthe

numberof impostorsallowedfor eachobject.

4.1.1 Levelsof Detail

We de�ne a formal hierarchicalgeneralizationof the conceptof a level of detail. Objectshave

multiplehierarchicallyde�ned levelsof detailconsistingof boththeirown explicit impostorrepre-

sentationsandtheimplicit representationsconsistingof thecombinationsof theimpostorsof their

descendants.Eachlevel of detailcorrespondsto auniquesetof selectedimpostors:

De�nition 4.1 Level of Detail

A level of detail � of an object
�

is a set of impostors �

�

� �

�

� �

�

�

�

� � �

�

�

�

�

. The impostors
�

� �

�

� �

�

�

�

� � �

�

�

� are selectedsuch that exactly one of the impostorson the path from
�

to each

of theleavesof thesubtreerootedat
�

is anelementof � .
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For examplea valid level of detail of the sceneobject in Figure 27 is the set of impostors
� � � � � �

�

. This de�nition ensuresthateachlevel of detailof anobjectprovidessomecompleteand

unambiguousrepresentationof every part of thatobject;be it oneof its associatedimpostorsor a

subsetof the impostorsof its descendants.In additionobjectsthat arepartsof otherobjectsmay

alsoberepresentedinsteadby theimpostorsof theirancestors.

4.1.2 ReplacementSets

We de�ne the replacementsetof an impostorto refer to the setof impostorsthat constitutethe

immediatelyhigherdetailrepresentationof theobjectthatownsthatimpostor:

De�nition 4.2 ReplacementSet

Thereplacementsetof an impostor
�

belongingto anobject
�

is:

1. Theimmediatelyhigherdetail impostorof
�

, if oneexists.

2. The set of the lowestdetail impostorsof the nearest impostor-bearingdescendantsof
�

,

otherwise.

Figure27 illustratesexamplesof variousreplacementsetsin a simplelevel of detailhierarchy.

All impostorshaveexactlyonereplacementset,exceptfor thehighestdetailimpostorsof theleaves

of thehierarchy, whichhavenone.Converselyevery impostoris anelementof exactlyonereplace-

mentset.Theimpostorswhichtogetherconstitutethelowestlevel of detailof theobjectareassumed

to bethereplacementsetof animaginary“root” impostorcorrespondingto norepresentation.

4.1.3 Incrementationand Decrementation

We de�ne anincrementationof a level of detail � of anobject
�

to bethereplacementof someim-

postor
�

�

� by its replacementset � . Converselya decrementationof � is thereplacementof some

completereplacementset �

�

� by the impostor
�

whosereplacementsetis � . In generala level

of detail � maybeincrementedanddecrementedin many differentways,whereeachcorresponds

to thereplacementof a differentimpostoror replacementsetin � .

4.1.4 Partial Ordering of Levelsof Detail

Thelevelsof detailof eachobjectarepartiallyorderedby thefollowing relation:
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1 2

4 5 6 7

3
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1 2

2 4 53

5 6

3 7 8

Figure27: Examplesof replacementsets. Thereplacementsetof impostor1 is
�

�
�

, andthatof impostor2 is � � � � � �

�

. Thereplacementsetof impostor5 is � �

�

andthatof 3 is � � �

�
�

. Impostors4, 6, 7 and8 havenoreplacementsets,and �

� �

is
thereplacementsetof animaginaryimpostorno representation.

De�nition 4.3 Partial Orderingof Levelsof Detail

Two levelsof detail � and 
 of an object
�

are relatedby �

�


 if there exist levelsof detail
�

� �

�

� �

�

�

�

� � �

�

�

� such that
�

� �

� ,
�

�

�


 , and
�

� ��� is theresultof someincrementationof
�

� for all
�

���

�

�

�

� � �

� � �

� � �

� �

.

If �

�


 and �

�

�


 thenwe saythat � is a strictly lower level of detailof
�

than 
 . The lowest

andhighestlevels of detail of an objectarethosesuchthat thereexist no levels of detail that are

strictly lower andstrictly higher, respectively. Figure28 illustratesthepartialorderingof levelsof

detail.

(a) (b) (c) (d)

Figure28: Partial ordering on levels of detail. Four levels of detail of a sim-
ple level of detail hierarchy. Level of detail � is the lowestlevel of detail of the
hierarchy, and � is the highest.Levels of detail

�

and � arerelatedto � and � by
� �

�

�

� and � � ���

� . However
�

and � arenot related:althoughthey arenot
equal,neitheris a higheror lowerlevel of detailthantheother.
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Evenif a level of detail � of anobject
�

is strictly lower thananotherlevel of detail 
 , � and 


maystill sharesomeimpostorsin common. If they do not, thenwe saythat � is uniformly lower

than 
 :

De�nition 4.4 UniformlyLowerLevelsof Detail

A level of detail � of anobject
�

is uniformly lower thananotherlevel of detail 
 of
�

if �

�




and �

�




��� .

4.1.5 Covering of ReplacementSets

In the caseof non-hierarchical level of detail descriptionsthereis a sensein which a particular

level of detailof thewholedescriptionmaycontainahigheror lowerdetailimpostorof aparticular

objectthanoneof thatobjectsotherimpostors.We saythatanimpostor
�

of anobject
�

is covered

by somelevel of detail � of theentiredescriptionif theimpostorof
�

containedin � is greaterthan

or equalto
�

. This terminologyis usefulin comparinglevelsof detailwith impostorsof particular

objects.We cande�ne a similarconceptin thecaseof hierarchicallevel of detaildescriptions,but

wemusttalk of replacementsetsratherthanof impostors,andof thelevelsof detailof objectsrather

thanof theentiredescription:

De�nition 4.5 Coveringof ReplacementSets

Let � be thereplacementsetof someimpostorof an object
�

. We saythat � is coveredby a

level of detail � of someancestor
�

of
�

if thereexistsa levelof detail 
 of
�

such that 


�

� and


 contains� .

Moresimply, � is coveredby � if thereexistsalowerlevel of detail 
 containing� . In thatcase,

� canbe reachedby a seriesof incrementationsfrom 
 , duringwhich � is replacedby its higher

detailrepresentationembodiedin 
 .

4.1.6 Ancestorand DescendantReplacementSets

Lastly, we de�ne two termsthatre�ect a partialorderingof replacementsets:

De�nition 4.6 AncestorReplacementSets

We saythat a replacementset � is an ancestorreplacementsetof anotherreplacementset �

if there existsa (possiblyempty)list of replacementsets �

� �

�

� �

�

�

�

� � �

�

�

� such that �

�

�

� ,

�

�

�

� , and �

� ��� is thereplacementsetof someimpostorin �

� for
�

���

�

�

�

� � �

� � �

� � �

� �

.
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De�nition 4.7 DescendantReplacementSets

� is a descendantreplacementsetof � if � is anancestorreplacementsetof � .

In the exampleshown in Figure27, � � � � � �

�

is a descendantreplacementsetof �

�
�

andan

ancestorreplacementsetof � �

�

and � � �

�
�

. Notethatall replacementsetsaretrivially ancestorsand

descendantsof themselves.

4.2 Hierar chical Multiple ChoiceKnapsackProblem

In thehierarchicallevel of detailscenedescriptionde�ned in Section4.1,eachgroup(or non-leaf)

object is the union of its parts,or children. Thereforeimpostorsof groupobjectsareessentially

sharedrepresentationsof all of thepartsof thosegroupobjects.By our de�nition they functionas

lower detail representationsof thosepartsthanany of the impostorsthat areexplicitly associated

with the partsthemselves. We may thereforeredraw the hierarchyequivalently by transforming

groupobject impostorsinto sharedlow-detail impostorsof their children,aslong aswe notethat

thesharedimpostorsareconstrainedandmustbeselectedin unisonfor all of theparts,if atall (see

Figure29).

transform

1

2 3 1 2 1 3

Figure29: Transformation of a group object impostor. Impostorsof group
objectsmaybeequivalentlyregardedassharedimpostorsof thechildrenof those
groupobjects. For clarity, eachobject is assumedto have exactly oneimpostor,
impostorsarenumbered,andtheinheritedimpostorof thegroupobjectis shaded.
The link attachedto the sharedimpostorindicatesthat the objectswhich shareit
musttakeit on in unison.

By repeatedlyapplyingthis transformationwemaycreatean“empty” or �at hierarchywith im-

postorsonlyat theleaves(seeFigure30). Eachleafhasasits impostorsall of its own impostorsplus

aseriesof lowerdetailimpostorsinheritedin top-downorderfromitsancestorsin thehierarchy. The

equivalenceis subjectto a setof constraints, onefor eachoriginalgroupimpostor:theleaf objects



96 CHAPTER4. HIERARCHICAL LEVEL OFDETAIL OPTIMIZATION

thatshareeachinheritedgroupimpostormusttakeonthatsharedimpostorin unison. Theresulting

�at hierarchyis essentiallya hierarchicallyconstrainednon-hierarchical level of detail description

(Section2.6),exactlyequivalentto theoriginalhierarchicalone.Theimmediatelyhigherimpostors

of the objectsthat shareeachinheritedgroupimpostortogetherconstitutethe replacementsetof

thatimpostor.

transform

1

3

4 5 6 7 8

2

1 1 1 12 2 2 23 34 5 6 7 8

Figure30: Transformation of a simple level of detail hierarchy. Theimpostors
of groupobjectshaveall beentransformedinto sharedimpostorsof theleafobjects.
Theconstraintsbetweensharedimpostors,shown aslinks, imply that the objects
whichsharethoseimpostorsmusttakethemon in unison.

Usingthetransformationdescribedabove,wecannow show thatthehierarchicallevel of detail

optimizationproblemisequivalenttoahierarchicalgeneralizationof theMultiple ChoiceKnapsack

Problem,shown conceptuallyin Figure31. We referto thisconstrainedMCKP astheHierarchical

Multiple ChoiceKnapsack Problem, in referenceto the fact that the constraintsarehierarchical

in natureandmakeexplicit the implicit constraintsrepresentedby the structureof a hierarchical

level of detail description.Thecandidateitemscorrespondto the impostorsof the objectsin the

equivalentnon-hierarchicaldescription,andaredividedinto candidatesubsetssuchthateachsubset

correspondsto the impostorsof a single object. At most one item may be selectedfrom each

candidatesubset.
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TheHierarchicalMCKP differsfrom theusualMCKP in thatsomeitemsaremembersof more

thanonecandidatesubset:thosewhichcorrespondtosharedgroupimpostorsin thenon-hierarchical

description.Thesecorrespondto impostorsof morethanoneobject,andtheir correspondingitems

arecapableof representingseveral candidatesubsetsat a time. The hierarchicalstructureof the

constraintscorresponds,in our case,to thehierarchicalstructureof the level of detail description.

NotethatthestandardMCKP is aspecialcaseof theHierarchicalMCKP, justasanon-hierarchical

level of detaildescriptionis aspecialcaseof themoregeneralhierarchicallevel of detaildescription.

TheHierarchicalMCKP is thereforeNP-complete.

selection

candidate
subsets

knapsack

1 2
5

1 3

6

1
3

72

2
8

4
2

1

4
6

3

Figure31: Hierarchical Multiple ChoiceKnapsackProblem. TheHierarchical
MCKP is identicalto theMCKP exceptthatsomecandidateitemsareelementsof
morethanonecandidatesubset.Theseshareditemsareconstrainedandmayonly
beselectedtogether. Comparewith Figure7.

Wede�ne thereplacementsetof anitemin aninstanceof theHierarchicalMCKP to correspond

exactly to thereplacementsetof theimpostorin thehierarchicallevel of detaildescriptionto which

the instancecorresponds.The items in the replacementset correspondto the impostorsin the

replacementsetof thecorrespondingimpostor.

Thede�nition of theHierarchicalMCKP is identicalto thatof theMCKP given in De�nition

2.3(SeeSection2.5.2)exceptthatthecandidatesubsetsarenotnecessarilydisjoint. Weallow each

item to have a singlereplacementsetandrequirethat for every candidatesubsetof which an item

is anelement,exactlyoneitemin its replacementsetmustbeanelementof thatsubset.In addition

werequirethatall replacementsetsaredisjoint.

De�nition 4.8 TheHierarchical Multiple ChoiceKnapsack Problem

Givena set
�

of � candidateitems, a setof � candidatesubsets
�

� �

� � �

�

�

� , anda knapsack,
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with

����� pro�t of item
	

����� costof item
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andwhere theroot item 
 �

�

� �

�

�

�

�

� � �

� � hasa replacementset �

� where thereplacementset

of an item
�

is a setof items�

� � �

�

� �

�

� �

�

�

�

� � �

�

�

�

	

�

such that:

1. For each candidatesubset
�

� of which
�

is an element,there existsexactlyoneitem
	

�

�

�

that is anelementof
�

� .

2. Each item
	

�

�

� mayor maynot havea replacementset.

3. All replacementsetsaremutuallydisjoint.

4.3 Maciel-Shirley Algorithm Revisited

Having producedaformaldescriptionof thehierarchicallevel of detailoptimizationproblemin the

form of theHierarchicalMCKP de�ned in Section4.2,wearenow in apositionto reconsidermore

critically thehierarchicallevel of detail optimizationalgorithmof Maciel andShirley [47], which

we discussedearlierin Section2.7.1. Beinga predictive level of detailoptimizationalgorithmfor

a hierarchicallevel of detail descriptionsimilar to that de�ned formally in Section4.1, it is an
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approximationalgorithmfor thehierarchicallevel of detailoptimizationproblemandthereforefor

theHierarchicalMCKP.

The main characterizingfeatureof the Maciel andShirley algorithmis that is alsoa greedy

algorithm. Whereaswe in our greedyalgorithmfor MCKP userelativevalue (Section3.1) and

FunkhouserandSéquinusevalue(Section2.5.4),MacielandShirley usepro�t , whichthey referto

asimportance. Essentiallythealgorithmconsidersreplacementsetsasreplacementsfor the items

thatthey replace,favouringthosereplacementsetsthatrepresentmoreimportantobjects.Thepro�t

of an impostor, for thepurposesof replacementselection,is the importanceof theobjectowning

thatimpostor. Theimportanceof anobjectin turn is de�ned for groupobjectsastheimportanceof

theirmostimportantpart.Theimportanceof leafobjectsis de�nedasaweightedaverageof several

factorsintrinsic to objectssuchastheir screen-spacesize,distancefrom the line of sight, relative

speedandinherentsemanticimportance.This favouringof moredetailedrepresentationsof more

importantobjectsconstitutesa “best-�rst” [47] greedyselectionof replacementsets.Careis taken

to ensuretheconsistency andcompletenessof thesolution(andthereforethescenerepresentation)

by selectinginitially a singleimpostorrepresentingthe entiresceneandreplacingimpostorswith

replacementsetsthatcollectively representexactly thesameobjects.

However, aswe showed in Section2.7.1, the algorithmof Maciel andShirley is �a wed and

placesno guaranteeon thequality of its solution. This failing is a directresultof theuseof pro�t

(or importance)asthegreedyheuristicratherthanvalue(or moreprecisely, aswe showedfor the

MCKP in Chapter3 andshallshow for theHierarchicalMCKP in Chapter6, relativevalue). For

any optimizationproblemany numberof greedyheuristicsareavailable;for exampleselectionby

maximumpro�t, minimumcost,maximumvalueand,aswe have shown, maximumrelativevalue.

In thecaseof the0-1KP, only selectionby maximumvalueis effective. It succeedsbecauseit takes

into accountbothpro�t andcost,selectingitemsthatprovidethebestcombinationof thetwo. In the

caseof MCKP, aswesaw in Chapter3, selectionby maximumrelativevalueis themostsuccessful

heuristic,sinceit takesinto accountthepro�ts andcostsof not only thereplacingitem but alsothe

replaceditem. In the caseof the HierarchicalMCKP, just asin the 0-1 KP andMCKP, selection

by maximumpro�t is not the mosteffective heuristic. In Chapter6 we show that the heuristicof

choiceis ahierarchicalextensionof relativevalue.
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4.4 Summary

In this chapterwe have presenteda formal de�nition of a generalizedhierarchicallevel of detail

description.This descriptionis characterizedby the fact thatmultiple sharedrepresentationsmay

be provided for groupsof relatedsceneobjects. Our formalizedde�nition capturesthe levels of

detailthatsucha hierarchicaldescriptioncanre�ect, andthenatureof theirordering.Furthermore

wehavederivedoperations,incrementationanddecrementation, thattransformonelevel of detailto

another, andtermsthatallow usto speakabouttherelationshipsbetweenlevelsof detailandobject

representations.

Having de�ned formally a hierarchicallevel of detail description,we showedhow sucha de-

scription can be transformedto an equivalentconstrainednon-hierarchical one in which group

object impostorsareexplicitly sharedbetweenthe partsof thosegroupobjects. The constraints

on sharedimpostorsimplied by theoriginal hierarchicalstructurearerepresentedexplicitly in the

form of constraints.We demonstrated,by referringto this equivalentconstrainednon-hierarchical

description,thatthehierarchicallevel of detailoptimizationproblemis equivalentto a hierarchical

generalizationof theMultiple ChoiceKnapsackProblem,which we call theHierarchical Multiple

ChoiceKnapsack Problem. This HierarchicalMCKP differsfrom theconventionalMCKP in that

candidateitemsmaybelongto morethanonecandidatesubset.In the following chapterswe will

derive formalismsfor dealingwith theHierarchicalMCKP.



Chapter 5

Level of Detail Graphs

In Chapter4 wepresenteda formaldescriptionof ageneralizedhierarchicallevel of detaildescrip-

tion whosecharacterizingfeatureis that multiple shareddrawablerepresentations,or impostors,

may be provided for groupsof sceneobjects. It is clearthat suchhierarchicallevel of detail de-

scriptionsgive rise to largenumbersof levelsof detail thatarethevalid combinationsof selecting

impostorsfrom within thehierarchyanddiffer from oneanotherby theselectionor deselectionof

particularimpostors.Theselevels of detail areconnectedto oneanotherby incrementationsand

decrementationsthatfunctionastransformationsfrom onelevel of detailto another. Eachhierarch-

ical descriptiongivesrise to its own statespaceof levels of detail,which canbe visualizedasa

connectedgraph.In particularit is a lattice, dueto thepartialorderingon levelsof detailderivedin

Section4.1.4.

In thischapterwe investigatetheselevel of detailstatespacesandprovidea formalismin which

they canbeanalyzed.We introducetheconceptof a level of detail graphasa meansof represent-

ing (visually, semanticallyandautomaticallyin computerprograms)thestatespacesgeneratedby

hierarchicallevel of detail descriptions.
�

We will makeuseof theselevel of detailgraphdescrip-

tions in Chapter7 wherewe usethemto prove the equivalenceof two hierarchicallevel of detail

optimizationalgorithms.

In Section5.1we provide anoverview of level of detailgraphsin their basicform. We expand

on this by discussingthe level of detail graphsof non-hierarchicallevel of detail descriptionsin

Section5.2 andthenhierarchicaldescriptionsin Section5.3. Finally we concludethe chapterin

�

Notehoweverthattheselevel of detailgraphrepresentationsmaybeappliedequallywell to thespecialcaseof purely
non-hierarchicallevel of detaildescriptions,wherethey form aspecialregularcaseof themoregeneralirregular level of
detailgraphs.

101
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Section5.4with a summaryof themajorpoints.

5.1 Level of Detail Graphs

A level of detailgraphconsistsof a setof nodes,a setof arcsconnectingthosenodes,anda partial

orderingonthenodes.Eachnodecorrespondsto a level of detail,or state.It is connectedby arcsto

all of theothernodeswhosecorrespondinglevelsof detailmaybereachedfrom thatoneby means

of a singleincrementationor decrementation.Thepartialordering � thatwasde�ned for levelsof

detail(De�nition 4.3)is alsoappliedto thenodesof theassociatedlevel of detailgraph.Werequire

thatany two distinctnodes� and 
 suchthat � is strictly lower than 
 arealwaysrepresentedin the

graphsuchthat � is lower (visually) than 
 .

5.2 Non-Hierarchical Level of Detail Descriptions

We�rst considerthelevel of detailgraphsgeneratedby non-hierarchicallevel of detaildescriptions.

Recallfrom Section2.6 thata non-hierarchicallevel of detail descriptionis a scenedescriptionin

which multiple drawable representationsmay be provided for eachsceneobject, but no shared

representationsmay be provided for groupsof objects. In thesedescriptionsthe replacementset

of an impostoris alwayssimply the immediatelyhigherimpostorof thesameobject,if oneexists

(SeeDe�nition 4.2 in Section4.1.2). The level of detail graphsgeneratedby non-hierarchical

descriptionsareall regularlattices— or grids— in � dimensions,where� is thenumberof objects

in thescene.Thenumberof nodesoneachsideof thelatticecorrespondsto thenumberof impostors

of eachobjectrespectively, andthetotalnumberof nodesis theproductof thenumbersof impostors

of all objects.Figure32 showssomeexamplenon-hierarchicallevel of detaildescriptionsandthe

level of detailgraphsthatthey generate.

Noticethatarcson oppositesidesof thesamesquarein the latticecorrespondto theselection

(or deselection,in thecaseof decrementation)of thesamereplacementset.Any two pathsbetween

thesametwo nodesinvolve thesameseriesof replacements,althoughtheorderingof theseriesis

uniqueto eachpath.
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21 53 4 6 7 8

(c)

3,6,8

1,4,7

21 43

(b)

2,4

2,3 1,4

1,3

1 2

1,2

(a)

Figure32: Level of detail graphs of non-hierarchical descriptions. Threesim-
plenon-hierarchicallevel of detaildescriptions,numbered(a) to (c), andtheir cor-
respondinglevel of detailgraphs.Somenodesareunlabedin (c) for clarity.

5.3 Hierar chical Level of Detail Descriptions

We now considerthe level of detail graphsof hierarchicallevel of detaildescriptions.Theselevel

of detail graphsdiffer from thoseof non-hierarchicaldescriptionsin that they arenot regular � -

dimensionallattices.Recallfrom Section4.2 thatany givenhierarchicallevel of detaildescription

maybetransformedto anequivalentconstrainednon-hierarchicalone.Theconstraintsin thecon-

strainednon-hierarchicaldescriptionserve to limit thepossiblelevelsof detailof thatdescription.

