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Abstract

In this thesiswe addresdevel of detail optimizatio, the problemof automaticallyselectingobject
detaillevelsin aninteractize visualization. A goodselectionmechanisnshouldselectlevels that
areappropriatdo the viewing situationandthelimited time availablefor rendering.Our principle
contribution is the extensionof a previous predictiveapproacho caterfor hierarchicalscenede-
scriptionsin which multiple sharedepresentationareprovidedfor groupsof objects.This results
in savingsin renderingandoptimizationcostsandsupportghe hierarchicahatureof typical scenes.
We presenthe rst rigorouscharacterizationof the predictive hierarchicalevel of detailoptimiza-
tion problem,andshaow its equivalenceto a new hierarchicalgeneralizatiorof the Multiple Choice
Knapsa& Problem This allows usto identify andcorrectproblemswith previousapproaches.

We presenta seriesof nev mathematicallyproven algorithmsin the developmentof anim-
proved predictive hierarchicalevel of detail optimizationalgorithm,including new algorithmsfor
the Hierarchicaland corventionalMultiple ChoiceKnapsackProblems.Our level of detail algo-
rithm is predictive guaranteeinghatthe predictedrenderingcostof its selectedevelsof detailare
alwayslowerthanthe availableframerenderingime. It is hierarchical, allowing the useof shared
group objectrepresentationslt is incremental exploiting coherencdetweensuccessie optimal
solutionsfor increasecf ciency. Lastlyit is mathematicallorrectandprovidesguaranteetkvels
of predictedperceptuatjuality. Our algorithmis a signi cant contritutionto theeliminationof lag
in interactize visualization.

We introducea new formalismfor the investigationand analysisof the hierarchicallevel of
detail problem,the level of detail graph Usingthemwe prove the equivalenceof our algorithms,
andshow how this proof canbe adaptedo prove theunprorenequivalenceof previousalgorithms.
We presentthe resultsof a perceptuakxperimentdemonstratinghe effectivenessof the use of
sharedobjectrepresentationand animplementatiordemonstratinghe practicalfeasibility of our
level of detail optimizationalgorithm. This representshe rst applicationof hierarchicalevel of
detailoptimizationto therenderingof scenegeneratedavith hierarchicaradiosity
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Chapter 1

Intr oduction

“There area numberof challengeghat still have to be met beforeary of these[3D
virtual interface]techniquesare usedroutinelyin industry Onethat| cantalk about
brie y is time-critical computing,which the networkingcommunity calls quality of
service. Insteadof having algorithmsthat computeperfectly andtake however long
they require,we wantalgorithmsthat yield a usableresultwithin a giventime limit
andproducehigherquality resultsif givenmoretime. Thiswill enableusto schedule
the numberof framesthatwe are ableto generateand avoid motion sickness.Such
time-criticalcomputingrequiresa new way of looking at algorithms”
—AndriesvanDam, 1996.

Virtual reality and3D visualizationsystemssuffer chronicallyfrom lag, the delaybetweerthe
expectedperceptionof eventsby the userandtheir actualperception.Lag is annoyingto the user
andis associatedvith motion sicknessdeteriorationof immersvenessand degradationof user
performance.The major sourceof lag is the compleity of the renderingprocessgxacerbatedy
thevastsizeof typical models Jeadingto inconsistenandexcessie framerenderingiimes. Mary
techniqueshave beenproposedo reducelag, but no softwarealgorithmor advancein rendering
hardwarehasyet succeedeth eliminatingit.

In this dissertatiorwe reporton work that promiseso eliminatea major causeof lag entirely
by actively regulatingthe compleity of the renderedscenemodel. This constitutesa time-critical
approachto renderingin which the preseration of consistenandreasonablérameratesis valued
above “realism” and spatialimagequality. Thatis not to saythat we disregardimagequality in
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favour of increasedspeed— ratherwe seekto control the renderingprocessactively andintelli-
gentlyto ensurehatthe bestpossiblevisualperceptioris achiezedwithout sacri cing consistently
adequatéramerates.We believe thattheeliminationof lag dueto excessverenderingimesandthe
regulationof frameratesonwhichit dependsequiresafundamentallydifferentapproacho render
ing in whichthe constrainton framerenderingime areexplicitly encodedandreligiouslyadhered
to, ratherthanbeingleft to goodfortuneandthe unpredictedvhimsof therenderingsystem.