5.3.1 SingleConstraint

Theeffect of introducinga singleconstraintis awell-de�ned changein thestructureof thelevel of

detailgraph,asshown in Figure33. A constraintremovesall thestatesthatcontainonly some,but

not all, of the impostorsthat it constrains.Any arcsincidentto a removedstatearealsoremoved.

The statesthat remainarethosethat containnoneor all of the constrainedimpostors. New arcs

arecreatedfrom eachof thestatescontainingall of theconstrainedimpostorsto thestatesthatare

identicalexceptfor thereplacementof thesharedimpostorby its replacementset. Recallthat the

replacementsetof a sharedimpostorconsistsof the immediatelyhigher impostorsof the linked

objectsin theconstrainednon-hierarchicaldescription(Section4.2). Thealgorithmthatappliesthe

effectsof aconstraintonalevel of detailgraphis givenin Figure34. It is assumedin thedescription

of thealgorithmthattheconstraintbeingappliedcorrespondsto asharedgroupimpostorin a valid

hierarchicallevel of detaildescriptionof thetypede�ned in Chapter4.
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21 53 4 6

3,6

1,4
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1,5
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Figure33: Effectsof a singleconstraint. Theeffectsof theapplicationof asingle
constraint(on impostors1 and4) to a non-hierarchicallevel of detail description
on thelevel of detailgraphof thedescription.Removedstatesandarcsareshown
with dottedlines.Notetheadditionof anew arcbetweenstate1,4andstate2,5.

Figure35 comparesthe effectsof two singleconstraintsappliedto a simplenon-hierarchical

level of detaildescription.Figure35 (a) shows theoriginal unconstraineddescriptionandits level

of detailgraph.(b) shows theresultof linking thelowestimpostorsof thethreeobjects(impostors

1, 4 and7) by a singleconstraint,and(c) shows theresultof constrainingthe lowestimpostorsof

only the�rst two objects(impostors1 and4).

5.3.2 Multiple Constraints

Typical hierarchicallevel of detail descriptionsareequivalentto constrainednon-hierarchicalde-

scriptionswith morethanoneconstraint,suchasthat in Figure30. Therearenonethelesscertain

requirementsthataresatis�edby any constrainednon-hierarchicaldescriptionthatis equivalentto

a valid hierarchicaldescription:

1. Eachimpostormaybeconstrainedby at mostoneconstraint.

2. Eachconstraintmayconstrainatmostoneimpostorof eachobject.

3. If animpostorof anobjectis constrainedthenall of thelowerdetail impostorsof thatobject

mustalsobeconstrained(sinceif an impostoris an inheritedgroupimpostorthenall lower

impostorsof thatobjectarealsoinheritedgroupimpostors).

4. If
�

and � areconstraintsonconsecutiveimpostorsof anobjectthen
�

and � mustconstrain

consecutiveimpostorsonany objectconstrainedby � , in thesameorder.
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input: a level of detailgraph
�

input: asetof impostors
�

thataresubjectto thenew constraint
input: � , thereplacementsetof thegroupimpostorcorrespondingto

�

output: thenew level of detailgraph
�

begin
for eachlevel of detail � in

�

�

// if � containssomebut notall of theimpostorsin
�

then
// remove � from thelevel of detailgraph

if
�

�

�

�

��� and
�

�

�

�

��� then
remove � andall arcsincidentto � from

�

// if � containsall theimpostorsin
�

thencreateanarcfrom � to 
 ,
// thelevel of detailreachedfrom � by replacing

�

with �

if
�

�

� then
�

set 
 �

�

�

�

�

�

�

�

createa new arcfrom level of detail � to level of detail 
 in
�

�

�

end

Figure34: The constraint algorithm. The constraintalgorithmtakesas input a level of detail
graph

�

, a setof impostors
�

thataresubjectto thenew constraint,andthereplacementset � of
thegroupimpostorcorrespondingto

�

. Its outputis thelevel of detailgraphafterapplicationof the
constraint.



106 CHAPTER5. LEVEL OFDETAIL GRAPHS

(a) (b) (c)
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Figure35: Comparison of the effectsof two singleconstraints. Theeffectsof
two singleconstraintsappliedto a simplenon-hierarchicallevel of detail descrip-
tion. Theunconstrainednon-hierarchicaldescriptionandits regular3-dimensional
level of detailgraphareshown in (a). In (b) the lowestimpostorsof the �rst two
objectsareconstrained,andin (c) thelowestimpostorsof all threeobjects.

The level of detail graphof any constrainednon-hierarchicaldescriptionthat is equivalentto

a valid hierarchicalonemay begeneratedby beginning with the graphof theunconstrainednon-

hierarchicaldescriptionand applying the ConstraintAlgorithm of Figure 34 for eachconstraint

in turn, in increasingorderof detail of the impostorsthey constrain. The algorithmis shown in

Figure36.

Figure37 shows anexamplehierarchicallevel of detail description,its equivalentconstrained

non-hierarchicaldescription,andthegenerationof its correspondinglevel of detailgraph.

5.4 Summary

Sincewe have introducedthenovel notionof theHierarchicalMultiple ChoiceKnapsackProblem

in Chapter4, wehavehadto derivenew methodsof reasoningabouttheimplicationsof hierarchical

level of detaildescriptionsfor level of detailoptimization.In thischapterwe have presenteda new

representation,calledlevel of detail graphs, of thestatespacesof hierarchicallevel of detailscene

descriptions.This representationis generalandmaybeappliedto any hierarchicallevel of detail

descriptionor scenedescriptionthat is describedby the formal de�nition given in Chapter4. We

have provided algorithmsfor the generationof the level of detail graphsof arbitraryhierarchical
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input: anon-hierarchicallevel of detaildescription
input: asetof constraintsto beapplied
output: thelevel of detailgraph

�

of theconstraineddescription

begin
// begin with thelevel of detailgraphof theunconstraineddescription
// andapplytheConstraintAlgorithm for eachconstraintin order

set
�

� level of detailgraphof theunconstraineddescription
for eachobject

�

of thenon-hierarchicaldescription
for eachimpostor

�

of
�

from lowestto highest
if thereexistsa constraint

�

containing
�

then
if constraint

�

hasnot alreadybeenappliedthen
set

�

� resultof applying
�

to
�

usingtheConstraintAlgorithm
end

Figure36: Level of detail graph generationalgorithm. Algorithm to generatethelevel of detail
graphof an arbitrary constrainednon-hierarchicallevel of detail description(and thereforeof a
hierarchicallevel of detaildescription).

level of detail descriptions.Theselevel of detail graphrepresentationsandtheir generationalgo-

rithmsserveequallywell for therepresentationof thestatespacesof non-hierarchicaldescriptions,

wherethey area simplerspecialcase.

Applicationsfor theselevel of detail graphrepresentationsincludethe investigationof thebe-

haviour and functionality of hierarchicaland non-hierarchicallevel of detail optimizationalgo-

rithms. They functionasa graphicalandsemanticnotationto visualizeandsimulatemoreeasily

the operationof suchalgorithms,which may beviewedastraversalsof the level of detail graphs

generatedby their level of detaildescriptions.

In thenext chapterwereturnourattentionsto thehierarchicallevel of detailoptimizationprob-

lem, devising a greedyapproximationalgorithmfor the HierarchicalMultiple ChoiceKnapsack

Problembasedon thesimpli�ed greedyalgorithmfor theMCKP thatwe presentedin Chapter3.
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Figure37: Level of detail graph of a hierarchical level of detail description. A
hierarchicallevel of detaildescription,its equivalentconstrainednon-hierarchical
description,andthegenerationof its level of detailgraph.Webegin with thegraph
of theunconstrainednon-hierarchicaldescriptionandapplytheconstraints�

�

� �

�

and �

�

� �

�

in thatorder. Impostorsarenumbereduniquelyin theconstrainednon-
hierarchicaldescriptionfor clarity. Groupobjectsin the hierarchicaldescription
arenumberedwith thenumbersof thesharedimpostorsto which they correspond.



Chapter 6

GreedyAlgorithm for the Hierar chical

MCKP

In this chapterwe presenta greedyapproximationalgorithmfor theHierarchicalMultiple Choice

KnapsackProblemthatwe introducedin Chapter4. In the descriptionof the algorithmwe make

useof theconceptof replacementsetsthatwede�ned in Section4.1.2for impostorsandin Section

4.2for itemsin theHierarchicalMCKP.

This greedyalgorithmfor theHierarchicalMCKP is a hierarchicalextensionof thesimpli�ed

greedyalgorithmfor the conventionalMCKP presentedin Chapter3. We prove that its solution

to the HierarchicalMCKP is guaranteedto be at leasthalf-optimal (in termsof total pro�t) for

instancesof asubproblemof theHierarchicalMCKP in whichmoredetailedrepresentationsprovide

diminishingreturns.Thetimecomplexity of thealgorithmis
���

� log ��� with respectto thenumber

of candidateitems.

We begin in Sections6.1 and6.2by de�ning hierarchicalversionsof therelativevaluemetric

andtheconvexity assumptionde�ned previously in Chapter3. In Section6.3we presentthealgo-

rithm, andin Section6.4 we prove its correctness.We discussthe limitations andadvantagesof

the algorithmin Section6.5, showing that, like the greedyalgorithmfor the MCKP presentedin

Chapter3, its expectederroris typically verysmall. In Section6.6we introducetheideaof making

thealgorithmincremental.Finally weclosethechapterin Section6.7with asummaryof themajor

points.
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6.1 Hierar chical RelativeValue

In Chapter3 we de�ned a metric called relativevalue that measuredthe desirability, or relative

pro�t density, of itemsrelative to otheritemsof thesamecandidatesubsetthat they might replace

(seeSection3.1). This relativevaluemetricwasput to usein thegreedyalgorithmsfor theMCKP

describedin Chapter3. Recallthatin generaltherelativevalueof anitemmaybede�nedrelativeto

any otheritemfrom thesamecandidatesubset,but becauseoursimpli�ed MCKP algorithmalways

considersthecandidateitemsin eachsubsetin ascendingorderof cost,in thecaseof thatalgorithm

relativevaluewasalwaysde�ned relative to theimmediatelylowercostitemfrom thesamesubset.

Likewise in this algorithmfor the HierarchicalMCKP we invariably measurethe relative value

of moreexpensive representationswith respectto immediatelylessexpensive ones. Recall from

Chapter4 that we de�ned the replacementsetof an item in the HierarchicalMCKP to be the set

of itemsthat,in a sense,togetherconstitutedits immediatelyhigherdetailrepresentation.Herewe

de�ne a hierarchicalversionof relativevaluewhich measuresthedesirabilityof replacementsets

relative to theitemsthatthey replace:

De�nition 6.1 RelativeValueof a ReplacementSet

Therelative valueof the replacementset � of an item
�

is measured with respectto
�

and is

de�nedasfollows:

RV
�

�

� �

�

�

� � �

��� � � � �

�

�

� � �

��� � ��� �

Therelativevalueof replacementset � providesa measureof theadvantagegainedby usingit

to replacethe item
�

that it replaces,andis usedto comparereplacementsetsagainstreplacement

setsof otheritems.This is measuredastheratio of thedifferencesin total pro�t andcostbetween

thereplacementset � andthereplaceditem
�

. Therelative valuemeasureenablesusto gaugethe

desirabilityof potentialreplacementsets,just asthenon-hierarchicalrelative valuemetricallowed

usto measurethedesirabilityof replacementitemsin Chapter3.

6.2 Hierar chical Convexity Assumption

Our algorithmassumesfor its half-optimalitythat thereplacementsetof an item will alwayshave

greatertotal costthanthat item andlower relative valuethanthereplacementset(if any) of which

that item is anelement(SeeFigure38). If this requirementis satis�edby aninstanceof theHier-

archicalMCKP, thenthe algorithm's solutionto that instanceis guaranteedto behalf-optimal,as
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we shall demonstratein Section6.4. This requirementis a hierarchicalversionof the convexity

assumptionintroducedin Section3.2.

1 2

4 5 6 7

3

8

1 2

2 4 53

5 6

3 7 8

Figure38: The hierarchical convexity assumption. Our algorithmrequiresfor
its half-optimality that replacementsetsshouldalwayshave lower relative value
thanthereplacementsets(if any) containingthecandidateitemsthatthey replace.
In this example,this implies that the replacementset � � � � � �
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haslower relative
value than the replacementset �
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), and re-
placementsets� �

�

and � � �

�
�

bothhave lowerrelativevaluethan � � � � � �

�

.

Theconvexity assumptionis likely to besatis�edin many instancesof theHierarchicalMCKP

thatarisein level of detailoptimization.It impliesthathigherdetailrepresentationsof objectsmust

provide increasedperceptualbene�t at theexpenseof increasedrenderingcost, with diminishing

returnsfor increasinglymoredetailedrepresentations.We shalldiscussthis furtherin Section6.5.

6.3 GreedyAlgorithm

In thissectionwepresentourgreedyalgorithmfor theHierarchicalMCKP, shown in Figure39.

The algorithmacceptsas input an instanceof the HierarchicalMCKP andproducesasoutputa

feasiblesolution to that instance. The algorithmbegins with the simplestfeasiblesolution and

iteratively replacesitems with their replacementssetsas far as the availablecost will allow. It

maintainsthefeasibilityof thesolutionby alwaysreplacinganitem with its completereplacement

setandensuringthatreplacementsetsareonly consideredfor selectionwhentheitemsthey replace

have alreadybeenselected.It maximizesthequality of thesolutionby favouring,whengiventhe

choice,replacementsthatresultin thegreatestincreasein pro�t for thesmallestincreasein cost.In

orderto determinethemostdesirablereplacements,thealgorithmmakesuseof a simpleselection

heuristicbasedon thehierarchicalrelativevaluemetricde�ned in Section6.1.
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input: aninstanceof theHierarchicalMCKP (seede�nition 4.8)
output: a feasiblesolutionto thatinstance

begin
set � �

� �

�

� emptylist // nocritical replacementsetyet,emptylist
for eachitem

�

in thereplacementsetof no representation
�

set � �

�

�

// selectthecheapestfeasiblesolution
set � � thereplacementset,if any, of

�

insert � into
�

in descendingrelativevalueorder
�

while
�

is notempty // while thereareunconsideredreplacementsets
�

set � � the�rst replacementsetin
�

set
�

� theitemwhosereplacementsetis �

remove � from
�

if �

� � �

� � � ����� �

�

�

� � �

� � � � then // if wecanafford to replace
�

with �

�

set � �

�

� // unselect
�

for eachitem
	

�

�

�

set ���

�

�

// selectevery itemin �

if
	

hasa replacementset,
�

, then
insert

�

into
�

in descendingrelativevalueorder
�

�

elseif �

��� then set � � � // if nocritical replacementsetyet, � is critical
�

if �

�

��� then // if thereis acritical replacementset
� // thenconsiderthecritical solution

�nd � , thelowestcostcritical replacementsetsolution
if �

� � �

� � �

�

� � �

� � � � and �

� � �

� � � � then

set � �

�

�

�

if
�

�

�

� otherwise
�	�

�

�

�

end

Figure39: Greedyalgorithm for the Hierarchical MCKP.
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Thealgorithmmaintainsa list of replacementsetscurrentlyavailablefor selection,orderedby

descendingrelative value. It initially selectsthe imaginaryroot item (SeeDe�nition 4.8 in Sec-

tion 4.2) that hasno pro�t andcostandis an elementof every candidatesubset,andinsertsinto

the replacementset list the replacementset of this item. It then greedilyconsidersthe remain-

ing replacementsetsin orderof descendingrelative value,usingthereplacementsetlist to ensure

that eachreplacementset is only consideredafter the item it replaceshasbeenselected.While

the replacementset list is not empty, the algorithmconsidersthe �rst replacementset in the list

for replacement,substitutingit for the item it replacesif this replacementcanbeafforded. If the

replacementis madethenthereplacementsetis removed from thereplacementsetlist andthere-

placementsets(if any) of theitemsit containsareinsertedinto thelist in descendingrelative value

order. Otherwisethereplacementsetis simply removedfrom thelist anddiscarded.If it is the�rst

replacementset to be so discardedit is markedas the critical replacementset. At any stagethe

replacementsetsthatareavailablein thereplacementsetlist arethosewhoseassociateditemsare

currentlyselected,andthey areconsideredin descendingorderof relativevalue.

Whenthisgreedyselectionterminates(dueto thereplacementsetlist beingfoundto beempty)

the solutionreachedis comparedagainstthe lowestcost feasiblesolutioncontainingthe critical

replacementset.If thiscritical replacementsetsolutionhasgreaterpro�t thanthegreedyselection

andhastotalcostlessthanor equalto thesizeof theknapsackthenit is selectedinstead.

Findingthecritical replacementsetis simple:it is foundasaby-productof thegreedyselection

stage. Finding the lowestcost feasiblesolution containingthe critical replacementsethowever

requiresan iterative selectionprocesssimilar to the greedyselectionstagebut takingno noticeof

relativevalueorderingsandselectingonly replacementsetsthatrepresentcandidatesubsetsthatare

alsorepresentedby the critical replacementset. An algorithmfor �nding the lowestcostcritical

replacementsetsolutionis shown in Figure40.

Our HierarchicalMCKP algorithmessentiallyfavoursthemoredetailedrepresentationsof se-

lecteditemswhosemoredetailedrepresentationshave greatestrelative value.Thesearethosethat

provide the greatestincreasein pro�t for the smallestincreasein renderingcostwhenreplacing

their immediatelylowercostrepresentations.By consideringmoredetailedrepresentationsin units

correspondingto replacementsets,thealgorithmensuresthatwhena shareditem is replacedit is

replacedcompletelyby its entirereplacementset. In this way thealgorithmpreservesthefeasibil-

ity of theapproximatesolution,sinceevery replacementsetrepresentsthesamecandidatesubsets

asthe item that it replaces.Thealgorithmthereforealwaysproducesa feasiblesolutionin which

exactlyoneitemis selectedfrom eachcandidatesubset.
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input: aninstanceof theHierarchicalMCKP (seeDe�nition 4.8)
input: thecritical replacementsetfor thatinstance,�

output: thelowestcostfeasiblesolutioncontainingthecritical replacementset

begin
set

�

� emptylist of replacementsets
for eachitem

�

in thereplacementsetof no representation
�

set � �

�

�

// selectthecheapestfeasiblesolution
set � � thereplacementset,if any, of

�

append� ontotheendof
�

�

while
�

is notempty // while thereareunconsideredreplacementsets
�

set � � the�rst replacementsetin
�

set
�

� theitemwhosereplacementsetis �

remove � from
�

// if � representsall thereplacementsetsthat � does
if thereexistsanitem

	

�

�

�

	

�

�

� for every
�

�

�

�

�

�

�

� for some
�

then
�

set � �

�

� // unselect
�

for eachitem
	

�

�

�

set ���

�

�

// selectevery itemin �

if
	

hasa replacementset,
�

, then
append

�

ontotheendof
�

�

�

�

end

Figure40: Critical replacementsetsolution algorithm. This algorithmmaybeusedto �nd the
cheapestfeasiblesolutioncontainingthecritical replacementset, which is neededby theHierarch-
ical MCKP algorithmof Figure39.
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6.4 Proof of Half-Optimality

In this sectionwe prove the half-optimalityof the greedyalgorithmdescribedin Section6.3, for

the subproblemof the HierarchicalMCKP in which the hierarchicalconvexity assumptionholds

(seeSection6.1). Instancesof thissubproblemarethosein whichevery replacementsethasgreater

pro�t andcostthanthe item it replacesandlower relative valuethanthe replacementset(if any)

containingthatitem. We assumein thisproof thatthoserequirementsaresatis�ed.

Theproofis ahierarchicalextensionof thatalreadyprovidedfor thesimpli�ed greedyalgorithm

for theMCKP in Section3.4. This proof differsfrom that for thesimpli�ed MCKP algorithmdue

to the fact that in the HierarchicalMCKP we dealwith replacementsetsratherthanreplacement

items. Likewiserelative valueis de�ned for replacementsets(asdescribedin Section6.1) rather

thanfor relative items,andtheproof takesthis into account.

6.4.1 Overview of Proof

Like theproofsfor thesimpli�ed andfull MCKP algorithmspresentedin Sections3.4and3.6,the

proof is composedof six steps:

1. Weformulateanequationrelatingthepro�t of theoptimalsolutionto thatof anintermediate

stagein thegreedysolutioncorrespondingto thesolutionreachedupto theconsiderationand

rejectionof thecritical item. This equationprovidesanupperboundon themaximumerror

of thegreedyalgorithmandincludestermsthatquantifythepro�t gainedby selectingitems

thatarenot in theoptimalsolutionandthepro�t lostby notselectingitemsthatare.

2. Weshow thatany replacementsetsthatarein theoptimalsolutionbutwerenotselectedby the

greedyalgorithmbeforetherejectionof thecritical replacementsetmusthave lower relative

valuethanthecritical replacementset,sincethey werenotconsideredbeforeit.

3. Similarlyweshow thatany replacementsetsthatwereselectedby thegreedyalgorithmbefore

therejectionof the critical replacementsetbut arenot in the optimalsolutionmustat least

havehigherrelativevaluethanthecritical replacementset,sincethey wereconsideredbefore

it.

4. Usingtheresultsof steps2 and3, we show thatthemaximumerrorof thegreedyalgorithm

is boundedby thetotal differencein costbetweentheoptimalsolutionandthe intermediate

greedysolution,multipliedby therelativevalueof thecritical replacementset.
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5. Thenwe show that thedifferencein costbetweentheoptimalsolutionandthe intermediate

greedysolutionis boundedby thedifferencein costbetweenthecritical replacementsetand

theitemthatit wouldreplace.

6. Substituting,weshow thatthemaximumerrorof theintermediategreedysolutionis bounded

by thedifferencein pro�t betweenthecritical replacementsetandthe item that it replaces.

Recallingthat the algorithmcomparesthe total pro�t of the �nal greedysolution(which is

necessarilygreaterthanthe pro�t of the intermediatesolution)to the pro�t of the cheapest

feasiblesolutioncontainingthe critical replacementset andkeepswhichever is better, we

concludethatthealgorithm'ssolutionis at leasthalf asgoodastheoptimalone.

6.4.2 Proof

1. Given an instanceof the HierarchicalMCKP, let the pro�t of the optimal solution to this

instancebe 	 . Let
�

be the setof itemsin the intermediatesolutionreachedby thegreedy

algorithmimmediatelybeforethecritical replacementsetis considered(andrejected),andlet
	

�
�

�

� �

�

� � bethepro�t of this intermediategreedysolution.
�

Therefore

	
� 	

�

�

�

� � �

� �

�

� � �

�

� � � � �

�
�

� �

�

� � �

� �

�

� � �

�

� � � � �

�
�

� (39)

where� � is theitem whosereplacementsetis �

� , � is thesetof replacementsetsthatwould

beselectedin theprocessof selectingtheoptimalsolutionbutwerenotselectedin theprocess

of selecting
�

(thosewherethe algorithmhas“underselected”),and � is the setof those

replacementsetsthatwereselectedin theprocessof selecting
�

but wouldnotbeselectedin

theselectionof theoptimalsolution(wherethealgorithmhas“overselected”).

2. In thisstepweconsiderthereplacementsetsthatarein � . Whenthecritical replacementset �

wasconsidered(andrejected)thesetof currentlyselecteditemswasexactly
�

. Thereforethe

critical replacementsetwasconsideredasthereplacementfor someitem 
 thatis anelement

of
�

, andwasconsideredinsteadof somereplacementset
�

that is the replacementsetof

someitem �

�

�

andis anancestorreplacementsetof �

� . This implies that
�

haslower

�

In practicethealgorithmmayalsoselectotherlaterreplacementsets,replacingitemsin � , but sinceevery replace-
mentincreasesthetotalpro�t of theselecteditems(becauseof our assumptionsin Section6), weknow thatthepro�t of
the�nal greedysolutionis greaterthanor equalto �

	

.



6.4. PROOFOFHALF-OPTIMALITY 117

relativevalue(with respectto � ) than � (with respectto 
 ):
�

�

� �

�

� � � � �

�

�

�

� �

�

� � � � �

�

�

�

�

� � �

� � � � �
�

�

�

� � �

� � � �����

�

Now becausethereplacementsetsof itemsalwayshave lowerrelativevaluethanthereplace-

mentsetscontainingthoseitems(from thehierarchicalconvexity assumption— seeSection

6.2)all thereplacementsetsin � musthave lower relativevaluethan � :
�

�

� � �

�

� � � � �

�
�

�

�

� � �

�

� � � ���

�
�

�

�

�

� � �

� � � � �
�

�

�

� � �

� � � � ���

� 	

�

�

� (40)

3. In thisstepweconsiderthereplacementsetsthatarein � . Whenthecritical replacementset

� wasconsideredfor selection(andrejected)thesetof currentlyselecteditemswasexactly
�

. Theremustthereforeexist a list of replacementsets
�

� �

�

� �

�

�

�

� � �

�

�

� suchthat
�

���

�

� ,
�

�

�

�

, and
�

� ��� is thereplacementsetof someitemin
�

� for all of
�

�

�

�

�

� � �

� � �

� 	 �

�

.

Likewisetherealsoexists a list of replacementsets
�

� �

�

� �

�

�

�

� � �

�

�

� where
�

� is the

replacementsetof someitem in the cheapestfeasiblesolution,
�

���

� and
�

� ��� the re-

placementsetof someitem ��� in
�

� for all of
�

�

�

�

�

� � �

� � �

� � �

�

. Note that
�

� is not

selectedasthereplacementfor someitemin
�

�

�

� , because
�

� (ie. � ) is notselectedatall.

Thenwe know that the algorithmat somestagereplacedsomeitem
	

�

�

� in
�

�

�

� with
�

�

insteadof replacingsomeitem ��� in
�

� with
�

� ��� , for some � � �

�

�

�

� � �

� � �

� � �

� �

,

since
�

� wasselectedand � wasnot. Therefore
�

�

� � �
�

� � � � ��� � �

�

�

�

� � �
�

� � � ����� � �

�

�

�

�

� � � � 


�

� � � � �
	
�

�

�

� � � � 


�

� � � ����	
�

�

Now becausethereplacementsetsof itemsalwayshave lowerrelativevaluethanthereplace-

mentsetscontainingthoseitems(from thehierarchicalconvexity assumption— seeSection

6.2)all thereplacementsetsin � musthave greaterrelativevaluethan � :
�

�

� � �

�

� � � � �

�
�

�

�

� � �

�

� � � � �

�
�

�

�

�

� � �

� � � � �
�

�

�

� � �

� � � �����

� 	

�

�

� (41)

4. Therefore,from (39), (40)and(41)wehave

	 ��	

�

�

�

� � �

� �

�

� � �

�

� � � ���

�
�

�

�

�

� � �

� � � � �
�

�

�

� � �

� � � � ���

�

�

� � �

� �

�

� � �

�

� � � � �

�
�

�

�

�

� � �

� � � � �
�

�

�

� � �

� � � � ���

��	
�

�

	


�

� � �

� �

�

� � �

�

� � � � �

�
�

� �

�

� � �

� �

�

� � �

�

� � � � �

�
�

�
�


�

�

� � �

� � � � �
�

�

�

� � �

� � � �����

� (42)
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5. Let � � � �

�

� �

�

� � bethespaceleft in theknapsackaftertheselectionof
�

, immediately

beforethe rejectionof thecritical replacementset � . Fromthe fact that � wasrejectedwe

know thatthedifferencein costbetween� and 
 is greaterthan � :

�

�
�

�

� � �

� � � �����

� (43)

Furthermorewe know that the total differencein costbetweentheoptimalsolutionandthe

intermediategreedysolution
�

mustbelessthanor equalto � :

�

� � �

� �

�

� � �

�

� � � ���

�
�

� �

�

� � �

� �

�

� � �

�

� � � ���

�
�

��� �

�

6. Therefore,from (43),

�

� � �

� �

�

� � �

�

� � � ���

�
�

� �

�

� � �

� �

�

� � �

�

� � � ���

�
�

���

�

�

� � �

� � � ����� (44)

andso,from (42) and(44),

	 ��	

�

�
� �

�

� � �

� � � ����� �

�

�

� � �

� � � � �
�

�

�

� � �

� � � �����

(45)

��	

�

�
�

�

� � �

� � � � �
� (46)

��	
�

�

�

� � �

� �

� (47)

Recallthatthegreedyalgorithmcomparesthetotal pro�t of the�nal greedysolution(which

is greaterthanor equalto 	
� ) to the total pro�t 	

�

of the cheapestsolutioncontainingthe

critical item, andkeepswhichever solution is better. That is, the algorithm's solutionhas

pro�t 	




�

max
�

	
�

� 	

�

� . Clearly 	

�

�

�

� � �

� � , so 	




�

max
�

	
�

�

�

� � �

� � � . Therefore,from

(47),

	




�

�

�

	

and the pro�t of the algorithm's solution is guaranteedto be at leasthalf the pro�t of the

optimalsolution.

6.5 Advantagesand Limitations

Recallthat in Section3.7 we notedthat themaximumerrorof thesimpli�ed MCKP greedyalgo-

rithm wasin factboundedby thepro�t of thecritical item,andarguedthatthetypicalbehaviour of
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thealgorithmwasthereforemuchbetterthanhalf-optimal.Herewemakeasimilarargumentfor the

HierarchicalMCKP algorithm. Note that the maximumerrorof the greedyalgorithmis bounded

by thedifferencein pro�t betweenthecritical replacementsetandtheitemit replaces(seeequation

(46)). Thereforeas the granularityof the candidateitemswith respectto the knapsackbecomes

�ner, themaximumerrorof thealgorithmtendsto zero.In practicallevel of detailapplicationsthe

performanceof the algorithmcanbe expectedto be muchbetterthanhalf-optimal. Pathological

casesariseonly whenthedifferencein totalpro�t between� and 
 is a signi�cant proportionof the

optimalsolutionvalue 	 .

Recallthat just asits ancestorthesimpli�ed greedyalgorithmfor MCKP describedin Chapter

3 dependson thenon-hierarchicalconvexity assumption,thealgorithmdependson thehierarchical

convexity assumption(Section6.2)for its half-optimality. Its solutionto instancesof theHierarch-

ical MCKP thatdo not satisfythehierarchicalconvexity assumptionmaybelessthanhalf-optimal

in the worst case. The hierarchicalconvexity assumptionimplies that moreexpensive selections

mustprovide increasedpro�t at theexpenseof increasedcost,with diminishingreturnsfor increas-

ingly moreexpensive selections.Theserequirementsarelikely to be satis�ed in mostreal-world

applications.Level of detailproblemsin whichmoreexpensiverenderingsdonotprovidediminish-

ing returnsareuncommon.For examplethesuccessiveadditionof moredetailto apolygonalmesh

modelgenerallyresultsin progressively smallerimprovementsin visualperception.Thereforethe

half-optimalityguaranteeis a worstcase�gure andthealgorithmcanbeexpectedto performwell

in mostpracticallevel of detailapplications.

The complexity of the greedyalgorithm is
���

� log ��� . The numberof replacementsmade

is
���

��� in the numberof candidateitems(andhencein the numberof replacementsets). Each

replacementinvolvesthedeletionof thereplacementsetat theheadof thelist, which is
���

�

� , and

thein-orderinsertionof (we assume)
���

�

� new replacementsets,eachat theexpenseof
���

log ���

complexity. Thecomplexity of thegreedyselectionstageis therefore
���

� log ��� . After thegreedy

selectionstagethecritical itemsolutionmustbefound.Thecomplexity of this is
���

��� . Theentire

algorithmis therefore
���

� log ��� .

6.6 Incr ementalVersion

Like thesimpli�ed greedyalgorithmsfor theMCKPpresentedin Chapter3, thehierarchicalMCKP

algorithmcanbemadeincrementalto takeadvantageof coherencebetweentheoptimalsolutions

of successive probleminstances.That is, it canbemodi�ed to takeasinput aninitial approximate
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solutionthatis typically derivedfrom themostrecentapplicationof thealgorithm.Thefact thatthe

algorithmcanbemadeincrementalis a directresultof thehierarchicalconvexity assumption.We

provide an incrementalhierarchicallevel of detail optimizationalgorithmbasedon this algorithm

in Chapter7. Thatincrementalalgorithmis equivalentto this greedyalgorithmfor instancesof the

HierarchicalMCKP for whichthehierarchicalconvexity assumptionde�ned in Section6.1holds.

6.7 Summary

In this chapterwe have presenteda greedyapproximationalgorithmfor theHierarchicalMultiple

ChoiceKnapsackProblemintroducedin Chapter4. Our algorithm is half-optimal for a useful

subproblemof the HierarchicalMCKP andhasa time complexity of
���

� log ��� . Furthermore

its worstcaseperformanceis signi�cantly betterthanhalf-optimalfor instancesof thesubproblem

in which the pro�ts of the candidateitemsaresmallwith respectto the total pro�t of theoptimal

solution.

Thealgorithmmaybemadeincrementalto takeadvantageof coherencebetweenthe optimal

solutionsof successive probleminstances,andwe will makeuseof this in the developmentof an

incrementalhierarchicallevel of detailoptimizationalgorithmin thenext chapter, Chapter7.



Chapter 7

Hierar chical Level of Detail

Optimization Algorithm

In this chapterwe presentour level of detail optimizationalgorithm. Our algorithmis incremen-

tal, hierarchical andpredictive. It is anincrementalversionof thegreedyapproximationalgorithm

for theHierarchicalMultiple ChoiceKnapsackProblempresentedin Chapter6, rewritten to exploit

frame-to-framecoherencefor increasedef�ciency in practicallevel of detailapplications.Thisbasis

in anapproximationalgorithmfor theHierarchicalMCKP givesthealgorithmits truly hierarchical

naturewith elegantsupportfor multiplesharedsimpli�ed representationsfor groupsof relatedob-

jects. In additionit impliesthat thealgorithmis predictive andprovidesbothguaranteedlimits on

predictedrenderingcostandguaranteedlevelsof predictedvisualquality.

This incrementalalgorithmexploits frame-to-framecoherenceby acceptingasinput an initial

solutionthat is the approximatesolutionfound for the previous frame. Due to the typically large

amountof coherencebetweensuccessive frames,theapproximatesolutionsfoundfor consecutive

framesaregenerallysimilar. Thereforethe approximatesolutionis foundmoreef�ciently on av-

erageby theincrementalalgorithmthanby thenon-incrementalgreedyalgorithm. In this wayour

algorithmis similar to the incrementalnon-hierarchicallevel of detail optimizationalgorithmof

FunkhouserandSéquin(discussedin Section2.6.1).It is equivalentto thegreedyalgorithmfor the

HierarchicalMCKP presentedin Chapter6 for a usefulsubproblem.This is, by coincidence,the

samesubproblemfor which thegreedyalgorithm's solutionis at leasthalf-optimal. Thereforethe

algorithmproducesanapproximatesolutionthat is guaranteedat leasthalf asgoodastheoptimal

solution,for thesubproblemof thehierarchicallevel of detailoptimizationproblemin whichhigher

levels of detail provide increasedperceptualbene�t but with diminishingreturns. We prove the

121
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equivalenceof thealgorithmsfor this subproblemformally in Section7.2.

The incrementalalgorithmsharestheadvantagesof thenon-incrementalalgorithmof Chapter

6. It hasa worst-casetheoreticaltime complexity of
���

� log ��� , but is incrementalandsohasan

averagetime complexity closeto
���

��� .
�

Thealgorithmproducesanapproximatesolutionthat is

guaranteedat leasthalf asgoodastheoptimalsolution,for thesubproblemof thehierarchicallevel

of detailoptimizationproblemin whichhigherlevelsof detailprovide increasedperceptualbene�t

but with diminishingreturns.

Whereasthegreedyalgorithmof Chapter6 wasdescribedin termsof theHierarchicalMultiple

ChoiceKnapsackAlgorithm (thatis, candidateitemswith pro�t andcost,partitionedinto anumber

of candidatesubsets) this incrementalalgorithmwill bedescribedin termsof hierarchicallevel of

detailoptimization(thatis, impostorswith perceptualbene�t andrenderingcost,eachbelongingto

a particularsceneobject).

Thede�nition of ef�cient andaccuratebene�t andcostheuristicsfor usein thealgorithmis itself

a tricky problem. However we aremoreinterestedin level of detail optimizationalgorithmsthan

in theproblemof de�ning theheuristicsthemselvesandsowe assumethatappropriatebene�t and

costheuristicsexist thatpredicttheperceptualbene�t andrenderingcostrespectively of impostors

in any givenviewing situation(seeChapter2). In Chapter9 we reporton anexperimentin which

somesimpleheuristicswereevaluated.

The organizationof this chapteris as follows. In Section7.1 we presentthe algorithm. In

Section7.2 we prove theequivalenceof the incrementalalgorithmto thegreedyalgorithmfor the

HierarchicalMCKPdescribedin Chapter6. In Section7.3wediscusstheadvantagesandlimitations

of thealgorithm.In Section7.4we concludethechapterwith asummaryof theimportantpoints.

7.1 Algorithm

Theincrementalhierarchicallevel of detailoptimizationalgorithm,shown in Figure41,is anequiv-

alentincrementalversionof theHierarchicalMCKPgreedyalgorithmdescribedpreviouslyin Chap-

ter 6. Its advantageover thatalgorithmis purelyoneof ef�ciency: it exploits coherenceby basing

its initial solutiononthesolutionreachedfor thepreviousframe.

Thealgorithmis appliedonceperframeandits outputis a level of detailof thesceneobjectfor

thatframe. Its input is thelevel of detailselectedfor thepreviousframe
�

anda constantrendering
�

A detailedexperimentalevaluationof its practicalcomplexity is presentedin Chapter9.
�

Or any valid level of detail,in thecaseof the�rst frame.
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input: aninstanceof thehierarchicallevel of detailoptimizationproblem
input: a feasibleinitial solutionto thatinstance
output: asolutionto thatinstance(in

�

)

begin
set

�

� theinitial solution
setdone � FALSE
while done= FALSE

�

// increment
�

, if possible

if
�

is not thehighestlevel of detailthen
�

�nd
�

, theimpostorin
�

whosereplacementsethashighestrelativevalue
set � � thereplacementsetof

�

set
�

�

�
�

� �

� �

�

�

�

�

// decrement
�

, while thetotal renderingcostis toohigh

while �

� �

� Cost
�

�

� � renderingcostlimit
�

�nd �

�

�

, thereplacementsetin
�

with thelowestrelativevalue
set

	

� theimpostorwhosereplacementsetis �

set
�

�

�
�

�

�

�

�

�

	��

if �

�

� then
setdone � TRUE

�

�

end

Figure41: The incrementalhierarchical level of detail optimization algorithm.
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costlimit thatrepresentstherenderingtime availablefor this frame.Thealgorithmguaranteesthat

thetotalpredictedrenderingcostof theselectedlevel of detailis lowerthantherenderingcostlimit.

In additionit attemptsto maximizethetotalpredictedperceptualbene�t (or pro�t) of theselection.

Thealgorithmis iterative,repeatedlyincrementinganddecrementingtheselectedlevel of detail

until the�nal solutionis found.In eachiterationtheselectedlevel of detailis incrementedonce,then

decrementedrepeatedlywhile thetotalrenderingcostis greaterthantherenderingcostlimit. Recall

thata level of detailmayin generalbe incrementedanddecrementedin many differentways.The

incrementationselectedin eachstepis that which replacesthe currentlyselectedimpostorwhose

replacementsethasthehighestrelativevalue. Converselythedecrementationselectedis thatwhich

deselectsthecurrentlycompletelyselectedreplacementsetwith thelowestrelativevalue.

Therepeatediterationterminateswhentheincrementationanddecrementationoperationsof the

sameiterationselectanddeselectthe samereplacementset. Whenthis occursthereis no further

work for thealgorithmtodo. After terminationof thealgorithmwerendertheimpostorsconstituting

theselectedlevel of detail. For simplicity thealgorithmasshown assumesthat therenderingcost

limit is suf�cient to renderat leastthe lowest level of detail but not greatenoughto renderthe

highestlevel of detail.Thespecialcasesin whichtheseassumptionsdonotholdmustbedealtwith

by trivial testsbeforethealgorithmbegins. In suchcaseswe selectthelowestandhighestlevelsof

detail,respectively.

Note alsothat the algorithmasdescribedheredoesnot considerthe critical replacementset

solution(seeChapter6), thecheapestfeasiblesolutioncontainingthecritical replacementset. For

completenessthe algorithmshould,after terminationof the iterative stage,comparethe solution

reachedagainstthecritical replacementsetsolutionandtakewhichever hasgreatertotal pro�t. In

thecasewheretheiterationterminatesdueto theselectionanddeselectionof thesamereplacement

set in a single iteration, the critical replacementset is the replacementset in question(sincethe

incrementalalgorithmis equivalentto the non-incrementalone— aswe show in Section7.2 —

so all the replacementsetsselectedhave higher relative value than it and all thosenot selected

have lower relative value than it). In the caseswhere the algorithm terminatesdue to running

out of possibledecrementationsor incrementations,the critical replacementset is eitherthe �rst

replacementset or doesnot exist, respectively. Oncethe critical replacementset is known the

critical replacementsetsolutioncanbefoundusingthealgorithmpresentedpreviouslyin Figure40

(Section6.3).

In practicewebelievethatcheckingthecritical replacementsetsolutionis unnecessaryfor level

of detail optimization. Recall that the critical replacementsetsolutionis the lowestcostfeasible
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solutioncontainingthe critical replacementset. Thereforein any instancesin which the critical

replacementsetsolutionhasa highertotal pro�t thanthesolutionresultingfrom greedyselection,

the critical replacementset itself musthave a pro�t that is large relative to the total pro�t of the

optimalsolution. Suchinstancesseemunlikely in level of detail optimizationwherethe pro�t of

theindividualimpostorsis likely to besmallrelative to thetotalpro�t of theoptimalsolution.

7.2 Equivalenceof the Incr ementaland Non-IncrementalAlgorithms

In this sectionwe prove that the incrementalhierarchicallevel of detail optimizationalgorithm

describedin thischapteris equivalentto thenon-incrementalgreedyalgorithmfor theHierarchical

Multiple ChoiceKnapsackProblemdescribedin Chapter6. Wedothisby usinglevelof detailgraph

representations(Chapter5) of the statespacesof the incrementalandnon-incrementalalgorithms

to analyzetheirbehaviour andshow thattheirsolutionstatesarealwaysidentical.

Both algorithms,as we notedpreviously, are guaranteedto be half-optimal for well-de�ned

subproblemsof their respectiveproblems(thehierarchicallevel of detailoptimizationproblemand

the HierarchicalMCKP). In addition they are only equivalent for thesesubproblems:if the re-

quirementsof thosesubproblemsareviolatedthenthe incrementalalgorithmis not equivalentto

thenon-incrementalalgorithmandits outputmaydiffer from thatof thenon-incrementalone.We

henceassumeherethattherequirementsaremet: thatthereplacementsetof any impostor(or item)

hashigherpro�t andcostthanthat impostorandlower relative valuethanthe replacementset(if

any) containingthatimpostor.

In thisproofwereferto theconceptsof ancestoranddescendantreplacementsets,thecovering

of replacementsetsby levelsof detail,andthe incrementationanddecrementationof onelevel of

detailto another. Theseconceptswereintroducedin Chapter4.

7.2.1 Level of Detail Optimization asa Search Problem

Recallfrom Chapter5 that eachinstanceof a hierarchicallevel of detail descriptiongeneratesits

own particularlevel of detailgraph.Thehierarchicallevel of detailoptimizationproblemmaybe

viewedasa searchprobleminvolving the traversalof the level of detail graph(from someinitial

level of detail) in searchof anoptimal level of detail in which total pro�t is maximizedwhile total

cost is limited. The operationof both the greedyalgorithmfor the HierarchicalMCKP andthe

incrementalhierarchicallevel of detail optimizationalgorithmmay in turn beviewedasdifferent

traversalsin searchof a solutionstatethatis anapproximationto thisoptimalstate.Ouraim in this



126 CHAPTER7. HIERARCHICAL LEVEL OFDETAIL OPTIMIZATION ALGORITHM

proof is to show thatbothalgorithmsreachthesamesolutionstate.