Thetime-criticalapproacho renderingembodieddy this researcthasreceved someattention
in the past. However we feel it hasbeenwidely neglecteduntil very recentlyandeven now holds
nowherenearthe importantpositionit deseres. In this dissertationwe show thatall of the best
attemptsto investigateit formally, thoughcertainly inspirational,have been awed by a lack of
mathematicaligour thathampersheusefulnessf theirideas.By basingour approachmore rmly
onasoundtheoreticafoundationwe proposeeplacemenglgorithmsandnew techniqueshatcor
rect previous problemsand elggantly combinetwo of the mostimportantideasin contemporary
computergraphics:hierarchical scenedescriptionsandpredictivelevel of detail optimizatian. We
draw on previous work that shows the advantagesf predictive level of detail optimizationtech-
niquesand shareddravablerepresentationfr hierarchicalgroupsof sceneobjects. We present
anew classi cationof existing level of detail optimizationstratgiesin termsof whetherthey are
predictive andwhetherthey supporthierarchicalkcenedescriptions.This classi cationshows that
few predictive strat@ieshave beenproposedand,of those,only two have beenhierarchical.Our
work senesto addresghis disparity

We presenta formal andgeneralde nition of a hierarchicallevel of detail scenedescription:
a hierarchicakcenedescriptiorthatis characterizedby the provision of shared-epresentationfor
groupsof relatedobjects. Fromthis generalde nition we derive rigoroushierarchicalversionsof
intuitive conceptsuchaslevelsof detailandthe operationsandrelationsassociateevith them. We
distinguishfor the rst time betweerthe level of detail optimizationproblemsfor hierarchicaland
non-hierarchicascenedescriptions.This distinctionis driven by the demonstratiorthat the most
promisingof thepredictive level of detailoptimizationtechniqueproposedofaris inherentlynon-
hierarchicalanddoesnot allow sharedepresentationfor groupsof sceneobjects.By considering
the implicationsof sharedobjectrepresentationand clearly outlining their meaningin termsof
non-hierarchicascenedescriptionsyve derive the rst formal descriptionof the hierarchicalevel
of detail optimizationproblem. This allows arigorousre-evaluationof previouspredictive level of
detailoptimizationalgorithmsandclearlyidenti es the sourcef their limitations.

We develop a new representationabol for the analysisandinvestigationof the hierarchical
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level of detail optimizationproblem. Theselevel of detail graphsaregraphicalrepresentationsf
thestatespacegeneratedby hierarchicalevel of detaildescriptionsWe usethemto recastevel of
detail optimizationasa searchproblemand,in so doing, prove the equivalenceof severallevel of
detailalgorithms.

Basedon our formal investigationof the hierarchicalevel of detail optimizationproblemand
analysisof previous approachesve formulatean improved hierarchicalpredictive level of detalil
optimizationalgorithm.This algorithmis truly hierarchicabndallowsthe useof hierarchicakcene
descriptionswith sharedrepresentationfor groupsof objects. Becauseof its predictive nature
it guaranteesonstantframerenderingtimes by ensuringthat the predictedrenderingcostof the
selectedscenaepresentatioirs alwayslower thanthe availablerenderingtime. Furthermoret ac-
tively optimizesthe perceptuabene t of theselectedepresentatioandproduceguaranteetevels
of predictedperceptualuality. By virtue of this we correctproblemswith previous algorithms
thatmadetheir solutionsarbitrarily badin the worstcase.Lastly our algorithmis incrementabind
so exploits frame-to-framecoherencdor improved ef ciency by basingits initial solutionon the
approximatesolutionfoundfor the previousframe.