Thegreedyalgorithmfor theHierarchicalMCKP presentedin Chapter6 beginswith thelowest

level of detail selected(that is, the lowestcostsolution)andalwaysincrementsfrom onelevel of

detail to anothertowardsits �nal solutionby replacingselecteditemswith their replacementsets.

The currentlyselecteditem (or impostor)chosenfor replacementin eachstep,we recall, is that

whosereplacementsethasgreatestrelativevalue. If the replacementcan't be affordedthenthat

replacementset is simply discarded. The greedyalgorithmstopswhen it runs out of available

replacementsets– when it reachesa level of detail in which no further affordablereplacements

exist. Thatlevel of detail is thenits �nal solution.

Theincrementalhierarchicalalgorithmontheotherhandbeginswith any arbitrarylevelof detail

selected(usually, theapproximatesolutionfoundfor thepreviousframe)andboth incrementsand

decrementsto reachits �nal solution.Eachincrementationis thereplacementof acurrentlyselected

impostorwith its replacementsetandeachdecrementationis thereplacementof acurrentlyselected

replacementsetwith its associatedimpostor. In eachiterationtheimpostorselectedfor replacement

duringincrementationis thatwhosereplacementsethasgreatestrelativevalueandthereplacement

setsselectedfor replacementduringdecrementationarethosecompletelyselectedreplacementsets

with lowestrelativevalue. Theincrementalalgorithmterminateswhenit reachesa level of detailin

whichtheselectedincrementationis negatedin thesameiterationby its inversedecrementation.

Thenodesof thelevel of detailgrapharepartitionedinto two subsetsby theavailablerendering

time: thosewhosecostis lessthanor equalto the limit andthosewhosecostis greater. Sinceit

is assumedthatreplacementsetsalwayshave highercostthantheitemsthey replace,higherlevels

of detail alwayshave highercost,so we canimaginethe level of detail graphbeingcut into two

distinctself-containedpartsby animaginarysurface.Theoptimalandapproximatesolutionsmust

all lie just below this surface. Figure42 comparesthe actionsof the incrementalalgorithmand

non-incrementalgreedyalgorithmastraversalsof a level of detailgraphwith respectto thissurface.

Let the solutionstatefound by the non-incrementalgreedyalgorithmbe called � . Whenthe

incrementalhierarchicalalgorithmis in a given state � and incrementsor decrements,thereare

generallymultiple distinct incrementationsanddecrementationsavailable,eachof which replaces

a differentcurrentlyselectedimpostoror replacementset. In general,someof theincrementations

will selectreplacementsetsthatarecovered(SeeDe�nition 4.5 in Section4.1.5)by � but notby � ,

andotherswill selectreplacementsetsthatarecoveredbyneither� nor � . Similarlydecrementations

will generallybe availablethat deselectreplacementsetsthat arecoveredby � but not by � and

othersthatdeselectreplacementsetsthatarecoveredby both � and � . Thecentralideabehindthe



7.2. EQUIVALENCEOFTHEINCREMENTAL AND NON-INCREMENTAL ALGORITHMS127

a

b
g

Figure 42: Level of detail optimization as a search problem. The non-
incrementalgreedyalgorithmbeginsat thelowestlevel of detail(a)andincrements
until it reachesa�nal solution(g). Theincrementalalgorithmbeginsattheprevious
frame's solution(b) andbothincrementsanddecrementsto reach(g). Also shown
is theimaginarycuttingsurfacebetweenthelevelsof detailwhosecostis lessthan
or equalto theavailablerenderingtime (feasiblesolutions,shown with grey lines)
andthosewhosecostis not (infeasiblesolutions,shown with blacklines).

proof is to show that the incrementationsanddecrementationschosenalwaysserve to bring the

selectedstate� “closer” to � , by selectingwheneverpossiblereplacementsetsthatarecoveredby �

anddeselectingonesthatarenot. By showing thattheincrementalalgorithmterminatesonly upon

reaching� , weprove thatthesolutionstateof theincrementalalgorithmis also � .

7.2.2 Incrementationand Decrementation

In this sectionwe prove two lemmasthat togethercharacterizethe behaviour of the incremental

algorithmwith respectto the�nal solutionstate� of thenon-incrementalalgorithm,for all possible

states.To this endwe partitionthe setof statesinto four distinctsubsets,or classes,accordingto

their relationto � (SeeFigure43). For any state� , exactlyoneof thefollowing is true:

1. �

�

�

2. �

�

� ( � is strictly lowerthan � )

3. �

�

� ( � is strictly higherthan � )
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4. � and � arenotcomparable(wereferto thisas �

�

�

� ).

The impostorsandreplacementsetsreferredto in the proofsof the lemmasare illustratedin

a simpleexamplein Figure43. This exampleconsistsfor simplicity of the level of detail graph

of a simplenon-hierarchicallevel of detail descriptionwith two objects. Note however that the

sameargumentsapply for complex level of detail graphsof arbitraryhierarchicallevel of detail

descriptions.

Lemma 7.1 Whatever its currentstate,theincrementalalgorithmwill alwayschooseanincremen-

tationselectinga replacementsetcoveredby � , if oneis available,overanythatselectreplacement

setsnotcoveredby � .

Proof:

1. In thecasewhere thecurrentstate 
 of the incrementalalgorithmis in the class �

�

� , all

possibleincrementationsselectreplacementsetscoveredby � andtheproof is immediate.

2. In the casewhere 
 is in class �

�

� or �

�

� all incrementationsselectreplacementsets

coveredneitherby 
 nor by � , andtheproof is immediate.

3. In thecase
 is in class �

�

�

� , there mustexist at leastoneincrementationfrom 
 that selects

a replacementset
�

coveredby � . At leastoneincrementationmustselecta replacementset
	

not coveredby � (by de�nition of this class).There mustexist a state 


�

fromwhich thenon-

incrementalgreedyalgorithmchosean incrementationselecting
�

overoneselectinganother

replacementset
	

�

that is anancestorreplacementsetof
	

. Replacementset
�

musttherefore

havegreaterrelativevaluethan
	

�

. Sincedescendantreplacementsetshavelower relative

valuethan their ancestors,
	

�

hasgreaterrelativevaluethan
	

andso
�

hasgreaterrelative

valuethan
	

. Therefore theincrementalalgorithmwill choosetheincrementationselecting
�

overthatselecting
	

.

Lemma 7.2 Whatever its currentstate,theincrementalalgorithmwill alwayschoosea decremen-

tation deselectinga replacementsetnot covered by � , if one is available,over any that deselect

replacementsetsthatarecoveredby � .

Proof:

1. In thecasewhere thecurrentstate� of thealgorithmis uniformlyhigherthan � , anydecre-

mentationmustdeselecta replacementsetnot coveredby � , andtheproof is immediate.
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s > g

s < g
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Figure43: Partitioning of states. Thepartitioningof the setof statesinto four
distinctclasses:�

�

� , �

�

� , �

�

� and �

�

�

� (theshadedstates),for a regular
2D level of detail graph. Thedarkarrows show, for this example,the pathtaken
by the non-incrementalalgorithmin reachingits �nal solutionstate� . The light
labelson rowsof arcsnamethereplacementsetsselectedanddeselectedby all the
incrementationsanddecrementationsrepresentedby arcsin thatrow, andthelight
arrows to thepossibleincrementationsanddecrementationsmentionedin thetext.

2. In the caseswhere � is in class �

�

� or �

�

� , no decrementationsexist that deselect

replacementsetscoveredby � , sotheproof is immediate.

3. In thecasewhere � is eithernot comparableto � or strictly higherbut not uniformlyhigher

than � , theremustexistat leastonedecrementationfrom � thatdeselectsa replacementset�

not coveredby � . At leastonedecrementationfrom � mustdeselecta replacementset � that

is coveredby � (by de�nition of this class).There mustexist a state �

�

fromwhich thenon-

incrementalgreedyalgorithmchoseanincrementationselecting� overoneselectinganother

replacementset�

�

that is anancestorreplacementsetof � . Replacementset � musttherefore

havegreaterrelativevaluethan �

�

. Sincedescendantreplacementsetshavelower relative

valuethantheir ancestors,�
�

hasgreaterrelativevaluethan� , so � hasgreaterrelativevalue

than � . Therefore the incrementalalgorithm will choosethe decrementationdeselecting�

overthatdeselecting� .
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Togethertheselemmasshow that the incrementationsanddecrementationsperformedby the

incrementalalgorithmserve, wherever possible,to bring thealgorithm'scurrentstatecloserto the

�nal solutionstateof thenon-incrementalalgorithm.

7.2.3 Actions of the Algorithm

Table1 showstheactionsof theincrementalalgorithmin any iterationfor eachstateclass.Firstly,

recallthatthealgorithmalwaysincrementsexactlyoncein eachiteration(unlessit is alreadyat the

highestlevel of detail).Theincrementationschosenalwaysselecta replacementsetthatis covered

by � andnot by thecurrentstate,exceptin classes�

�

� and �

�

� wherethis is not possible.In

theseclassesit incrementsonceandthendecrementsuntil thetotal costis lessthanor equalto the

renderingcostlimit. Therepeateddecrementationsmustreach�

�

� , andthenstop.Thealgorithm

thenterminates,having selectedanddeselectedthesameimpostorin thesameiteration.

current no. of replacementset no. of replacementset new halt
class incr. selected decr. deselected class now?

�

�

� 1 notcoveredby � 1 notcoveredby � �

�

� yes
�

�

� 1 notcoveredby �

� 1 notcoveredby � �

�

� yes
�

�

� 1 coveredby � 0 none �

�

� , �

�

� no
�

�

�

� 1 coveredby �

�

0 notcoveredby � �

�

�

� , �

�

� , �

�

� no

Table1: Actions of the incremental level of detail algorithm. Tableshowing
theactionsof theincrementalalgorithmin any giveniteration.Columnsshow the
currentstateclass,the numberof incrementationsperformed,whetheror not the
replacementsetselectediscoveredby � , thenumberof decrementationsperformed,
whetheror not thereplacementset(s)deselectedarecoveredby � , theclassof the
resultingstate,andwhetherthealgorithmterminatesin this iteration.

In class �

�

� the incrementionselectsa replacementsetcoveredby � . Thestateafter incre-

mentationis either �

�

� or still �

�

� . Eitherway, thetotal costof thestatemustbe lessthanor

equalto thelimit sonodecrementationis performed.Theresultingstateis thereforeeither �

�

� or

still �

�

� .

In class �

�

�

� the incrementionalsoselectsa replacementsetcoveredby � . The stateafter

incrementationis either �

�

� or still �

�

�

� . If �

�

� thenthe renderingcostis greaterthanthe

limit andthealgorithmmustdecrementuntil it is not. If �

�

�

� thenit mayor maynot begreater

thanthe limit, andso may or may not decrement.Any decrementationsthat areperformedwill
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deselectreplacementsetsthatarenotcoveredby � . Thedecrementationhaltswhenthetotalcostis

lessthanor equalto thelimit. At thispoint theresultantstateis eitherstill �

�

�

� , �

�

� , or �

�

� .

Thestategraphof thealgorithm,whencollapsedinto stateclasses,is shown in Figure44. The

algorithmmovesfrom onestateclassto another, possiblysometimesstayingin thesameclassfrom

oneiterationto thenext. Howeversincethealgorithm'sstatealwaysapproaches� in everyiteration,

it cannotstayin thesameclassinde�nitely andmusteventuallymove to class�

�

� andterminate.

Its �nal solutionis thereforealways� , thenon-incrementalalgorithm'ssolution.

s = g

s > g

s < g

s = g HALT

Figure44: Summarizedstatediagram of the incrementalalgorithm. Thefour
stateclasses(representedby circles)correspondto the four possiblerelationships
thatthealgorithm'scurrentstate(or level of detail) � canhave to thesolutionstate
of thenon-incrementalalgorithm,� . In eachiterationof theincrementalalgorithm
it changesits currentstate,eithermoving from onestateclassto anotheror staying
in thesameclass.

In thisproofwehaveassumedthattheincrementalalgorithmterminatesby meansof its normal

terminatingcase: that it selects(by incrementation)anddeselects(by decrementation)the same

replacementsetin a singleiteration. This assumesthat theexceptionsin which therenderingcost

limit is either too low to selectany representationor high enoughto selectthe most expensive

representationhavebeeneliminatedby meansof simplechecksasdescribedin Section7.1.

We have alsoignoredthe casein which the algorithmsselectthe critical replacementsetso-

lution: the lowestcost feasiblesolutioncontainingthe critical replacementset. In this caseboth

algorithmsselectit (assumingthatthetestof thecritical replacementsetsolutionis not skippedin

theincrementalalgorithm)andtheirsolutionsarethesame.As wenotedin Section7.1,thecritical

replacementsetsolutionis unlikely to beusefulin practicesincethealgorithmis intendedfor level
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of detailoptimization.

7.2.4 Proof for Funkhouser-Séquin Algorithm

Note that the proof of equivalencepresentedin Section7.2 may be alteredtrivially to act as a

proof of equivalenceof theincrementalandnon-incrementalversionsof FunkhouserandSéquin's

algorithm(Sections2.5.4and2.6.1). This follows from the fact that the relationshipbetweenour

incrementaland non-incrementalalgorithmsis essentiallythe sameas the relationshipbetween

theirs.ThedifferencesarethattheFunkhouser-Séquinalgorithmis non-hierarchicalanddealswith

valueratherthanrelativevalue. The proof may thereforebe adaptedby replacingall references

to replacementsetswith referencesto replacementitemsandall referencesto relativevaluewith

referencesto value. In additiontheconceptsof descendantandancestorreplacementsets,aswell

asthecoveringof replacementsetsby levelsof detail,mustbeusedin theirsimplernon-hierarchical

form.

7.3 Advantagesand Limitations

Thecomplexity of theincrementalalgorithmis
���

� log ��� in theworstcase.Onepossibleimple-

mentationmight makeuseof two lists of replacementsets,orderedby increasinganddecreasing

relative value. Onelist containscandidatesfor selectionduring incrementationandtheothercan-

didatesfor deselectionduring decrementation.Then the tasksof �nding the currently selected

impostorwhosereplacementsethasgreatestrelative valueandthe currentlycompletelyselected

replacementsetwith lowestrelative valuearereducedin complexity to
���

�

� . In exchange,theor-

deredlistsmustbeupdatedafterevery incrementationanddecrementationby meansof thedeletion

of thereplacedimpostorsandthe insertion,in order, of thenewly selectedreplacementsets.This

canbeperformedoptimally with a complexity of
���

log ��� . Thenumberof decrementationsper-

formedper iterationis
���

�

� andthenumberof iterationsin theworstcaseis
���

��� . Thereforethe

theoreticalworst-casecomplexity of thealgorithmis
���

� log ��� where � is thenumberof object

impostors.

We have found in practicethat it may be dif�cult to �nd an implementationthat allows the

theoreticalcomplexity of
���

� log ��� . In particular, our experimentalimplementationpresented

in Chapter9 hasa worst-casetime complexity of
���

�

�

� . Thestated
���

log ��� complexity of the

updatesto the incrementationanddecrementationlists dependson the lists beingstoredin some

optimaldatastructuresuchasa tree. If a treeis usedhowever it will requireconstantrebalancing
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to prevent it degeneratinginto a list, sincereplacementsetsarealwaysremovedfrom thefront. In

our experimentalimplementation(describedin Chapter9) we madeuseof unsortedarraysrather

thanmorecomplex datastructures,therebyincurringthecostof searchingthearraysbeforeevery

incrementationanddecrementation,but avoiding the costsof updatingthe lists afterwards(by in-

sertingitemsin order).Moreover, thisallowsusto usearraysratherthanlists, leadingto increased

bene�ts dueto caching. In this sensethecomplexity argumentsareusefulasguidelinesonly and

whatmattersin practiceis theef�ciency of theimplementation.

In any caseonly a few iterationsaregenerallyperformedfor eachframe,due to the typical

coherencebetweentheapproximatesolutionsof successiveframes.Ratherthanbeginningwith the

lowestlevel of detailandrepeatedlyincrementingto reachthe�nal solutionasthenon-incremental

algorithmof Chapter6 does,this algorithmbeginswith the �nal solutionfrom thepreviousframe

(which is typically similar to the�nal solutionfor this frame)andbothincrementsanddecrements

to reachthe �nal solution. Theactualnumberof incrementationsanddecrementationsperformed

variesdependingon frame-to-framecoherence.In typical situationswhereframe-to-framecoher-

enceis high,thenumberof iterations(andthereforethepracticalcomplexity of thealgorithmitself)

approaches
���

�

� . Ourexperimentalresultsin Chapter9 suggestthatits averagecomplexity is close

to
���

��� .

Situationswherethe complexity approaches
���

� log ��� or
���

�

�

� includethe �rst frame, in

which the initial solutionis simply anarbitrarily chosenlevel of detail (typically the lowest),and

thosewherethe visual importanceof many objectschangesdramaticallyfrom one frameto the

next. In thesecasestheinitial and�nal solutionsmaybequitedissimilaranda signi�cant number

of incrementationsand/ordecrementationsmustbeperformed.In theworstcasetheef�ciency of

theincrementalalgorithmapproachesthatof thenon-incrementalone.Wereportonanexperimental

investigationof thealgorithm'sef�ciency in Chapter9.

Theincrementalalgorithmrepresentsahierarchicalgeneralizationof theoptimizationapproach

of FunkhouserandSéquin(plussomeadaptationsto ensurehalf-optimality)at little or no expense

in termsof time complexity. Thetime complexities of theoptimizationalgorithmsof Funkhouser

andSéquinandMacielandShirley, by comparison,are
���

� log ��� and
���

��� respectively
�

. Theal-

gorithmof MacielandShirley howeveris not incrementalandthereforerequiresacompletegreedy

selectionprocessstartingfrom thelowestlevel of detailfor every frame.

Our optimizationalgorithmhasseveral importantadvantagesover both the non-hierarchical

�

Maciel andShirley claim in [47] that thecomplexity of their algorithmmaybereducedto ��� log ��� , but we seeno
wayof doingthis– seeChapter2.
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algorithmof FunkhouserandSéquinandthehierarchicalalgorithmof MacielandShirley. Firstly, it

is hierarchicalandallowstheuseof hierarchicallevel of detaildescriptionsof arbitrarystructureand

typewith multiple sharedrepresentationsfor groupsof objects.This enablesthealgorithmto save

additionalrenderingcostby selectingsharedsimplerepresentations,or impostors,for groupsof less

importantobjectsandto guaranteea completescenerepresentationeven whenthe complexity of

thevisiblesceneis veryhigh. Thisaffordsbetterrenderingsof moreimportantobjectsandprevents

theappearanceof “holes” asobjectsareomittedcompletelyin orderto limit renderingcost.In this

waythealgorithmis animprovementover thatof FunkhouserandSéquin[24] andis similar to that

of MacielandShirley [47].

Secondly, thealgorithmprovidesa solutionthat is guaranteedto beat leasthalf asgoodasthe

optimalsolutionfor a restrictedsubproblemof thehierarchicallevel of detailoptimizationproblem

in whichhigherlevelsof detailaremoreexpensiveandprovidediminishingreturns.In thiswayit is

animprovementover thealgorithmsof bothFunkhouserandSéquinandMacielandShirley, whose

algorithmsprovide no suchguarantee(SeeSections2.6.1and4.3). Furthermore,aswe showed

for ourgreedyalgorithmsfor theMCKP in Section3.7andtheHierarchicalMCKP in Section6.5,

thealgorithm'ssolutionis typically muchbetterthanhalf-optimalaslong asthegranularityof the

impostorsis relatively small (that is, as long asthereareno impostorswhoseindividual bene�ts

contributeasigni�cant proportionof thetotal bene�t of theoptimalsolution).

Theincrementalhierarchicalalgorithmis predictive(SeeSection2.2)in thatit actively attempts

to regulatetherenderingcomplexity of thescenerepresentationsselectedin eachframe. Thepre-

dictedrenderingtime of its solutionis alwayslessthanor equalto theavailableframetime. It, like

the algorithmof FunkhouserandSéquin, is thereforebetterableto guaranteeinteractivity in the

form of constantrenderingtimesthanarethenon-predictivealgorithmsof for exampleShadeet al

[75] andChamberlainetal [14].

Themostsigni�cant limitationof thealgorithmresultsfromtheassumptionthatthereplacement

setsof impostorsalwayshave greaterrenderingcost and pro�t than thoseimpostorsand lower

relativevaluethanthereplacementsets(if any) containingthoseimpostorsonwhichtheequivalence

to thenon-incrementalalgorithmis based.If this requirementis not met thenthe incrementaland

non-incrementalalgorithmsareno longerequivalentandnoguaranteescanbeplacedonthequality

of thesolution.

Thisdiminishingreturnsassumptionis identicalto thehierarchical convexity assumptionde�n-

ing the subproblemof the HierarchicalMCKP for which the solutionof the greedyalgorithmof

Chapter6 isat leasthalf-optimal.In Section6.5wearguedthatthisrequirementwasnotexcessively
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restrictive. Similar argumentsapplyhere.Thediminishingreturnsrestrictionagreeswell with the

commonconceptionof higherlevels of detail asmore expensiveandlessef�cient representations

to beusedonly whenthey canbeafforded. Moreover, we believe diminishingreturnsto becom-

monplacein rendering;gainsin perceptualbene�t dueto morecomplex renderingsseldommatch

their accompanying increasesin renderingcost. We expect,for example,thatsuccessive increases

in thepolygon-countof anobjectmodelwill tendto resultin progressively smallerimprovements

in theperceptionof themodeledobject.For thesereasons,we believe thatthediminishingreturns

requirementdoesnotsigni�cantly impair thealgorithm'susefulness.

At any rate,therequirementsareultimatelyrestrictionsonthebene�t andcostheuristics, rather

thanon the actualperceptualbene�t andrenderingcostof object representations.For example,

�uctuationsin thepredictedperceptualbene�t andrenderingcostof impostorsdueto viewing ori-

entationmustbe carefully controlled. Impostorsmost likely to causeproblemsarethosewhose

perceptualbene�t or renderingcostarestronglydependentontheanglefrom whichthey areviewed

– for example,singlelarge texturedpolygons. In particular, problemsarelikely to arisein cases

wheredifferentimpostorsof thesameobjectareaffecteddifferentlyby changesin viewing direc-

tion: in thesecasestheorderingof theimpostorsmaychangeasviewing directionchanges.In the

worstcase,orientationdependenteffectscansimplybeignoredby makingbene�t andcostheuris-

tics independentof viewing directionat theexpenseof somereductionin accuracy. Caremustbe

takento ensurethattherequirementsaresatis�edin all conceivablerenderingsituations.

Notably the algorithm of Funkhouserand Séquin (Chapter2) also has a similar (but non-

hierarchical)limitation. Theirincrementallevel of detailalgorithmis onlyequivalentto theirMCKP

greedyalgorithmif higherlevelsof detailof objectsalwayshave higherpro�t andcostandlower

value. Themannerin which their decreasingvalueassumptionallows their incrementalalgorithm

to beequivalentto theirnon-incrementalalgorithmcorrespondsdirectly to themannerin whichour

decreasingrelative valueassumptionallowsour incrementalandnon-incrementalalgorithmsto be

equivalent.

7.4 Summary

In thischapterwehavepresentedanincrementalhierarchicallevel of detailoptimizationalgorithm.

This algorithmis basedon theequivalenceof thehierarchicallevel of detailoptimizationproblem

to a hierarchicalversionof theMultiple ChoiceKnapsackProblem,notedin Chapter4, andis an

incrementalversionof the greedyalgorithmfor that HierarchicalMCKP presentedin Chapter6.
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Theadvantageof thisalgorithmoverthesimplegreedyalgorithmis thatit acceptsasinputaninitial

“best-guess”solutionthatis theapproximatesolutionfoundfor thepreviousframeandsois ableto

exploit thetypically largecoherencebetweensuccessive framesin level of detailoptimization.

We have also shown that the incrementalhierarchicalalgorithm is equivalent to the greedy

algorithmandprovidesan approximatesolutionthat is guaranteedto be at leasthalf-optimalfor

a restrictedsubproblemof the hierarchicallevel of detail optimizationproblem. The assumption

de�ning thesubproblemis thatreplacementsetsof impostorsshouldalwayshavegreatertotalpro�t

andcostthantheimpostorsthey replace,andlower relativevaluethanthereplacementsets(if any)

containingthoseimpostors.Theimplicationsof this in termsof level of detail is thathigherlevels

of detailof objectsmustalwaysprovidediminishingreturns.

We usedlevel of detailgraphs(introducedin Chapter5) to prove theequivalenceof theincre-

mentalandnon-incrementalversionsof thealgorithm. Centralto this proof is therealizationthat

level of detailoptimizationmayberegardedasa searchproblemona level of detailgraph.

Thenext chapterpresentsthe �ndings of anexperimentdesignedto demonstratethe practical

usefulnessof hierarchicallevel of detailoptimization.



Chapter 8

PerceptualExperiment

This chapterdescribesa perceptualexperimentthatwasconductedin orderto comparetheuseof

hierarchicallevel of detailoptimizationto traditionalnon-hierarchicallevel of detailoptimization.

In particular, we wish to determinetheeffectsof theuseof hierarchicallevel of detaildescriptions

with sharedrepresentationsfor groupsof objectsthatourhierarchicalalgorithmallows.

In order to comparethe use of hierarchicallevel of detail descriptionsto the use of non-

hierarchicalones,we neededa predictive non-hierarchicallevel of detail optimizationalgorithm.

We selectedthe incrementalalgorithmof FunkhouserandSéquin [24] (describedin Chapter2),

sinceit is the bestpredictive non-hierarchicalalgorithmthat we are aware of, and becauseour

hierarchicalalgorithmis closelyrelatedto it. This experimentservesasa demonstrationof theef-

fectivenessof extendingpredictive level of detailoptimizationto makeuseof hierarchicallevel of

detail descriptions,andis thereforealsoin a senseanevaluationof the generalapproachusedby

MacielandShirley [47].

For thepurposesof thisexperimentweintroducetheuseof perceptualevaluationfor thepracti-

cal investigationof graphicsalgorithms.In keepingwith theuser-centricapproachof level of detail,

perceptualevaluationinvolvesthesubjective controlledevaluationof renderedimagesby a group

of volunteernon-expertusers.We derive muchof our inspirationandmethodologyin this regard

from themoreestablishedpracticeof theperceptualevaluationof television pictures,asdescribed

in [12].

We begin thechapterin Section8.1 by discussingtheexperimentalhypothesisthat theexperi-

mentis designedto test.In Section8.2wedescribetheexperimentalmethodologyused.In Section

8.3 we presentanddiscusstheresultsof theexperiment.We closethechapterin Section8.4 with

someconcludingremarks.
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8.1 Aims

As wasdiscussedin Chapter7, theprincipleadvantageof theuseof impostorsfor groupobjectsis

that the level of detail optimizationalgorithmis ableto selectthesegroupimpostorsin situations

wheretherenderingcostincurredby renderingeventhecheapestrepresentationsof the individual

groupcomponentswould bebetterinvestedin theimprovedrenderingof otherobjects.Dueto the

inherentcomplexity of multiple disjoint representations,it is generallypossibleto provide shared

representationsthataresimplerandthereforecheaperto renderthaneven thesimplestreasonable

representationsof theindividualobjects.Thisallowstheoptimizationalgorithmto bettercopewith

arbitrarycomplexity of thevisiblesceneby selecting,whereappropriate,progressively lessdetailed

impostorsfor progressively largergroupsof objects.In particular, it enablesthealgorithmto ful�ll

the maximumrenderingcost requirementin situationswherethe maximumpermittedrendering

costis lower thanthenominalcostof thescene,withoutcreating“holes” in therenderedimagesby

omittingsceneobjectsentirelythroughtheselectionof null impostors(impostorswith nodrawable

representation).

We de�ne thenominalcostof a scenein a particularsituationto betheminimumcostof ren-

deringthescenein thatsituationwithout theuseof null or groupimpostors.That is, thetotal cost

of thelowestnon-nullimpostorsof thevisible leafobjects.

Wehypothesizethattheuseof hierarchicallevel of detaildescriptionswith sharedgroupobject

representationsis capableof improving theeffectivenessof predictive level of detailoptimization:

thattheperceptualbene�t of renderingmaybeimprovedfor noincreasein renderingcost.Weclaim

that theprovision of sharedgroupobjectrepresentationsandthe ability to selectthemin level of

detailoptimizationallowstheselectionof acompletescenerepresentationfor everyframe,avoiding

theappearanceof holes.Furthermoreweclaimthathierarchicallevel of detaildescriptionsallow for

thesaving of renderingcostthatmaybeusedto improve therenderingof moreimportantobjects.

8.2 Methodology

In this sectionwe describein detail themethodologyemployedin the evaluation. We discussthe

theevaluationschemeused,thecontentandselectionof theimagesequencesused,theselectionof

assessors,the experimentalconditions,the evaluationscheme,the experimentprocedure,andthe

detailsof theoptimizationalgorithmscompared.
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8.2.1 Approach

Theapproachtakenfor theexperimentalevaluationwasoneof perceptualevaluation,whichis more

commonlyusedin theevaluationof theperceptualimagequalityof televisionequipment[81] [31]

[66] [12]. Thegeneralapproachof performinguserstudieshasalsobeenusedrecentlyby Smets

andOverbeeke[79], Watsonetal [84] [85] andReddy[63] [62].

Perceptualevaluation involves the subjective perceptualevaluationof a seriesof imagese-

quencesby a groupof typicalhumanassessors.We selectedthestimuluscomparisonmethod[12],

in which imagesequencesproducedusingtwo competingmethodsarecomparedin pairsandan

index of therelationshipbetweenthetwo sequencesof eachpair is providedby eachassessor. This

methodgivesriseto a distributionof voting indicesacrossthegradingscaleused,for eachassess-

mentpair. Theaverageandstandarddeviationof eachdistributionis thentakenasanindicationof

therelationshipbetweeneachpairof sequences,asperceivedby a typical viewer.

The level of detail optimizationalgorithmsusedto producethe imagesequencesto be com-

paredwere(anearlyversionof) theincrementalhierarchicallevel of detailoptimizationalgorithm

of Chapter7 (for hierarchicaloptimization)and the non-hierarchicallevel of detail optimization

algorithmof FunkhouserandSéquin(for non-hierarchicaloptimization).Thebehaviour of thehier-

archicalandnon-hierarchicalalgorithmsbecomesmoreastherenderingcostlimit (themaximum

permittedrenderingcostof eachframe)increases.Converselyastherenderingcostlimit decreases

the hierarchicalalgorithmis morelikely to selectsimplesharedrepresentationsfor groupobjects

in orderto satisfyit, so that thehierarchicalandnon-hierarchicalresultsbecomelesssimilar. We

thereforeconcentratedonvery low renderingcostlimits.

8.2.2 ImageContent

Our testsceneconsistsof a groupof geodesicdomes,whereeachdomeis constructedfrom a set

of cylinders. Figure45 shows two imagesof thescene.Cylinderswerejudgedto besuitableleaf

objectsdueto the easewith which multiple impostorrepresentationsof themat varying levelsof

detailcanbecreated.Domeswereselectedasgroupobjectsdueto theavailability of suitablegroup

impostorsin theform of low-resolutionspheres.

Theentiresceneconsistsof 16 animatedgeodesicdomes,arrangedpseudo-randomlyin thex

andy directionssoasto partially �ll the�eld of view. Their z (distance)coordinatesarecalculated

in eachframeaccordingto a sine-basedfunctionof the elapsedtime (numberof frames),so that

eachdomemovesperiodicallytowardsandawayfrom theviewer. Thephaseof thefunctionfor each
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Figure45: Sceneusedin the perceptual experiment. The sceneconsistsof 16 geodesicdome
groupobjects,eachconstructedfrom 48 cylindrical parts.Thedomesarerepresentedimplicitly in
theimageon theleft by theexplicit cylinder representationsof theircylinder parts.In theimageon
theright, they arerepresentedexplicitly by theirassociatedsphericalimpostorrepresentations.

domeis chosenpseudo-randomly, sothatthedomesareoutof step.Thisallowsa widedistribution

of distancesfrom the viewer, while ensuringthat eachdomeobject is at timesrelatively closeby

andatothertimesrelatively far off. Thelevel of detailalgorithmsarethereforeforcedto continually

anddynamicallyupdatethelevelsof detailof all objects.

Eachgeodesicdomeusedin theexperimentconsistsof 48 cylinders.Theuseof impostorsfor

groupobjectsin the hierarchicalcaseis facilitatedby this hierarchicalstructureof larger objects

composedof many smallerparts.

While this contentdoesnot representworstcasecontentfor the effectsunderinvestigation,it

doesserve to testtheeffectsundercircumstanceswhenthey arelikely to besigni�cant. Theuseful-

nessof impostorsfor generalgroupobjectscannot beextrapolatedentirelyfrom this experiment,

sinceit will dependin generalontheavailability of groupimpostorswith similarperceptionsto that

of theimplicit representationsof thosegroups.We expecthowever that typicalsceneswill contain

many casesin which impostorsfor groupobjectsmaybeemployedasusefullyasthey arehere.
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8.2.3 Stimuli

In thissectionwe describein detailthestimulusmaterialselectedfor usein theexperiment.

RenderingCostLimits

Table2 showstherangeof renderingcostlimits usedin theexperiment.

Renderingcostlimit Description

1920 Half of thenominalcost
3840 Equalto thenominalcost
7680 Twice thenominalcost
15360 Equalto thesuf�cient cost

Table2: Rendering cost limits. The rangeof renderingcost limits usedin the
experiment.

Thenominalcost(Section8.1)of renderingall objectsat their lowestnon-null levelsof detail

without the useof impostorsfor groupobjectsis equalto the sumof the renderingcostsof the

lowestdetail non-null impostorsof all the leaf objects. In this case,therefore,it is equalto the

numberof domes(16) multiplied by thenumberof cylinder objectsperdome(48), multiplied by

the Costof the lowestdetail non-null level of detail of eachcylinder object. Sincethe rendering

costof eachobjectrepresentationin this implementationis assumedto be view-independent,the

costof the lowestdetail cylinder impostorLoD � is alwaysequalto 5. In addition,all objectsare

alwayswithin theviewport andwe makeno attemptto takeinto accountthe effectson rendering

costof occlusionof oneobjectby another. Therefore,thenominalcostof thesceneis alwaysequal

to 3840.

Oneaim of the experimentis to comparethe behaviour of the two algorithmsundercritical

conditions,wherethereis insuf�cient renderingtime availableto renderall objectsat their lowest

level of detail. That is, whenthe renderingcost limit is lessthanthe nominalcost. In practice,

wheneithergroupor null impostorsareavailable,thehierarchicalandnon-hierarchicalalgorithms

respectively will chooseto selecttheseimpostorseven for somesituationswherethe rendering

cost limit is closeto but greaterthan the nominal cost. This occursbecausethe useof null or

groupimpostorsfor lessimportantobjectsrepresentsa saving of renderingcostthatmaybebetter

utilized in theimprovedrenderingof moreimportantobjects,aswith any otherlow levelsof detail.

By providing groupor null impostorsat all, we invite their selectioneven when not absolutely
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necessary.

For this reason,we selecteda rangeof renderingcost limits encompassinga �gure equalto

the nominalcost,onewith a �gure equalto half of the nominalcost,andonewith a �gure twice

thatof thenominalcost. In addition,a singleimagesequencewascreatedat a renderingcostlimit

equalto therenderingcostof thehighestdetail representationof thescene,for useasa reference.

This full-detail sequencewasrenderedwith the non-hierarchicalalgorithm,but could have been

renderedwith eitheralgorithm,sincethey behave identicallywhentherenderingcostlimit is equal

to themaximumrenderingcost.

ImageSequences

Renderingcost limits wereselectedasdescribedin Section8.2.3. Table 3 shows the imagese-

quencescreated,andtheparametersof each.

Sequence Algorithm Renderingcostlimit

1 hierarchical 7680
2 non-hierarchical 7680
3 hierarchical 3840
4 non-hierarchical 3840
5 hierarchical 1920
6 non-hierarchical 1920
7 non-hierarchical 15360

Table3: Parameters. Parametersof theimagesequencesselectedfor theexperi-
ment.

Figures46, 48, 49 and47 show the �rst framefrom eachof theseven imagesequenceslisted

in Table3. Noticetheuseof impostorsfor groupobjectsin theimagesequencesrenderedwith the

hierarchicalalgorithm,andof null impostorsin thoserenderedwith thenon-hierarchicalalgorithm.

ImageSequencePairs

In theselectionof imagesequencepairsfor comparison,weselectedasubsetof all possiblepairs,in

accordancewith our intentionof comparingtheperceptionof imagesequencesrenderedwith both

algorithmsat the samerenderingcostlimit. A limited subsetwaschosendueto time constraints.

Table4 showstheimagesequencepairscreatedfrom theimagesequencesin Table3.
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Figure46: First frame of imagesequence7. The�rst frameof imagesequence7,
renderedwith thenon-hierarchicalalgorithmandwith a renderingcostlimit equal
to thesuf�cient costof thescene,15360.Thisrepresentstherenderingof theentire
sceneatmaximumlevel of detail.

Figure 47: First frames of image sequences1 and 2. The �rst framesof imagesequences1
(left) and 2 (right), renderedwith the hierarchicaland non-hierarchicaloptimizationalgorithms
respectively. Therenderingcostlimit is 7680,twicethenominalcostof thescene.Noticetheuseof
groupandnull impostorsin thehierarchicalandnon-hierarchicalcasesrespectively. Null impostors
arevisibleasmissingobjects.
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Figure 48: First frames of image sequences3 and 4. The �rst framesof imagesequences3
(left) and 4 (right), renderedwith the hierarchicaland non-hierarchicaloptimizationalgorithms
respectively, andwith a renderingcost limit of 3840. This representsthe behaviour of the two
algorithmsata renderingcostlimit equalto thenominalcostof thescene.

Figure49: First frames of imagesequences5 and 6. The�rst framesof imagesequences5 (left)
and6 (right), renderedwith thehierarchicalandnon-hierarchicalalgorithmsrespectively, andwith
arenderingcostlimit of 1920,half thenominalcost.Theextensiveuseof groupandnull impostors
in thehierarchicalandnon-hierarchicalcasesrespectively is apparent.
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Sequencepair First sequence Secondsequence

1 7 5
2 4 3
3 6 7
4 1 2

Table4: Imagesequencepairs. Thepairsof imagesequencesusedin theexperi-
ment.

Sequencepair 2 comparesthe perceptionsof imagesequences3 and4, which wererendered

with differentalgorithmsatarenderingcostlimit of 3840.Sequencepair4comparestheperceptions

of imagesequences1 and2, which were renderedwith differentalgorithmsat a renderingcost

limit of 7680. Sequencepairs1 and3 comparethe perceptionsof imagesequences5 and6 to

theperceptionof imagesequence7, respectively. Takentogether, they comparetheperceptionsof

imagesequences5 and6, whichwererenderedwith differentalgorithmsatarenderingcostlimit of

1920.Recallthatimagesequence7 wasrenderedat maximumlevel of detailfor all objects,andis

usedhereasa referencesequence.

8.2.4 Subjects

Fifteenassessorsparticipatedin theexperiment,noneof whomwereknowledgablein the �eld of

level of detail optimization,althoughsomewereknowledgablein computergraphicsin general.

They werescreenedfor normalcorrectedvisual acuity, and the resultsindicatedthat all hadac-

ceptablevisualacuity. Somehadlimited previousexperienceasassessors,astheexperimentwas

conductedin conjunctionwith thatof anotherresearcher, usinganalmostidenticalgroupof asses-

sors.

8.2.5 Experimental Conditions

Theimagesequenceswererecordedframeby frameontoHi8 videotapeandpresentedona single

monitorin theform of alargetelevisionscreen.Theassessorswereseatedindividuallyatadistance

six timestheheightof thescreen.Thebackgroundillumination in theviewing roomwasprovided

by adjustableoverheadlights,andwassetto low.
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8.2.6 Evaluation

A categoricaljudgmentgradingscalewasused.With this form of gradingscale,assessorsareasked

to assigntherelationbetweeneachpairof stimuli to oneof asetof semanticallyde�nedcategories.

Thecategoricalscaleusedwasthatrecommendedby theCCIR[12], shown in Table5.

Index Description

-3 muchworse
-2 worse
-1 slightly worse
0 thesame

+1 slightly better
+2 better
+3 muchbetter

Table5: Categorical grading scale. The categorical gradingscaleusedin the
experiment.

Thesemanticdescriptionof eachcategory refersto therelationshipof thesecondsequenceto

the�rst. Thisgradingscaleyieldsa distributionof judgmentindicesacrossthescalecategoriesfor

eachpairof imagesequences.

8.2.7 Procedure

In thissectionwe describetheexperimentalprocedureemployedin this experiment.

Presentations

Theimagesequencesconstitutingthestimulusmaterialweregroupedinto pairsasdescribedin Sec-

tion 8.2.3.Onesessionwasheldfor eachassessor, duringwhichheor sheviewedandvotedtwice

on eachpair. Eachsessionlastedbetweentwentyandthirty minutes,includingall introductionsof

theassessorsto theassessmentmethod.

Therewereeightassessmenttrials persession,plustwo testtrials in which theassessorswere

ableto practicethe assessmentmethod. Eachassessmenttrial constitutedthe comparisonof two

imagesequences.Thestructureof a trial is shown in Figure50.
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Figure50: Structure of an assessmenttrial. Eachtrial consistedof two pre-
sentations.During eachpresentationstimulusA wasshown for 10 seconds,then
stimulusB, separatedby a 3 secondmid-grey adaption�eld andfollowedby a 10
secondmid-grey post-adaption�eld.

Eachtrial consistedof two presentations. During eachpresentationstimulus�elds A andB

wereeachshown for 10 seconds.A mid-grey adaption�eld wasshown for 3 secondsbetweenthe

two stimulus�elds anda mid-grey post-adaption�eld for 10 secondsafterwards.During the 10

secondpost-adaption�eld the numberof the trial wassuperimposedin black. Voting on the trial

wasonly allowedduring the �nal post-adaption�eld of the trial. Only onedisplaymonitor was

used.

Thesecondfour assessmenttrials werea repeatof the �rst four, showing the sameimagese-

quencesagainin the sameorder. However during thesetrials the assessorswereallowedto view

eachtrial asmany timesas they felt necessaryto arrive at a �nal judgment. Thereforeduring a

sessionanassessorprovidedtwo setsof indicesof thesamefour assessmenttrials,with the�rst set

beingforcedjudgmentsafter only oneviewing, andthe secondbeingconsideredjudgmentsafter

repeatedviewing. Thefour uniqueassessmenttrialswereorderedpsuedo-randomly.

Intr oduction to Assessments

Theassessorswereintroducedto theassessmentmethodologybeforetheassessmenttrials of that

sessionbegan.Theseintroductionswereprovidedin written form for consistency, althoughverbal

questionswereanswered.Carewastakento avoid theintroductionof bias.

In particular, the assessorswere instructedas to the assessmentprocedure,the sequenceand

timing of presentations,theallowedvoting period,andthegradingscaleused.Thetypeandrange

of impairmentslikely to occurweredescribedin theintroductionanddemonstratedby meansof the
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testassessmenttrials.

Theassessorsweretold thatall of the imagesequencesrepresentedthesamesceneconsisting

of 16objects,but drawn differently. They wereexplicitly askedto comparetheirperceptionsof the

two imagesequencesin eachpresentation,andto expressthis relationto thebestof theirability in

termsof thesemanticgradingcategoriesprovided.

8.2.8 Level of Detail Optimization Algorithms

Two level of detail optimizationalgorithmswerecompared:an early versionof the incremental

hierarchicaloptimizationalgorithmdescribedin Chapter7 andthe non-hierarchicalalgorithmof

FunkhouserandSéquin. The hierarchicalalgorithmis distinguishedby its useof anhierarchical

scenedescriptionandits supportfor impostors,or shareddrawablerepresentations,for groupob-

jects.Herewe describein detailthecharacteristicsof theactualalgorithmimplementationsusedin

theexperiment.