Ourapproachs foundedin theory We prove the correctnesandequivalenceof our algorithms
anddevelop,whereappropriateformalde nitions of conceptsntroduced.This rm basisin theory
allows usto developmoreeffective techniquesWe measure¢hepracticalusefulnessf our theoreti-
cally developeddeasusingexperimentaimplementationgn workingsystemsOur rst experiment
introducegheuseof perceptualevaluation the subjectve assessmermf imagesequenceby non-
experthumanusersfor establishinga rm connectiorbetweernthetheoryandtherealworld. The
secondxperimentdescribeghe implementatiorof our predictive hierarchicalevel of detail opti-
mizationalgorithmin an actualinteractive realtimevisualizationsystem. This systemallows the
explorationof radiosity-generatescenanodelsthroughtherealtimepredictive level of detail opti-
mizationof thousand®f sceneobjects,andconstituteghe rst applicationof hierarchicalevel of
detail optimizationto the dynamicview-dependenadaptie renderingof scenemodelsgenerated
usinghierarchicakadiositymethods.

1.1 Aims

We investigatethe implicationsof hierarchicallevel of detail descriptiongor predictive level of
detailoptimization.Our aimsare:

1. Theformalinvestigatiorof the predictive hierarchicalevel of detail optimizationproblem.
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2. Thedevelopmenbf formaltoolsandtechniqueso aidin this investigation.
3. Thedevelopmenbf improvedpredictive hierarchicalevel of detailoptimizationalgorithms.

4. Thetestingof the effectivenessandef ciency of thesealgorithms.

1.2 Overview

Chapter 2 We bggin in Chapter2 with a review of relatedwork. In thatchaptermwe distinguish
betweerthe hierarchical andnon-hierrchical level of detail optimizatian problemswherethere-
spectve problemsarecharacterizetyy theclasse®f level of detailmodelsthatthey allow. Previous
level of detail optimizationschemesirediscussedin light of this distinction. We re ect on anear
lier resultdemonstratinghe equivalenceof thelevel of detailoptimizationproblemto the Multiple
ChoiceKnapsa& Problem(MCKP), andshaw thatthis equivalenceholdsonly for non-hierarchical
level of detail optimization. We argue that the equivalenceassumeshe useof a non-hierarchical
level of detail descriptionin which no sharedrepresentationare provided for groupsof objects.
Thekey differencebetweerthe problemsarisesfrom thefactthatin the caseof hierarchicacene
descriptionsvith sharedrepresentationfr groupsof objectsit is possibleto selectsingleshared
representationfor multiple objects. This differenceis the centralthemeof our research.Finally
we review in detailthe predictive level of detail optimizationalgorithmsproposedoreviously and
outlinetheir shortcomingsIn particularwe shown thatnoneof the previously proposedalgorithms
provide guaranteetkevelsof perceptuaguality, in spiteof claimsto thateffect.

Chapter 3 In Chapter3 we presenta greedyalgorithm for the MCKP that we prove is half-
optimalor betterfor all instance®f theproblem.This algorithmis animprovementoverthesimilar
algorithm presentedy Funkhouse&and Séquin, whosesolutionwe show is not guaranteedo be
half-optimalasthey claim. Our algorithmmakesuseof a metric, relativevalue thatembodiesa
usefulinsightinto thenatureof the MCKP. Sinceouraim is thedevelopmenf level of detail opti-
mizationalgorithmswe considetheuseof this rst greedyalgorithmin level of detailoptimization
and nd thatits mostsigni cant limitation in this regardis thatit is notincrementalandperforms
a completegreedyoptimizationevery time it is applied. With this in mind we alsopresenta sec-
ond, simpli ed MCKP greedyalgorithmthatis capableof being madeincremental. This second
algorithmis the resultof a simplifying assumptiorthat more expensie selectionsalwaysprovide
diminishingreturns.We shaw thatthe simpli ed algorithm's solutionis atleasthalf-optimalfor all
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instance®f the MCKP in whichthis assumptions true.

Chapter 4 In Chapter4 we presenta formal de nition of a generalhierarchicallevel of detalil
description(or scenemodel)in which multiple sharedrepresentationsiay be provided for groups
of relatedobjects.Along with thiswe provide formal de nitions of conceptsuchasthepartialor-
deringof levelsof detailthatsuchdescriptiongprovide andthe incrementatiormnddecrementation
operationdbetweerthem. We de ne a hierarchicalgeneralizatiorof the MCKP, the Hierarchical
Multiple ChoiceKnapsa& Problem to which the hierarchicalevel of detail optimizationproblem
is shavn to be equivalent. This equivalenceis demonstratethy meansof anintermediatoryrep-
resentationthe constainednon-hierrchical level of detail description in which the hierarchical
constraintson level of detail selectionamplicit in the hierarchicallevel of detail descriptionare
representeexplicitly by constraintsnthe selectionof objectrepresentations.

Chapter 5 In Chapter5 we introducea novel representationthe level of detail graph, of the
statespacegyeneratedy hierarchicallevel of detail descriptions. The level of detail graphis a
representationabol that allows the formal, visual and semanticanalysisof hierarchicallevel of
detail optimizationalgorithmsandtheinvestigationof the hierarchicalevel of detail optimization
problem.

Chapter 6 In Chapteré we presenta new greedyapproximationalgorithmfor the Hierarchical
MCKP. This algorithmis a naturalhierarchicakxtensionof our simpli ed greedyalgorithmfor the
MCKP. Justasthatalgorithmis half-optimalfor a subproblenof the MCKP, sowe prove thatthis
algorithmis half-optimalfor a subproblenof the HierarchicaMCKP in which morecomple se-
lectionsprovide diminishingreturns.The extensionof the non-hierarchicahlgorithmmakesuseof
a hierarchicakxtensionof the previously proposedelative valuemetricto caterfor the constraints
on selectiorthatareimplicit in hierarchicalevel of detaildescriptions.

Chapter 7 Chapter7 presents predictive hierarchicalevel of detailoptimizationalgorithmthat

is an equivalentincrementalversionof the greedyapproximationalgorithmfor the Hierarchical
MCKP describedn Chapter6. This algorithmis designedo take advantageof frame-to-frame
coherenceby acceptingas an initial solutionthe approximatesolution reachedfor the previous

frame. We prove the equivalenceof theincrementakndnon-incrementadlgorithmsusinglevel of

detailgraphs.
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Chapter 8 In Chaptet8 we describeexperimentakesearctinvolving subjective perceptuaévalu-
ationof animationsequenceby volunteerusersnto the effectivenesof hierarchicalevel of detalil
optimizationandthe useof hierarchicalevel of detailmodels.A contribution of this experimentis
theintroductionof perceptualevaluationasa meansof testingthe effectivenesof graphicsalgo-
rithms.

Chapter9 In Chapte® wepresentheresultsof asecondxperimentconsistingpf theimplemen-
tation andtestingof our predictve incrementahierarchicalevel of detail optimizationalgorithm
in a practicalsystemimplementedoy studentsunderour supervision.This experimentrepresents
the rst applicationto ourknowledge,of hierarchicalevel of detailoptimizationtechniquego the
interactize realtimerenderingof radiosity-generategcenedescriptiongo provide view-dependent
adaptve re nementat rendeftime. We show that by taking advantageof view-dependeninfor-
mationsuchasthe positionand orientationof the viewer, aswell asinformationwon duringthe
radiosity computationsit is possibleto reducevisible detailin visually unimportantareasof the
sceneadaptvely anddynamicallyso asto limit framerenderingtimeswithoutimpactingseverely
ontheperceptuabene t of therenderedrames.

Chapter 10 Finally in Chapterl0we endthis dissertatiorwith someconcludingremarksandan
evaluationof thekey resultswith regardto theaimsof theresearctstatedn Sectionl.1.