Level of Detail Descriptions

Figure51 shows conceptuallythe hierarchicallevel of detail descriptionusedin the caseof the

hierarchicaloptimizationalgorithm. The scene(root) object is a groupobject consistingof the

groupobjectsrepresentingthe domes,which in turn consistof the leaf objectsrepresentingthe

cylinders.Theleaf objectsandthedomegroupobjectshave associatedexplicit impostorrepresen-

tations,whereasthescenegroupobjectdoesnot.

The level of detail descriptionusedin the caseof the non-hierarchicalalgorithmis shown in

Figure52 andcanbestbe thoughtof asa non-hierarchicalcollectionof distinct andindependent

objects,eachwith its own associatedimpostors.Theseobjectscorrespondexactly to theobjectsat

theleavesof thehierarchyin thehierarchicaldescriptionof thehierarchicaloptimizationalgorithm,

andrepresenttheindividualcylindersmakingup thegeodesicdomes.Thereis noconceptof group

objectsin thenon-hierarchicalalgorithm,or of explicit sharedlevelsof detailfor them.

Levelsof Detail

Six impostorsweresuppliedfor eachleaf object in the hierarchicalcaseand eachobject in the

non-hierarchicalcase.Sinceall of theseobjectsarecylinders,their impostorswerecreatedeasily

andnaturallyusingtheSoComplexity nodeprovidedby Inventor[52]. ThisnodeallowsanInventor
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Figure51: Hierarchical level of detail description. The level of detail descrip-
tion usedin the caseof the hierarchicaloptimizationalgorithm. The description
consistsof 768objectsrepresentingcylinders,whicharegroupedinto 16groupsof
48cylinderseachrepresentingdomes.The16domegroupobjectsarethengrouped
into a singlesceneobject. Eachcylinder objectis providedwith 6 impostors.In
additionthedomeobjectsareeachprovidedwith asingleimpostor.

applicationto specify the geometriccomplexity, or subdivision level, of all Inventorprimitives,

includingtheSoCylinder. Figure53showsthesix cylinder impostorsused.

Thelevelsof detailof thecylinderobjectsconsistof thesixcylinderimpostorsin thehierarchical

case,andthesix cylinder impostorsplusa singlenull impostorin thenon-hierarchicalcase.These

levelsof detailareshown in Table6 andTable7.

Null impostorsweresuppliedfor the cylinder objectsin the non-hierarchicalcase,sincewe

areinterestedin comparingtheeffectsof theavailability of impostorsto theeffectsof not having

impostors,andtheseeffectsaredifferentmainly whenthe availablerenderingtime is insuf�cient

(x768). . .

Figure 52: Non-hierarchical level of detail description. The level of detail
descriptionusedin the caseof the non-hierarchicaloptimizationalgorithm. The
descriptionconsistsof 768distinctobjectsrepresentingthecylindersof which the
sceneis composed.Eachcylinderobjectis providedwith 6 impostorsplusasingle
“null” impostor(shaded).No sharedimpostorsareprovidedfor groupsof objects.
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Figure53: Cylinder impostors. Thesix cylinder impostorsin orderof increasing
level of detail,correspondingto theInventorSoComplexity values0.00,0.12,0.20,
0.35,0.53and0.61.

Level of detail Description Complexity value

LoD � lowest 0.00
LoD � . 0.12
LoD � . 0.20
LoD � . 0.35
LoD

�

. 0.53
LoD

�

highest 0.61

Table6: Cylinder object levels of detail for the hierarchical case. Cylinder
objectlevelsof detailusedwith thehierarchicaloptimizationalgorithm,consisting
of the six cylinder impostors.Note that the impostorcorrespondingto complex-
ity value0.00is still a renderablegeometricobject,albeita very simpleone(See
Figure53).

to renderall objectsat even their lowestnon-null levels of detail. In suchsituations,the non-

hierarchicalalgorithmis only ableto meettherenderingcostlimit by selectingnull impostorsfor

someobjects.

Recallfrom Section8.1 thatpart of our hypothesisis that, becausesharedrepresentationsfor

groupsof objectsmaybesimplerthaneventhesimplestseparaterepresentationsfor thoseobjects,

the useof sharedrepresentationsallows the saving of additionalrenderingcostwithout resorting

to the useof null impostors. For this reasonwe chose,for our lowestdetail non-null impostors,

representationsthat wereaboutassimpleasthey could reasonablybemade.As shown in Figure

53,thelowestdetailimpostorsof thecylinder leafobjectsconsistof 3 sidedprisms.

In thehierarchicalcase,asingleimpostorwasprovidedfor eachgroupobjectcorrespondingto a

geodesicdomein thescene.Theseconstitutedthesingleexplicit levelsof detailof thedomeobjects.

Therepresentationfor thedomeimpostorwasimplementedasanSoSphereobjectin Inventor, with
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Level of detail Description Complexity value

LoD � null -
LoD � lowest 0.00
LoD � . 0.12
LoD � . 0.20
LoD � . 0.35
LoD

�

. 0.53
LoD

�

highest 0.61

Table7: Cylinder object levelsof detail for the non-hierarchical case. Cylinder
object levels of detail usedwith the non-hierarchicalalgorithm,consistingof the
six cylinder impostorsandasinglenull impostor.

an SoComplexity valueof 0.12. This representationwaschosenbecauseof the similarity of its

appearanceto thatof thedomeobjectswhenrepresentedimplicitly by theexplicit representations

of their cylinder objectchildren.

Heuristics

Thebene�t andcostheuristicsprovided for all objectswereintentionallysimplistic,andwerein-

tendedto functionassuitabletestcasesratherthanasaccuratepredictionsof thetruecontribution

to sceneperceptionandrenderingcostof thoseobjects.

Thebene�t heuristic,predictingthecontributionto sceneperceptionof agivenobjectrepresen-

tationin boththehierarchicalandnon-hierarchicalcases,wasde�ned asfollows:

Bene�t
� �

�

�

� � Accuracy
� �

�

�

��� ObjectSize
� �

��� ScreenSize
� �

� (48)

where:

� Accuracy
� �

�

�

� is de�ned aspredictingthe“renderingaccuracy” of the level of detail
�

of

object
�

, andis givenby:

Accuracy
� �

�

�

� �

�

�

�

�

�

�

� � � (49)

for a cylinderobjectatLoD � ,
� �

� � .

This modelof representationaccuracy wasproposedby FunkhouserandSéquin [24], and

providesincreasingaccuracy for morecomplex renderings,but to a diminishingextent.
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Thecoef�cient of 1.2wasselectedbasedona best�t againstempiricalestimatesof theper-

ceivedaccuracy of eachrepresentation.Theconstant0.5waschosento satisfytheconvexity

assumptionsof thealgorithms(of descendingrelativevalueanddescendingvaluerespectively

— seeSections2.6.1and7.3).

Accuracy
� �

�

�

� � �

�

�

�

(50)

for a cylinderobjectatnull level of detailLoD � .

Theaccuracy of thenull cylinder representationwassetto anarbitraryvalueof 0.01which

is justhighenoughto ensurethattheconvexity assumptionis satis�edevenfor null levelsof

detail. In particular, we requirethat thevalueof any objectat LoD � shouldbegreaterthan

thevalueof thatobjectat LoD � .

Accuracy
� �

�

�

� � �

�

�
�

(51)

for a domeobjectat explicit LoD � , thedomeimpostor.

Theaccuracy of thenon-leafobjectimpostorwassimilarly setto anarbitrary�gure of 0.21,

which is just high enoughto ensurethat the convexity assumptionholdsfor all descendant

objectsthat are representedby that impostor. In particular, we requirethat the valueof a

non-leafobjectat any of its explicit levelsof detailshouldbehigherthanthevalueof any of

its descendantobjectsat theirexplicit levelsof detailLoD � .

� ObjectSize
� �

� predictsthe averageprojectedareaof an object
�

in object space,and is

approximatedby:

ObjectSize�

length � diameter
�

(52)

for a cylinderobjectatany level of detail,and

ObjectSize��� � radius
�

(53)

for a domeobjectat explicit LoD � .

Thesizeof anobject,meaningtheobjectspaceprojectedareaof thatobjectfrom theviewing

direction,wasapproximatedby a simpleviewing directionindependentscheme.Sinceall
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leafobjectswerecylinders,theiraverageprojectedareain objectspacewasapproximatedby

half of theproductof their lengthanddiameter. Thesizeof groupobjects,whoseimpostors

werelow-resolutionspheres,wasapproximatedby their cross-sectionalarea.

� ScreenSize
� �

� is inverselyproportionalto thesquareof the euclideandistanceof object
�

from thecamera,andis givenby:

ScreenSize�

�


 distance
�

(54)

TheScreenSizeof anobjectis an indicationof the inverseof the degreeto which apparent

objectareais diminishedby physicaldistance.It is thereforeapproximatedby theinverseof

thesquareof thedistanceof theobjectfrom thecamera.Euclideandistancewasusedfor con-

venienceof implementationin Inventor, althoughperpendiculardistancefrom theviewplane

wouldbemoreaccurate[10].

The costheuristic,predictingthe renderingcostof a given object representationin both the

hierarchicalandnon-hierarchicalcases,wasde�ned asfollows:

Cost
� �

�

�

� � Samples
� �

�

�

� (55)

where:

� Samples(O,L)is de�ned asapproximatingthenumberof “samples”(polygons,in this case)

of thelevel of detail
�

of object
�

, andis givenby:

Samples
� �

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� for
�

� LoD �

�

for
�

� LoD �

�

� for
�

� LoD �

�

� for
�

� LoD �

�

� for
�

� LoD
�

� �

for
�

� LoD
�

(56)

for a cylinderobject
�

atLoD � ,
���

� � .

Thesevaluesareapproximationsof thenumberof polygonsusedby Inventorfor the corre-

spondingimpostorrepresentations.
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Samples
� �

�

�

� � �

�

� � �

�

(57)

for a cylinderobject
�

atnull level of detailLoD � .

The�gure 0.0001waschosento provideanegligible but non-zerocostfor eachnull LoD, so

asto avoid unde�nedvaluecalculations.

Samples
� �

�

�

� � �

�

(58)

for a domeobject
�

atexplicit level of detailLoD � , thedomeimpostor.

This �gure representsthe numberof polygonsin the domeimpostor, namelythe Inventor

SoSphereprimitiveat anSoComplexity valueof 0.12.

This formulationof thecostheuristicis basedlooselyon thatof FunkhouserandSéquingiven

in [24]. A morecompleteimplementationof theircostheuristicmighthavetakeninto accountother

factorssuchasthedependency of therenderingcostof anobjectrepresentationon thedistanceof

thatobjectfrom theviewer.

8.3 Resultsand Discussion

Figure8 shows the resultsof the initial choicevoting over the four assessmenttrials, while Fig-

ure 9 shows the resultsof the consideredchoicevoting. Recall from Section8.2.2 that trial T1

comparedthe full detail sequencewith the hierarchicallow cost (1920)sequence,trial T2 com-

paredthe non-hierarchicalandhierarchicalsequencesfor mediumcost(3840),trial T3 compared

thenon-hierarchicallow cost(1920)sequencewith the full detail sequence,andT4 comparedthe

hierarchicalandnon-hierarchicalhighcost(7680)sequences.

Theresultsof theexperimentappearto besigni�cant. The95%con�denceintervalsof all but

the last trial excludezeroandthereforeindicatea signi�cantly positive or negative averagevalue,

in boththeinitial choiceandconsideredchoicesections.

Theresultsin theinitial choiceandconsideredchoicesectionsdo not differ very signi�cantly.

In particular, they do not changesign. This suggeststhat the initial choicevotesare reliableas

indicatorsof theresultsof theexperiment.

Thesecondassessmenttrial comparedtheperceptionsof theimagesequencesrenderedwith the

non-hierarchicalandhierarchicalalgorithmsfor a renderingcostlimit equalto thenominalcostof
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Trial �

�

� VAR[ � ] 95% interval
T1 -1.067 1.387 0.128 [-1.783,-0.351]
T2 0.867 1.356 0.123 [0.167,1.567]
T3 1.800 1.656 0.183 [0.945,2.655]
T4 0.067 1.385 0.128 [-0.622,0.757]

Table 8: Voting indices for initial choiceevaluation. Shown is the average
indicatorvaluefor eachtrial, aswell asthestandarddeviation, varianceand95%
con�denceinterval of theaveragevalue.

Trial �

�

� VAR[ � ] 95% interval
T1 -1.133 1.642 0.180 [-1.988,-0.279]
T2 1.133 1.126 0.085 [0.552,1.715]
T3 1.600 1.882 0.236 [0.628,2.572]
T4 -0.067 1.438 0.138 [-0.809,0.676]

Table9: Voting indicesfor consideredchoiceevaluation. Shown is theaverage
indicatorvaluefor eachtrial, aswell asthestandarddeviation, varianceand95%
con�denceinterval of theaveragevalue.

thescene.Theresultsof thistrial suggestthat,onaverage,theassessorsconsideredtheperceptionof

theimagesequencerenderedwith thehierarchicalalgorithmto beslightly betterthanthatrendered

with thenon-hierarchicalalgorithm.

Thefourthassessmenttrial comparedtheperceptionsof theimagesequencesrenderedwith the

hierarchicalandnon-hierarchicalalgorithmsfor renderingcost limits equalto twice the nominal

costof thescene.Theresultsof this trial suggestthat theassessorsfoundno signi�cant difference

betweenthetwo imagesequences,onaverage.

The�rst andthird assessmenttrialscomparetheperceptionsof imagesequencesrenderedwith

thehierarchicalandnon-hierarchicalalgorithmsrespectively at a renderingcostlimit equalto half

thenominalcostof thesceneto the imagesequencerenderedat maximumdetail. Takentogether,

they compareimagesequences5 and6. The resultsof thesetrials suggestthat the assessorson

averageconsideredthe impairmentof perceptiondueto the hierarchicalalgorithmto be lessthan

thatdueto thenon-hierarchicalalgorithm,ata renderingcostlimit equalto half thenominalcostof

thescene.

Taking theseresultstogether, we deducethat the assessorson averageratedthe perceptionof
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theimagesequencesrenderedwith thehierarchicaloptimizationalgorithmto bebetterthanthatof

thoserenderedwith thenon-hierarchicalalgorithm,in thecaseswheretherenderingcostlimit was

equalto thenominalcostandhalf thenominalcost,but wereunableonaverageto �nd asigni�cant

differencein thecasewherethelimit wasequalto twicethenominalcost.Thissuggeststhattheuse

of the hierarchicalalgorithmimprovesthe perceptionof imagesequencessuchasthesewhenthe

availablerenderingtime is very low, but haslittle effect whenit is not. This is aswe wouldexpect,

sincethe hierarchicalalgorithmdiffers in the useof group impostorsinsteadof null impostors.

Theseareonly usedat low renderingcostlimits or, equivalently, whenthevisiblescenecomplexity

is high.

Furthermore,we canassumethatno differencewould bevisible for higherrenderingcostlim-

its, sincethe hierarchicalandnon-hierarchicalalgorithmsbehave moresimilarly, ratherthanless

similarly, for higherrenderingcostlimits (or equivalently, for lowervisiblescenecomplexity).

Wespeculatethatthereasonfor theassessors'preferenceof theimagesequencesrenderedwith

thehierarchicalalgorithm,for renderingcostlimits lessthanandequalto thenominalcost,wasthe

impressionof objectsappearinganddisappearingcausedby theuseof null impostorsin theimage

sequencesrenderedwith thenon-hierarchicalalgorithm. This createsthe impressionof �ickering

“holes” in the scenerepresentation.Although thereis somevisible degradationof the imagese-

quencesrenderedwith thehierarchicalalgorithmdueto theswitchingbetweendomeandcylinder

representations,this effect is, in our opinion, lessdisturbingthanthe completedisappearanceof

thoseobjectsthatoccursin thenon-hierarchicalcase.

It is unclearto what extent the increasein detail levels in importantobjectsafforded by the

selectionof simplesharedrepresentationsfor unimportantgroupobjectsby thehierarchicalalgo-

rithm in�uencedtheresults.For onething, thecompleteomissionof objectrepresentationsin the

non-hierarchicalcaseaffordsevengreatersavings,at theexpenseof disturbingvisual“hole” effects.

8.4 Conclusion

Theexperimentalresultsshow that the imagesequencesproducedwith thehierarchicalpredictive

level of detail optimizationalgorithm were preferredby typical assessors,on average,to those

renderedwith the non-hierarchicalalgorithm, for renderingcost limits lessthanor equalto the

nominalcostof thescene.

Weconcludethattheappropriateuseof impostorsfor groupobjects,asallowedby hierarchical

level of detailoptimization,canleadto animprovementof theperceptionof imagesequencesover
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thoserenderedwith conventionalFunkhouserandSéquinstylenon-hierarchicalpredictive level of

detailoptimization.Theadvantagesof theuseof impostorsfor groupobjectsbecamevisibly appar-

entto theassessorswhenthevisiblescenecomplexity wasrelatively high– at leasthighenoughto

causetheomissionof objectrepresentationsby thenon-hierarchicalalgorithmof Funkhouserand

Séquin.We believe this improvementin visualappearanceis dueto thereductionin theperception

of �ickering “holes”, or of objectsappearinganddisappearing,causedby theuseof null impostors

in the non-hierarchicalcase.Theexperimentwasnot conclusive regardingtheadvantagesgained

by theapplicationof savedrenderingcostto improvedrenderingsof moreimportantobjects.

More generallywe concludethatperceptualevaluation,thesubjective evaluationof imagese-

quencesby non-expertvolunteerusers,maybeusefullyemployedto providereal-worlddataonthe

effectivenessof graphicsalgorithms.

The next chapter, Chapter9, describesa secondexperiment. Whereasthis experimentwas

designedto testtheusefulnessof hierarchicallevel of detailtechniquesin general,thenext focuses

onourhierarchicalalgorithmin particular. Also,whereasthisexperimentusedsubjectiveperceptual

evaluationmethodsto testabstracteffectssuchasuserconviction, thenext usesmeasurementand

analysisof performanceinformationto testthe ef�ciency of our algorithmandprovide validation

of thetheoreticaltime complexity analysisof Chapter7.



Chapter 9

Radiosity Experiment

This chapterdescribesa very detailedsecondexperimentwhich we proposedandsupervisedasa

4thyearcomputersciencehonoursproject.Thenumerousmeasurementstakenprovide insightinto

the practicalapplicationof our methodto real world situations.The extensive programmingand

testingaswell asthe recordingof resultsandmuchof their analysiscomprisingthe projectwas

conductedby ShaunNirensteinandSimonWinberg, two honoursstudentsunderour supervision

in the Departmentof ComputerScienceat the University of CapeTown. The testsystemmade

useof andincorporatedanearlierradiositysimulationsystemdesignedandimplementedby Adrian

Secchia,anMScstudentin theDepartment.Ourroleconsistedof providing theunderlyingtheoryof

thealgorithmdesignandthesupervisionof theprojectaswell asconstantinvolvementwith regard

to issuesarising in the implementation,optimizationand evaluationof the system. The overall

analysisof theresultsis alsoourown.

Whereasthe�rst experiment(describedin Chapter8) wasaimedat demonstratingthegeneral

usefulnessof hierarchicallevel of detail optimization,this experimentis gearedtowardsprovid-

ing a convincing experimentaldemonstrationof theapplicabilityof thehierarchicallevel of detail

optimizationalgorithmdescribedin Chapter7 to areal-worldvisualizationandrenderingproblem.

We begin in Section9.1 by describingtheaimsof theexperiment.In Section9.2 we describe

themethodologyemployed,andin Section9.3we presentanddiscusstheresults.Finally we draw

someconclusionsin Section9.4.

158
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9.1 Aims

Our primaryobjective in this experimentis to testthehypothesisthat the incrementalhierarchical

level of detailoptimizationalgorithmdescribedin Chapter7 maybeusedto performhierarchical

level of detailoptimizationin realtimein apracticalinteractivevisualizationsystem.Thishypothe-

sisrequiresthatthealgorithmis successfulin limiting framepreparationtimesto ensureinteractive

framerates.Sincethepreparationof eachframeinvolvesbothlevel of detailoptimizationandthe

renderingof theselectedscenerepresentation,thehypothesisrequiresthatbothoperationsmaybe

performedin theavailableframepreparationtime.

Funkhouserand Séquin [24] assumethat renderingand level of detail optimizationmay be

performedin parallel,with theresultthat the full availableframepreparationtime is availablefor

both level of detailoptimizationandrendering.We expectthat in practicethis parallelizationwill

bepartialatbestdueto dependenciesanddelays.As Funkhouserand

For example,renderingof theselectedscenerepresentationmayonly begin oncethe�nal solu-

tion to level of detailoptimizationfor thatframeis known, sincetheselectedrepresentationof any

objectmay in principlebe incrementedor decrementedat any time duringoptimization. At best,

level of detailoptimizationfor a framemaybeperformedin parallelwith therenderingof these-

lectedrepresentationfor thepreviousframe.However if theinteractivity of thesystemis measured

asthe delaybetweena useractionandthe re�ection of the resultingchangeson the displaythen

from thepointof view of this latency level of detailoptimizationandrenderingmustbeassumedto

takeplacein series.

Framepreparation time is dependenton both the time takenfor level of detail optimization

(which we call optimization time) andthe time takenfor therenderingof thescenerepresentation

selectedby thelevel of detailalgorithm(renderingtime). Showing thattheframetimeis acceptable

thereforeimpliesshowing notonly thattherenderingtime is acceptablebut alsothatthetimetaken

by the optimizationalgorithmitself is acceptableandleavessuf�cient time for rendering.While

our theoreticalanalysisof theef�ciency of our level of detail algorithm(Chapter7) suggeststhat

its worst-casetime complexity is
���

� log ��� , this alonesayslittle aboutactualaverageandworst

caseexecutiontimesof the algorithm. Furthermoresincethe algorithmis incrementalandtakes

advantageof frame-to-framecoherenceit is importantto investigatehow its behaviour dependson

theamountof coherencebetweensuccessiveframes,whichthecomplexity analysisfails to address.

Sincethe time complexity of the algorithmis not constantwith respectto the sizeof its input it

makesno senseto speakof absoluteexecutiontimeswithout makingreferenceto workloads.We
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thereforeaim to investigatehow the optimizationtime as well as the renderingtime dependin

generalon thecomplexity of thescenebeingrendered.

9.2 Methodology

In thissectionwe describethemethodologyemployedin theexperiment.