Chapter 2

Background

In this chaptemwe discusgherelatedprevious work which forms the basisof our researchandin
sodoing outline moreclearlythe problemwe aim to addressin Section2.1 we describethe level
of detail problemin generalform and distinguishbetweenevel of detail modeling,optimization
andrendering.In Section2.2 we describea high level classi cationof level of detail optimization
stratgiesaccordingto their aimsandapproachesshowving that the mostpromisingstratgjiesare
thosethatarepredictive In Section2.3 we review previous level of detail optimizationstrateies
in termsof this classi cation, noting that relatively few are predictive. In Section2.4 we discuss
the advantageof the useof hierarchicalscenedescriptionsaandreview the extensive useof such
descriptiongy previousschemesnotingthatthe numberof predictive hierarchicakchemess sur
prisingly small. In Section2.5we review thetheoryof severalvariationsof the Knapsa& Problem
a well-known problemin OperationsResearch.In Section2.6 we describea usefulequivalence
betweenrlevel of detail optimizationandthe Multiple ChoiceKnapsackProblemnotedpreviously
by FunkhouseandSéquin,andshaow thatthis equivalencds brokenby the sharecbbjectrepresen-
tationsthatcharacterizénierarchicalevel of detail descriptionsWe describeiwo non-hierarchical
predictive level of detailalgorithmsin somedetail,outlining their limitations. Thenin Section2.7
we considetthehierarchicalevel of detailoptimizationproblemanddiscussn detailtwo hierarch-
ical predictie level of detail algorithms,outlining their limitationsin turn. Finally we provide a
summaryof the mainpointsof thechapteiin Section2.8.

7
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2.1 Intr oduction to Level of Detall

Thetechniqueknown aslevel of detail hasdevelopedasa meansof managinghe compleity of
renderingatrendertimein interactve animationyisualizationandvirtual reality systemsOneaim
of suchgraphicssystemsds the creationandperpetuatiorof whatwe shallreferto asusercorvic-
tion, the extentto which the useris “convinced” of theillusory reality or erwvironmentthatis being
portrayed.Crucialto usercorviction arevisual quality andtempoal quality. Visualandtemporal
quality referto the extentto which the frames(or images)roducedy the systemandtheir timing
contributeto usercorviction. We referto the temporalquality of the systemasinteractivity, since
thetiming (or temporalquality) of the framesdirectly affectsthe degreeto which the useris able
to interacteffectively with the system Becausédoththe visualquality andtiming of theframesare
dependenbn the complity of the renderingprocessthereis a continualtradeof betweervisual
guality andinteractvity. Any increasen visualquality may be derivedat the expenseof increased
renderingcompleity andthereforedecreasegihteractvity, andcorverselyary improvementin in-
teractivity may be achieved at the expenseof decreasedmagequality. Practicalexperienceand
experimentalwork suchasthat of Smetsand Overbeekd79] suggesthat staticresolutionfactors
suchas spatialand colour resolutionare signi cantly lessimportant,relatively speakingfor the
performancef mary interactvetasksthantheregulationof aconsistenandreasonabléramerate.
Thereforecaremustbe takento ensurehatinteractiity is not compromisedn the questfor more
“realism”. Level of detail (LoD) techniquesnakethe managemenf this tradeof explicit andal-
low it to be performeddynamicallyat rendertime, whereagreviously it wasgenerallyhardcoded
by thedesigneiof the systemat design-time.

Thecommonthemeunderlyingall level of detailtechniquess the provision of multiresolution
representationfor sceneobjects:geometricrepresentationsr collectionsof representationsom
which distinctdravablerepresentationat a rangeof detail levels may be extracted. The multiple
dravablerepresentationsf a givenobjectarereferredto asthelevelsof detail or impostord47] of
thatobject(Figurel). The advantage®f multiresolutionrepresentationgere rst pointedout by
Clark[16]. Essentiallythe provision of multiple dravablerepresentationgf differing compleities
allowstheadaptive selectiorof moreappropriategepresentationf®r objectsin reactionto changing
contet thanis possiblewith asingle x edrepresentationThisin turn allowstherenderingsystem
to controltheamountof detailrenderedn eachpartof the scenentelligently anddynamicallyso
asto preventthe renderingof detailthatis too ne to be displayedaccuratelyperceved usefully,
andrenderednteractvely.
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Figurel: Levelsof detail. Five representationsf the sameobject(a spherekat