9.2.1 Level of Detail for Hierarchical Radiosity

Hierarchicalradiosityis a physically-basedrenderingtechniquein which equationsmodelingthe

diffusetransferof light betweensurfacesaresolvednumericallyto produceshadingintensityvalues

for eachsurface.As anapproximationthe sceneis modeledby �at polygons,or patches, andin-

tensitiesareonly calculatedfor theverticesof thesepatches.An initial scenedescriptionconsisting

of a relatively smallnumberof �at top-levelpolygonsis adaptively subdivided(asshown in Figure

54) accordingto estimatesof perceptualimportanceto producea �nal collectionof patchesthat

approximatethescene.Theimagequalityof theresultingvisualizationthereforedependsstrongly

on thelocal level of re�nementof thepatchhierarchy.

Secchia[74], amongothers,hasproposedaperceptually-basedre�nementheuristicthatpredicts

thevisual importanceof surfacesaccordingto a simplisticmodelof humanvisualperceptionand

exploits theexaggeratedimportanceof edgessuchasshadow boundariesto visualperception.The

illuminatedpatchhierarchiesgeneratedusing this heuristicarecharacterizedby higher levels of

re�nement in areasthat are, in somesense,perceptuallymore important. We usethe radiosity

engineimplementedby Secchiato generateinput �les for out system.Furthermorewe makeuse

of theperceptualinformationinherentin theadaptively re�ned radiosityhierarchyto exploit visual

perceptionin theform of bene�t heuristicsthatpredictthevisualimportanceof potentialimpostors,

takingintoaccountthepresenceof perceptuallyimportantedgesasdetectedbySecchia'sre�nement

heuristic.

Sinceradiosityrenderingis performedasapre-processto renderingthelevel of detail-likeadap-

tivesubdivisionof thetop-level polygonsis view-independent.Theperceptualre�nementheuristic

predictstheinherentperceptualimportanceof patchesandcanmakenoassumptionsregardingthe

positionor orientationof the viewer. Thereforeeachpart of the scenemustbesubdividedto the

maximumlevel of detailthatmightberequiredin any reasonableviewingsituation.Ourapproachis

novel in thatinsteadof simplyrenderingtheentirepatchhierarchyat thehighestlevel of re�nement

reachedby the algorithmeverywherein the traditionalfashion,we treatthe patchhierarchyasa
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Figure54: Adaptive patch subdivision in hierarchical radiosity. In hierarchical
radiositymethodsthepolygonsde�ning theinitial coarsescenerepresentationare
recursively andadaptively subdividedinto a patch hierarchy. Eachpatchis either
retainedor subdividedinto smallerpatches,dependingon theoutcomeof a simple
heuristicthatpredictsthecomplexity of the illumination functionover thatpatch.
In oursystempatchesarequadrilateralsandarealwayssubdividedinto four equal-
sizedsmallerquadrilaterals,if atall.

hierarchicallevel of detaildescription.Theintermediate(non-leaf)patchesthatweregeneratedand

subsequentlysubdividedserveaslow detailimpostorsfor thepatchesthatarosefrom them.Thisal-

lowsusto chooseatrendertimethelevel of re�nementappropriatefor eachpartof thescene,taking

into accountthecharacteristicsof thecurrentviewing situationandtherenderingtime available.

Ourhierarchicallevel of detaildescriptionconsistsof ahierarchyof nestedpatchobjects.Each

patchhasa singlepolygonimpostor, andits four childrenarethepatches(if any) into which it was

re�ned. The root objectcorrespondsto theentiresceneandhasno impostor. Its childrenarethe

patchescorrespondingto theoriginal top-level polygons.Thelevel of detailoptimizationconsists

of theselection,for eachframe,of a singlesubtreeof thehierarchyrootedat thesceneobject.The

polygonimpostorsat theleavesof theselectedsubtreecomprisetheselectedscenerepresentation.

By takingadvantageof view-dependentinformationaboutthepositionandorientationof theviewer
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we areableto adaptively anddynamicallyfavour increasedpatchresolutionin areasthatareper-

ceptuallymoreimportant.In addition,dueto thepredictivenatureof theoptimizationalgorithmwe

areableto place�rm boundson thepredictedrenderingcostof theselectedscenerepresentations.

Theaim is to render, for eachframe,themostperceptuallyeffective scenerepresentationthatmay

be renderedin the availablerenderingtime. Note that the reductionof renderingcomplexity in

unimportantareasallows us to rendermoreimportantareasin increaseddetail. Figure55 shows

exampleoutputdemonstratingtheuseof hierarchicallevel of detailoptimization.

Figure55: Sampleoutput of the experimental system. The top threeimages
show the sameview of the samescene,with renderingcost limits equalto 500,
1000and1500respectively. At bottomarewireframerenderingsof thesameviews.
Notetheadaptivesubdivisionof polygons.

Note that the useof the non-leafpatchesaspolygon impostorswithout actively subdividing

someneighbouringpatchesinto trianglesto resolve unsharedverticesresultsin T-vertex artifacts

(seeFigure56), visible asshadingdiscontinuities.We chosefor simplicity to ignoretheT-vertex

problem,with theresultthatsomevisualartifactswereintroduced(seeFigure57). Thesecouldbe

avoidedby triangularsubdivisionof offendingpatchesif improvedvisualqualitywasdesired.
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a b c

Figure56: The T-vertex problem. TheT-vertex problemariseswhenoneof apair
of adjacentpatchesis subdividedfor renderingandthe other is not, asshown in
(a). The mostobvious solution,shown in (b), is to subdivide the adjacentpatch
aswell. However this is impracticalasit quickly propagatesthroughouttheentire
hierarchy, constrainingthepossibleselectionsto thosein whichtheentirehierarchy
is subdivided to the samelevel. Insteadit is possibleto subdivide eachadjacent
patchinto threetriangularpatchesasshown in (c), which avoids the creationof
new unsharedvertices.

9.2.2 Scope

Thesizeof theradiosity-generatedscenedescriptionsusedin theexperimentis quitelarge: consist-

ing of up to approximately50000polygons.Thescenesrepresentedarestandardradiosityscenes

often found in the literature(in particular, the office and dining room scenes[74]). The

office and dining room scenesconsistof around200 and 400 top-level polygonsrespec-

tively.

Thechoiceof radiositypatchesasobjectsin thehierarchicallevel of detaildescription,resulting

in single-polygonimpostors,representsa worstcasefor the level of detail algorithmsinceevery

singlepolygonmustbe individually consideredfor renderingby level of detail optimization. In

the majority of visualizationsystemsthe objectsin thehierarchywould beof a larger granularity

and their impostorswould typically consistof tensor hundredsof polygons,resultingin lower

optimizationoverheadperpolygon. By usingthe outputof a hierarchicalradiositysimulationon

a polygon-per-impostorbasiswe essentiallytest the level of detail optimizationalgorithmin the

extremecasein whicheverysinglesceneprimitivemustbeindividually consideredfor rendering.
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a b

Figure57: An exampleof the T-vertex problem. Images(a) and(b) show wire-
frameandshadedrenderingsof the samesceneview. Note the occuranceof T-
vertex problems,identi�able in (a) asverticesthatareincidentto only 3 polygons
andin (b) asshadingdiscontinuities.

9.2.3 Experimental System

NirensteinandWinberg [51] implementedaninstrumentedtestbedsystemthatallowstherecording

andplaybackof realandsimulateduserinteractionduringtherealtimerenderingof anoptimized

scenerepresentation,aswell asthemeasurementandrecordingof timing information.A screenshot

of thesystemis shown in Figure58.

In accordancewith ouraimof testingthetimeperformanceof ouralgorithm,thesystemallows

theautomaticrecordingof the optimizationtime, renderingtime andtotal framepreparationtime

of eachframeduringa walkthroughof thesceneusingeitheraninteractiveor pre-recordedviewer

path.It alsoallowstherenderingof arbitrarysceneswhoselevel of detaildescriptionsaregenerated

using the hierarchicalradiositysystemof Secchia,adaptedto alsooutput the solutionvaluesof

non-leafpatches.

Thesystemis instrumentedandallows the userto changethe parametersof the optimization

algorithminteractively, suchasthe renderingcostlimit (themaximumpermittedtotal costof the

selectedrepresentationfor eachframe)andthe weightingsof the componentsof the bene�t and

costheuristics.It displays,in additionto theoptimizedscenerepresentationrenderedin OpenGL,

anOpenGLwireframerenderingof the optimizedrepresentationanda graphicaltreeview of the

hierarchicalscenedescriptionshowingwhichpolygonswereselected.Thewireframeandhierarchy
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Figure58: Screenshotof the experimentalsystem. Screenshotof thetestsystem
displayinga radiosityscene.Thetop left window containsuserinterfacecontrols
andperformancegraphs. The top right window shows the renderedscene.The
bottomwindow showsawireframeview andtheradiosityhierarchy.

viewsaswell astheregularupdatingof thegraphsandreadingsontheuser-interfacemaybeturned

off to avoid compromisingtheaccuracy of timing measurements.

All testswereperformedon thesameSilicon GraphicsO2 workstationrunningtheIRIX oper-

atingsystem.Theworkstationspeci�cationsareshown in Table10.

Costandbene�t heuristicswereprovidedthatpredicttherenderingcostandperceptualbene�t

of objectimpostors.Theseheuristicsweredesignedto beassimpleaspossiblewhile still providing

acceptableresults. The renderingcostof our single4 sidedpolygonimpostorsis measuredasa

constant1.2 arbitraryunits irrespective of viewing distanceandsize. We assumethat sinceour

polygonsaretypically relatively small their rasterizationcostis relatively smallandtherendering

costis thereforedependentmostlyon their setupcost.Our resultssuggestthatthis is a suf�ciently

accurateapproximation.

Thebene�t heuristicwasformulatedas:

bene�t
�

�
� � depthConstant� depth
�

log
�

sizeConstant�

area
distance

� �

�

wherearea is the areain object spaceof the polygoncomprisingthe impostor, distanceis the

distanceof thecenterof thepolygonfrom theviewer, anddepthis themaximumdepthof thefull-

detailhierarchicallevel of detaildescriptionat andbelow thenodeto which theimpostorbelongs.

The area anddistancemeasuresprovide an estimateof the projectedsizeof the polygonon the
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Component Speci�cation

System SGIO2,IP32
OperatingSystem IRIX 6.3
Videosubsystem MVP version1.4
Clockspeed 175MHz
FPU MIPSR10010Rev: 0.0
CPU MIPSR10010Rev: 2.5
Datacache 32Kbytes
Instructioncache 32Kbytes
Secondarycache 1 Mbyteonprocessor
Main memory 64Mbytes

Table10: Testworkstation speci�cations. All testswereperformedonastandard
SGIO2entrylevel workstation.

viewport (not taking into accountchangesin apparentsizedueto viewing direction,which were

ignored). The effect of this is that patchescloseto the viewer arefavouredover thosethat were

furtheraway. Theconstantsdeterminethe relative in�uence of the termsandcanbe interactively

adjustedin our system.In additionwe reducethe bene�t of a polygonto zeroif it is backfacing

or if it is behindtheviewer, in orderto takeadvantageof therenderingcostsavedby clippingand

culling.

By biasingthebene�t heuristicto predictgreaterperceptualbene�t for polygonsthatweremore

denselyre�ned in themaximumresolutionscenedescription,weeffectively encouragetheselection

of higherlevelsof detail in thoseareas.Sincethepatchhierarchyscenedescriptionwasadaptively

subdividedaccordingto theperceptually-basedre�nementheuristicof Secchia[74] themaximum

depthof the hierarchyat any point providesa convenientapproximatemeasureof the perceptual

importance(in termsof intensitygradients)of the detail at that point. The effectsof the bene�t

heuristicareillustratedin Figure59. Oursimpleviewplane-clippingapproximationdoesnotdetect

invisibledetailwhich is in front of theviewerbut outsidetheviewport,accountingfor thefact that

theamountof detailvisible in Figure59(a)and(b) is greaterthanthatin Figure59 (c) and(d).

The fact that someareasof the sceneareinherentlymore importantthanothers(due, in this

case,to theshadinginformationthey contain)becameapparentafterour�rst testrunswith asimpler

bene�t heuristicbasedpurelyondistance.If importantdetailssuchasshadow boundariesaretreated

thesameaslessimportantareassuchaswallsthentheresultis thattheimportantdetailsarerendered
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a b

c d

Figure 59: Variation of local detail with viewing distance. Images(a) and
(b) show shadedandwireframerenderingsof a sceneview. Images(c) and(d)
show shadedand wireframerenderingsof the sameview, zoomedsuchthat the
viewer is closerto the far wall. Note that the re�nementof the polygonsaround
the shadow boundaryhasincreasedasa resultof the distancecomponentof the
bene�t heuristic. Note alsothat the shadow boundaryitself is well-re�ned in the
far view. This is dueto thecomplexity componentof theheuristic,which favours
higherdetail in areaswherethemaximumdetail is higher, ensuringthatimportant
areassuchasshadow boundariesaregivenprecedenceover unimportantareasthat
arerelatively uniform.
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in poor detail in favour of betterrenderingsof uninterestingexpansesof wall. Someobjectsare

inherentlymoreinterestingandrequiremoredetailto representthemadequately.

9.3 Resultsand Discussion

In this sectionwe presentthe resultsof the experiment,togetherwith discussionof their signi�-

cance.Weassumesomefamiliarity with theworkingsof thehierarchicallevel of detailoptimization

algorithm,whichwasdescribedin Chapter7.

9.3.1 Dependenceof Optimization Timeson Changesin Viewing Angle

We beganby investigatingtheconsistency of theexecutiontimesof theoptimizationalgorithmit-

self. Recallthat theoptimizationalgorithmis incrementalandexploits frame-to-framecoherence

by basingits initial solutionon thesolutionfoundfor thepreviousframe(Section2). Thesuccess

of this approachdependson thedegreeof coherencebetweentheoptimalsolutionsof consecutive

frames.We thereforemeasuredthechangein viewing anglefrom oneframeto thenext (for sim-

plicity, withoutregardto changesin viewingposition)alongeachof severalpathsthroughthescene

andnotedthecorrespondingoptimizationtimesfor eachframe.Measurementsweretakenfor four

differentrenderingcostlimits. Therenderingcostlimit dictateshow muchtotaldetailthealgorithm

is allowedto select,andis measuredin arbitrarycostunits.Figure60showstheresultinggraphs.

From Figure60 it seemsthat the algorithmexecutiontime is roughly proportionalto the an-

gular changein viewing directionbetweensuccessive frames. This is to be expectedas greater

changesin viewing angleresult in moreobjectsbecomingvisible that werepreviously not visi-

ble andvice versa. As objectsbecomenewly invisible their allocatedrenderingcostmustbe re-

allocatedamongstotherobjects(someof themnewly visible) by meansof repeatedlevel of detail

incrementationsanddecrementations.

Also evident is that thealgorithmexecutiontime is roughlyproportionalto therenderingcost

limit. While theaim of the algorithmis to ensureconstantrenderingtimesirrespective of visible

scenecomplexity, theoptimizationtime(theexecutiontimeof thealgorithmitself) increasesasthe

amountof detailselectedincreases.Highercostlimits imply thatmoreselectedimpostorsmustbe

consideredfor incrementationanddecrementationin eachiterationof thealgorithm.This resultis

in contrastto thealgorithmof FunkhouserandSéquin,whoseexecutiontime is independentof the

renderingcostlimit. Sinceouroptimizationalgorithmis hierarchicalit is ableto save optimization
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Figure60: Dependenceof optimization timeson turn magnitude. Optimization
algorithmexecutiontimesfor variouschangesin viewing anglefrom oneframeto
the next alonga typical pathandfor variousrenderingcost limits. The costof a
singleimpostoris 1.2units. The“cost” referredto in thediagramis therendering
costlimit. Seethetext for anexplanationof thehigh frequency variationsthatare
evident.

timeby makinguseof sharedimpostorrepresentationsthataremoreef�cient to considerthananon-

hierarchicalcollectionof impostorsproviding the samenumberof levels of detail for eachscene

object.Thissaving increasesastherenderingcostlimit decreases,sincelower detailimpostorsare

sharedto a greaterextentthanhigherdetailones.Thecomplexity of ouralgorithmapproachesthat

of the Funkhouser-Séquinalgorithmasthe renderingcostlimit tendsto the costof the full detail

representation.

Thehigh frequency irregularitiesof thegraphsin Figure60canbeexplainedby notingthatthe

visibility of objectschangesdueto backfaceculling andclipping. Sometimesa small changein

positionor orientationwill causea top-level polygonre�ned into perhapshundredsof patchesto

suddenlybecomevisiblewherepreviously it wasnot. In theseinstancestheallocationof rendering

costmustbeupdatedby meansof repeatedincrementationsanddecrementations.Thisdestabilizing

effect on optimizationtimesis exaggeratedin this particularcasedueto the �ne granularityof the

single-polygonimpostors.In ourscenethetop-levelpolygonsaregenerallyeachre�ned tohundreds

or thousandsof patches,sothatlargegroupsof impostorsexhibit high visibilit y coherence.

The lineardependenceof optimizationtime on changein viewing angleimpliesthat thealgo-

rithm executiontimesarelower in caseswith greaterframe-to-framecoherence,asexpected.
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9.3.2 Frequencyof Turn Magnitudes

Mostof theturnmagnitudesshown in Figure60 representpathological“non-incremental”casesin

which thechangein viewing angleis greatandthereis little coherencefrom oneframeto thenext.

We thereforemeasuredtherelative frequency of turn magnitudesfor a typical walkthroughin our

system.
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Figure 61: Frequencyof turn magnitudes. The relative frequency of various
changesin viewing anglebetweenconsecutiveframes.

Figure61 shows the resultinggraph. It is clear that small changesin viewing anglegreatly

outnumberlargeones,with changesabove 30 degreesbeingextremelyrare. We expectthis to be

thecasein any usefulinteractive visualizationsystem,asvery largeturn magnitudesaregenerally

distractingto theuserandin factunlikely to occuratall athighframerates.Thisargumentsuggests

an importantinsightinto theuseof incrementaltechniquesthatexploit frame-to-framecoherence,

namelythat they may amplify any dropsin frameratesthat occur. This implies that it is more

imperativethaneverto ensurethatreasonableframeratesaremaintained.Thegreatertheframerate

thatis consistentlymaintained,thegreatertheinterframecoherenceandthebettertheperformance

of incrementalrenderingalgorithmsthatdependuponit.

9.3.3 Algorithm ExecutionTimes

Thehigh degreeof dependenceof thealgorithmexecutiontime on frame-to-framecoherenceand

the relative infrequency of large turn magnitudes(andassociatedpoor frame-to-framecoherence)



9.3. RESULTSAND DISCUSSION 171

imply that the averageexecutiontime of the algorithmmay be somewhat different to the worst

casetime. Indeed,this is theraisond'être of theincrementalalgorithm:to exploit frame-to-frame

coherenceandsoensurethataverageexecutiontimesarefar betterthanworstcaseexecutiontimes,

at theexpenseof theef�ciency of theworstcase.To testthis we measuredminimum,averageand

maximumoptimizationtimesfor a typicalpathfor a rangeof renderingcostlimits.

Figure 62 shows the results. The averageoptimizationtime is closerto the minimum time

thanthemaximum,andits behaviour is closeto linear. We surmisethat this is dueto the relative

infrequency of large turn magnitudes:typically thereis signi�cant coherencebetweensuccessive

frames.Theminimumalgorithmexecutiontime (correspondingto thelimit casein which consec-

utive framesare identical) is essentiallyconstantwith respectto the renderingcost limit, but the

maximum(approachingthe oppositelimit in which consecutive framesarecompletelydifferent)

appearsto begreaterthan
���

��� .
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Figure62: Optimization algorithm executiontimes. Plotshowing how themaxi-
mum,minimumandaverageoptimizationalgorithmexecutiontimes(overatypical
walkthrough)vary with increasingrenderingcostlimit. Thecostof a singlepoly-
gonimpostoris 1.2units.

While our theoreticalanalysis(Section7.3)predictsatheoreticalworstcasetimecomplexity of
���

� log ��� , it is unclearwhetheran
���

� log ��� implementationis usefulin practice.Thetheoret-

ical
���

� log ��� complexity assumestheuseof orderedpriority queues(asFunkhouserandSéquin

[24] referto them)of impostorsavailablefor incrementationanddecrementation,reducingthecom-

plexity of theselectionoperationsto
���

�

� at theexpenseof updateoperationsof
���

log ��� . In the
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implementationof our experimentalsystemwe found that the advantagesof usingadvanceddata

structureswith lower theoreticalcomplexity (suchassortedtreesratherthanunorderedlists) were

questionablein this casedueto thecostsinvolved in maintainingthem. Sortedtreesfor example

would quickly becomeunbalancedanddegenerateinto lists if not actively rebalanced,sincedele-

tionsalwaysoccurat thefront. Insteadwemadeuseof unorderedlistsstoredasstaticarrays,with a

resultingalgorithmcomplexity of
���

�

�

� . Staticarraysprovideanadvantagethatcomplex dynamic

datastructurescannot:they exploit cachecoherenceby ensuringthatconsecutively accesseddata

elementsarealwaysstoredin consecutiveareasof memory. Thedisadvantageof staticarraysis that

maintainingthemin sortedorderis expensive dueto the constantneedfor shifting of elementsto

createspace.For this reasonwe storedour listsasunsortedarrays.We foundthattheimprovement

of cachehit rateresultingfrom the useof arraysfar outweighedthe disadvantagesof having to

explicitly searchthearrayfor everyselection.

Theusefulnessof the incrementalalgorithmhingeson the fact thatconsecutive framesgener-

ally exhibit a high degreeof inter-framecoherence,assuggestedby the relatively high frequency

of small turn magnitudesshown in Figure61. Therearenonethelesscasesin which coherenceis

limited andoptimizationtimesaresigni�cantly high. If left uncheckedthesemayleadto excessive

inter-framedelaysdueto thecostof thealgorithmitself ratherthantheactualrendering.Consider-

ing Figure62againweseethatfor amaximumcostof 5500(correspondingto approximately4500

selectedimpostors,or optimizationof morethan4500sceneobjectsfor every frame)themaximum

optimizationtime maybeashigh as400ms in pathologicalcaseswhereinter-framecoherenceis

lacking.

9.3.4 Constancyof Frame Preparation Times

To testtheconstancy of framepreparationrates,wemeasuredinstantaneousframerates(de�ned as

theinverseof framepreparationtime)for eachframeof atypicalwalkthrough,with arenderingcost

limit correspondingto 2500selectedimpostors(or 2500renderedpolygons). In orderto deduce

the causeof any irregularitieswe found,we alsomeasuredthe framerenderingtimes(excluding

optimizationtimes)andtheoptimizationalgorithmexecutiontimesfor thesamewalkthrough.

Figure63shows theresults.It is clearthatframepreparationtimesvarydramaticallyfrom one

frameto thenext. We notehowever that thetime takento rendertheselectedscenerepresentation

is relatively constantoverall 160frames,varyingbetweenapproximately50and80ms.Thisshows

thatthealgorithmis successfulin maintainingrelatively constantrenderingtimes.Furthermore,we

notethatoptimizationalgorithmexecutiontimesvarydramaticallyfrom oneframeto thenext, and
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that thereis a markedcorrelationbetweenthe troughsin thegraphof framepreparationtimesand

thepeaksin thegraphof optimizationtimes. This suggeststhat thevariationin framepreparation

time is dependentmainly on variationsof the executiontime of the optimizationalgorithm; the

algorithmis successfulin regulatingframerenderingtimes,but is not guaranteedto takea limited

or constantamountof time to do so. Theobjective thusbecomesto placelimits on the execution

timeof theoptimizationalgorithmitself.

9.3.5 Truncation of Algorithm Execution

Theinconsistency of frameoptimizationtimes,if left unchecked,mightunderminetheability of the

algorithmto regulateframepreparationtimes. We thereforeimplementeda simplecut-off scheme

in which thealgorithm'sexecutionis simply haltedif its executiontime is foundto have exceeded

somepredeterminedlimit. In the event of the algorithmbeinghaltedthe solutionreachedso far

is usedasthe �nal solution. Due to the iterative re�nementstrategy employedby the algorithm,

its selectedsolution after any iteration alwaysrepresentsa feasibleand complete(althoughnot

necessarilyhalf-optimal)solutionto thehierarchicallevel of detailoptimizationproblem.

We measuredthe instantaneousframeratesachieved for a walkthroughwith this technique.

Figure64 shows theresults.It is clearthat time-truncationof theoptimizationalgorithmsucceeds

in ensuringarelatively constantframerate,irrespectiveof visiblescenecomplexity.

The disadvantageof truncatingthe algorithmexecutiontime is that in the frameswherethe

executionis truncatedthealgorithmproducesa potentiallylessthanhalf-optimalsolution.This in

theoryresultsin occasionaldropsin visualquality. Theamountof errorintroducedby truncationis

approximatelyproportionalto theamountof time truncated.

Sincethereis signi�cant coherencenot only betweensuccessive optimaldetail levelsbut also

betweenthechangesin successive optimaldetail levelsover a seriesof frames,optimizationtime

skippedon oneframeis typically borrowedandwill in the worstcaseneedto be “repaid” in the

form of additionalcomputationin the following frames. The error introducedby truncationwill

alwaysbecorrectedswiftly aslong asexcessive executiontimesarerare. In a typical systemthe

imagequality would worsenimmediatelyaftera suddenexcessive motionby theviewer andthen

progressively improve (over atmosta few frames)duringperiodsof relatively little motion.

As wenotedwith regardto Figures60and62,optimizationtime is dependenton therendering

costlimit andthedegreeof coherencebetweensuccessiveframes.Becausetheaverageoptimization

time is closerto theminimumoptimizationtime thanthemaximum,we canexpectthe frequency

of truncationsto berelatively low.
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Figure63: Constancyof frame preparation times. Plotsshowing (from top to
bottom)instantaneousframerates,framerenderingtimes(excludingoptimization
time) andoptimizationtimes(excluding renderingtime) for eachframeover the
courseof a typicalwalkthrough.Therenderingcostlimit is 3000,equatingto 2500
single-polygonimpostors.
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Figure64: Frame rates after truncation of optimization times. Frameratesof
a typical walkthrough(calculatedas the inverseof individual framepreparation
times),with optimizationtimestruncatedat 50ms. Thecostlimit is 1500,corre-
spondingto 1250single-polygonimpostors. The full detail scenerepresentation
contains36879polygons.

9.3.6 Hierarchy Simpli�cation

Recallfrom Figure62 that theaverageoptimizationtime waslessthan100ms for renderingcost

limits lower thanapproximately2500,correspondingto theselectionof morethan2000individual

impostors.Becauseof thenatureof our impostors,thiscorrespondsto only around2000polygons.

This �ne granularityof onegraphicsprimitive per impostorrepresentsa worstcasefor our algo-

rithm,sinceeverysinglepolygonin thescenemustbeindividually consideredfor selection.In fact,

dueto thespeedof thegraphicshardware,theconsiderationof animpostoris moreexpensive than

its rendering.

To improve this situationwe implementeda hierarchy simpli�cation strategy in the form of

a transformationthat reducesthe hierarchyby collapsingmultiple impostorsinto single shared

representations.After applicationof this transform,the impostorof eachobject is the union of

the impostorsthat previously belongedto its children. The leavesof the hierarchyareremoved,

as their impostorsare now replacedby thoseof their parents. This transformis well suitedto

regular hierarchicaldescriptionssuchas this radiosityproblemin which all the impostorsareof

the sametype. In the instanceof our hierarchya single applicationof the transformresultsin

eachobject(or patch)having a singleimpostorconsistingof four polygons.A secondapplication
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resultsin impostorsof sixteenpolygons,andso forth. The generaleffect of the transformis to

exponentiallyincreasethegranularityof theimpostorssothatmorescenegeometryis represented

by eachimpostor. Thecostandbene�t heuristicsmustof coursebeadjustedaccordingly.

To testthesuccessof thisapproachwemeasuredoptimizationtimesfor awalkthroughof ascene

afterzero,oneandtwo applicationsof thehierarchysimpli�cation transform.Theresultsareshown

in Figure65. The renderingcost limit in eachcasecorrespondsto a maximumselectionof 1666

polygons.Theresultof applyingthesimpli�cation transformis to greatlyreducetheoptimization

timerequiredto selectthesameamountof scenedetail.After only oneapplicationof thetransform

theoptimizationtimesin Figure65arereducedto well below 25msfor inter-frameturnmagnitudes

lessthan50degreesandfor aselectedscenerepresentationconsistingof around416impostors.
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Figure65: Optimization times after hierarchy simpli�cation. A plot showing
optimizationalgorithmexecutiontimes(averagedover four differentwalkthroughs
of the samescene)for variouschangesin viewing angleafter applicationof the
hierarchysimpli�cation transformzero, one and two times. The renderingcost
limit in eachcasecorrespondsto 1666selectedpolygons.

It is importantto notethat after the applicationof the transform(andadjustmentof the cost

heuristicto re�ect the fact that impostorsarenow moreexpensive to render)theamountof detail

thatmayberenderedwithin theavailabletime doesnot change.Insteadwe have traded�e xibility

of detailselectionfor speedof optimization,by decreasingthenumberof possiblecombinationsof

impostorsfrom which the algorithmmaychoose(seeFigure66). We have found in practicethat

a singleapplicationof the transformin our caseresultsin analmostimperceptiblelossof quality,
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Figure66: Lossof �exibility dueto hierarchy simpli�cation. Dueto theaggrega-
tion of groupsof impostorsinto combined,morecomplex impostors,the�e xibility
to selectcombinationsof polygonsfor renderingis reduced.After oneapplication
of the simpli�cation transform,all impostorscontainfour polygons. The single
four-polygonimpostorshown in (a) mustbereplacedby the four-polygonimpos-
torsof its four childrenasshown in (b). After that,any of thoseimpostorsmaybe
replacedin turnby theimpostorsof its children,asshown in (c). However it is not
possibleto replaceonly partof theoriginalfour-polygonimpostor, asshown in (d).

whereastwo or moreapplicationstend to result in visible degradation. Figure67 comparesthe

visibleeffectsof zero,oneandtwo applicationsof thetransform.

9.3.7 Dependenceof Frame Preparation Timeson SceneComplexity

In orderto testthedependenceof framepreparationtimes(andthereforeframerates)on thecom-

plexity of thefull detailscene,wemeasurednon-optimized(full detail)renderingtimes,optimized

renderingtimes, optimization times and optimized frame preparationtimes for identical walk-

throughsof increasinglycomplex versionsof the samescene,with the renderingcost limit held

constantthroughout.

Figure68 shows the results. The unoptimizedrenderingrendersthe impostorsat the leaves

of the hierarchicalscenedescriptionand the unoptimizedrenderingtime increaseslinearly with

the complexity of the scenedescription,aswe would expect (sincethe numberof leaf nodesin

a regular hierarchyincreaseslinearly with the total numberof nodes).The renderingtime of the

optimizedsceneis constantirrespectiveof full detailcomplexity, aswewouldalsoexpectsincethe

complexity of the selectedscenerepresentationis dependentonly on the constantrenderingcost

limit. Theoptimizationalgorithmexecutiontimesareconstantexceptfor low scenecomplexities
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Figure67: Visual effectsof the hierarchy simpli�cation transform. Thesame
view of thesamesceneafterzero,oneandtwo applicationsof thehierarchysim-
pli�cation transform.

whereit increaseswith increasingscenecomplexity, probablydueto moresuccessfulcachingof

smallerscenedescriptions.Theframepreparationtime,beingroughlythesumof theoptimization

time andthe renderingtime, behavessimilarly to theoptimizationtime andbecomesconstantfor

increasinglycomplex scenedescriptions.

9.4 Conclusion

Wepresentedtheresultsof anexperimentalapplicationof ourpredictivehierarchicallevel of detail

optimizationalgorithmto theinteractive renderingof hierarchicalradiosityscenes.This work rep-

resentsbothanevaluationof the feasibility andeffectivenessof the optimizationalgorithmanda

demonstrationof theapplicabilityof hierarchicallevel of detailoptimizationto hierarchicalradios-

ity.

The resultsattestto the predictive natureof the algorithm,showing that it may successfully

beusedto ensureboundedrenderingtimes,to within theaccuracy of thecostheuristicused.The

algorithmselectsascenerepresentationfor every framethatmayberenderedin theavailabletime,

regardlessof thecomplexity of thefull detailscenerepresentationandthecomplexity of thevisible

portionof thescene.

We notethat sincethealgorithmsuccessfullyregulatesframerenderingtimesthevariationin

framepreparationtimesbecomesdependentchie�y onthevariableexecutiontimesof thealgorithm

itself. Moreover becausethe algorithm is incrementaland successfullyexploits frame-to-frame

coherenceits executiontimesarestronglydependenton the amountof coherenceinherentin the
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Figure68: Dependenceof frame preparation timesonscenecomplexity. Graphs
showing the effectsof increasingfull detail scenecomplexity (max cost)on (A)
optimizedrenderingtimes,(B) unoptimized(full detail) renderingtimes,(C) op-
timization timesand(D) optimizedframepreparationtimes. The renderingcost
limit is heldconstantthroughout.

imagesequenceandarenotguaranteedtobeconstant.In particulartheframe-to-framecoherenceon

which thealgorithmdependsis stronglyin�uencedby theeffectsof theangularchangein viewing

anglefrom oneframeto thenext on clippingandculling. Theexecutiontimesof theoptimization

algorithmarefar lowerin themorecommoncoherentcasesthanin therelatively rarecasesin which

coherenceis lacking. In theworstcasethecomplexity of thealgorithmapproaches
���

� log ��� or
���

�

�

� , dependingontheimplementationchosen,with respectto thenumberof sceneimpostors.In

thebestcaseit is
���

�

� . Theaveragecaseis muchcloserto thebestcasethantheworstandseems

to becloseto
���

��� .

Theapplicationof thealgorithmto therenderingof radiosityscenesholdspromise.Themost

signi�cant obstaclesto thealgorithmappearto be the�ne granularity(in this case)of the level of

detaildescriptionandthedestabilizingeffectsof visibility culling onframe-to-framecoherence.

Thestrongdependenceonframe-to-framecoherenceexhibitedby thealgorithmsuggestsause-

ful lessonregardingtheuseof incrementalalgorithmsin interactivesystems:theuseof algorithms

thatdependonframe-to-framecoherencefor theiref�ciency servesto reinforcetheneedfor consis-

tentandreasonableframerates.Any dropsin frameratesthatoccurtendto causetheanimationand

user's input to besampledat a lower rate,leadingto a reductionin frame-to-framecoherencethat
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resultsin furtherperformancedegradation.Theuseof incrementalalgorithmssuchasoursmakes

it all themoreimportantto ensurethatreasonableframeratesaremaintained.

NirensteinandWinberg havedemonstratedthatasimplecut-off schememaybeusedto prevent

the algorithmexecutiontimesfrom exceedinganacceptablelimit, while still providing a feasible

andcomplete(thoughpossiblyoccasionallynon-half-optimal)solutionfor every frame. This en-

suresnearlyconstantframeratesand,aslongasthecasesin whichtheoptimizationtimeexceedsthe

limit arerelatively rare,doesnot resultin seriousor cumulativedegradationof theimagesequence.

We notethat the executiontime of the algorithmis directly dependenton the numberof im-

postorsconstitutingits solution. This, in combinationwith the hierarchicalnatureof the algo-

rithm, makesthe optimizationtime dependenton the renderingcost limit, in contrastto the non-

hierarchicalalgorithmof FunkhouserandSéquinwhichfails to makeuseof theincreasedef�ciency

of optimizationresultingfrom sharedimpostorsandsoalwaysperformsthesameamountof work

for eachincrementationanddecrementation.In thecaseof thisexperimenttheoptimizationtime is

linearwith respectto therenderingcostlimit, dueto theidenticalcostof all objectimpostors.

Theexcessiveoptimizationtimesrecordedfor thescenewith single-polygonimpostorssuggest

that,for theoptimizationalgorithmto beusefulin practice,thegranularityof theimpostorsshould

notbetoo�ne. A usefulguidelineis thatthecostof consideringanimpostorfor renderingshouldbe

signi�cantly lower thanthecostof simply renderingit without optimization.NirensteinandWin-

berg have demonstratedtheuseof a hierarchysimpli�cation transformthatautomaticallyincreases

thegranularityof theimpostorsandsodramaticallyreducestheoptimizationeffort requiredto op-

timize a givenscene.After oneapplicationof this transformthe algorithmwasfound to perform

ef�ciently andwith acceptablevisualresults.

Ourexperiencesuggeststhatrenderingartifactsin importantfeaturessuchasedgesandshadow

boundariesareeasilynoticedanddetractfrom userconviction even at relatively large distances.

This suggeststhatsomeobjects(or partsof objects)areinherentlymoreimportantto perception,

anddisagreeswith thepopularassumption,implicit in staticlevelof detailcontrolbasedondistance,

thatall objectscanbetreatedequallyandthattheperceptionof artifactsispredictedwell by distance

or screen-spacesizealone.It mayoftenbeworthwhiletakingtheinherentperceptualimportanceof

objectsinto accountin level of detailoptimization.

The �nal result of our implementationwas a working systemin which the optimizational-

gorithmwasusedto successfullyregulateframerateswhile providing acceptablelevels of visual

quality.
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Conclusion

In this thesiswe have investigatedtheimplicationsof hierarchicalscenedescriptionsfor predictive

level of detail optimization. Our primary motivation is the developmentof improved predictive

hierarchicallevel of detail optimizationtechniquesthateliminatelag by actively regulatingframe

renderingtimeswhile optimizing thevisualquality of theresultingframes.Our aimswereto an-

alyzethepredictivehierarchicallevel of detailoptimizationproblemformally, to developtoolsfor

this formalanalysis,andto deriveandtestimprovedpredictivehierarchicallevel of detailoptimiza-

tion techniques.

Wepresentedanew classi�cationof existinglevel of detailoptimizationstrategies,showing that

theacceptanceof predictive level of detailoptimizationhasbeensurprisinglyslow andthattheap-

plicationof predictiveapproachesto hierarchicalscenedescriptionshasbeenall but nonexistent.In

thelight of this result,ouraim is to investigatingthereasonsfor thisdisparityandhenceto address

it. We reviewedpreviously demonstratedresultsshowing thatlevel of detailoptimizationis equiv-

alentto a well-known constrainedoptimizationproblem,the Multiple ChoiceKnapsack Problem

(MCKP). However we have shown that the equivalenceis not ascompleteaswassuggested,and

in particularthatit is compromisedby theuseof hierarchicalscenedescriptionswith sharedobject

representations.Furthermorewe have drawn attentionto errorsin a previously proposedalgorithm

basedon this approachthat invalidateclaimsthat it providessolutionswith guaranteedperceptual

quality levelsandcastdoubtson thesolutionqualityof anotheralgorithmbasedon it.

By basingour researchonamoresolidmathematicalfoundationanddevelopingformalde�ni-

tionsof our ideas,wederivednew algorithmsandtechniquesthatallowedusto correctthefailings

of previous approachesandovercomethe dif�culties posedby sharedobject representations.In

181
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Chapter4 wepresentedthe�rst formalde�nition of ahierarchicallevel of detaildescription:ahier-

archicalscenedescriptionin which multiple sharedrepresentationsmaybeprovidedfor groupsof

objects.Usingthis formalde�nition asabasisweshowedthatthesharingof objectrepresentations

thatcharacterizeshierarchicaldescriptionseffectively placesimplicit constraintson their selection.

By makingtheseconstraintsexplicit we clearlyidenti�ed thehierarchical level of detail optimiza-

tion problem, anddemonstratedits equivalenceto a new hierarchicalgeneralizationof theMCKP,

which we call the HierarchicalMCKP (Section4.2). In the processwe provided the �rst clear

and formal distinctionbetweenthe hierarchicalandnon-hierarchicallevel of detail optimization

problems.

We developeda usefultool for the formal investigationof thehierarchicallevel of detailopti-

mizationproblem.Theselevelof detailgraphs, describedin Chapter5, serveasvisualandsemantic

representationsof thestatespacesgeneratedby hierarchicallevel of detail descriptions.They are

thereforeusefulin theanalysisandinvestigationof thehierarchicallevelof detailoptimizationprob-

lem andassociatedoptimizationalgorithms.In Section7.2we usedthemto prove theequivalence

of the incrementalandnon-incrementalversionsof our predictive hierarchicallevel of detailopti-

mizationalgorithm.In Section7.2.4we showedhow thisproof maybeeasilyextendedto serve as

a proof of theequivalenceof otherpreviously presentedalgorithmswhoseequivalencewasstated

withoutproof.

Our mainfocuswasthedevelopmentof an improvedpredictive hierarchicallevel of detailop-

timizationalgorithm.This algorithm,presentedin Chapter7, is anextensionandcorrectionof pre-

viousapproaches(namelythoseof FunkhouserandSéquinandMaciel andShirley) thatcombines

predictive level of detailoptimizationandtheuseof hierarchicalscenedescriptions,andtherefore

provides the bene�ts of both. It is predictive andso guaranteesconsistentandreasonableframe

renderingtimes,makinga signi�cant contribution to theeliminationof lag. It is hierarchicaland

somaytakefull advantageof theuseof hierarchicalscenedescriptionswith sharedrepresentations

for groupsof objects.It is incrementalandexploits frame-to-framecoherenceby basingits initial

solutionon thesolutionfoundfor thepreviousframe.Our incrementalalgorithmis anextensionof

a new greedyapproximationalgorithmfor theHierarchicalMCKP, whichwe presentedin Chapter

6. Weprovedthecorrectnessof theHierarchicalMCKP greedyalgorithm,showing thatits solution

is alwaysat leasthalf-optimalfor instancesof a usefulandwell-de�ned subproblemof the Hier-

archicalMCKP. The level of detail optimizationalgorithmthereforeprovidesguaranteedlevelsof

predictedperceptualquality. In the processof developingthe HierarchicalMCKP algorithmwe

presentedandproved two new greedyalgorithmsfor the conventionalMCKP, whosecorrectness
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weprovedformally usingmathematicaltechniques.Oneof theseis asimpli�ed versionof theother

thatweprovedis half-optimalunderasimplifying assumption.

We presentedthe resultsof experimentstestingthe usefulnessof hierarchicallevel of detail

optimizationin generalandtheeffectivenessandef�ciency of thehierarchicallevel of detailopti-

mizationalgorithmin particular. Our �rst experiment,describedin Chapter8, introducedtheuseof

perceptualevaluation, thesubjectiveevaluationof imagesequencesby non-specialistusers,for the

evaluationof computergraphicsalgorithms.Thesecondexperiment,describedin Chapter9, con-

sistedof the implementationof our hierarchicallevel of detail algorithmin a practicalinteractive

visualizationsystemanddemonstratedits usein the realtimeoptimizationof thousandsof scene

objects.Oneimportantcontributionof thisexperimentwasthe�rst applicationof hierarchicallevel

of detailoptimizationto thedynamicview-dependentadaptivesimpli�cation of radiosity-generated

scenedescriptionsat render-time. Theexperimentdemonstratedtheeffectivenessof thepredictive

hierarchicalapproachandthefeasibilityof ouralgorithm.

In thisthesiswehavepresentedaneffectiveapproximationalgorithmfor thepredictivehierarch-

ical level of detail optimizationproblem. Thereforeaneffective andfeasiblealgorithmexists for

theautomaticselectionof hierarchicallyde�ned detail levelswith theaim of optimizingpredicted

visualquality while limiting predictedrenderingcost. Our algorithmdependson theprovision of

reasonablyaccuratebene�t andcostheuristicsthatpredicttheperceptualbene�t andrenderingcost

of objectrepresentations.This effectively shiftstheunsolvedportionof thebroaderlevel of detail

problemto thecreationof accurateandef�cient predictionheuristics.Sincethealgorithmsuccess-

fully limits predictedrenderingcostandprovidesguaranteedlevelsof predictedvisualquality, the

problemis to accuratelypredicttheperceptualbene�t andrenderingcostof arbitraryobjectrepre-

sentations.Experiencesuggeststhat simplead hoc heuristicstendto producereasonableresults.

However this is still anopenproblemwith muchscopefor furtherimprovement.
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