differentlevels of detail. Eachlevel of detail consistsin this caseof a different
numberof planarpolygonsandhasa differentrenderingcostanda differentcon-

tributionto theperceptiorof theobjectasa sphergandthereforeto theperception
of thesceneasawhole). A typical scenamight consistof mary differentobjects,
eachof which maybe providedwith its own setof representationat variouslevels

of detail.

We distinguishbetweenrevel of detail modeling level of detail optimizaton andlevel of detalil
rendering(seeFigure?2). Ourinterestis focusedalmostexclusively on level of detail optimization.
Level of detailmodeling alsoknown asmultiresolutiormodeling is the provision of multiple draw-
ableobjectrepresentationat variouslevels of detail. Level of detail optimizationis the automatic
selectionof the mostappropriatdevel of detailfor eachsceneobjectfor renderingdynamicallyat
rendertime. Finally level of detail renderingrefers,in this sensefo the renderingof the levels of
detail extractedfrom the level of detail modeland selectedfor renderingby level of detail opti-
mization. To be moreprecise Jevel of detail optimizationis a procesghatactsasa Iter between
thelevel of detailmodelandtherenderingsubsystem/]tering from all the possiblerepresentations
madeavailable by the modelonly thosethat are appropriatefor renderingin the currentviewing
situation.Part of its job is to predictthe needsof theuserandto adjustits ltering accordingly

In this dissertatiorour interestlies primarily in level of detail optimizationandin the develop-
mentof automatictechniquesy which it may be performed.We will not addresdevel of detail-
speci ¢ renderingtechniquesat all, and our coverageof level of detail modelingwill amountto
the de nition of general-purposabstractde nitions of hierarchicaland non-hierarchicalevel of
detailmodels,with little consideratiorof the practicaltechniquesy which thesemodelsmay be
implementedn reality. A vastamountof ongoingresearchasbeenconductednto the automatic
generationand storageof perceptuallyoptimal multiresolutionpolygonalobjectrepresentations.
PuppoandScopignd54] provide a usefulsuney of theseechniques.

While level of detailoptimizationitself incurssomecomputationaéxpensedecreasinglightly
the time availablefor actualrendering this investmenis worthwhile sinceit allows active control
over whatis rendered.This intelligentmanagememf renderingdetail creategheillusion of a far
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Figure2: The level of detail paradigm.  Traditionally the renderingprocess
hasbeentreatedas being composedbroadly speaking,of two stages:modeling
andrendering. The foundationsof the level of detail paradigmlie in level of de-
tail modeling wherea single x ed modelis replacedy a collectionof modelsof
varyingcompl«ity. Thesemultiresolutionmodelscreatea needfor level of detail
optimization in the form of automatigprocesse$or selectingthe particularlevels
of detailto be renderedandlevel of detail rendering the extensionof rendering
processeto dealwith level of detailmodels.Thisthesisis concernedvith level of
detailoptimization.

morecomple full-detail rendering by adaptvely allocatingthe renderingtime thatis availableto
the detailthatwill mostbene t the perceptionof the scene.This can,if usedproperly createthe
perceptiorby the userof a constantdetail level higherthanthe greatestonstantdetail level that
couldhave beenrenderedf nolevel of detailoptimizationwereperformedseeFigure3).

2.2 Level of Detail Optimization

Level of detailhasbeenusedpreviously with thefollowing threeaimsin mind:
1. Thepreventionof aliasing.
2. Thereductionof renderingcomplexity.
3. Theregulationof framerates.

Aliasing is the misrepresentationf ne (high frequeng) detail during the samplingandre-
constructiorprocesgonstitutedoy rendering4]. It commonlyresultsin theappearancef jagged
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b A AAAAAAA
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e A A A A AAAA

Figure3: Why level of detail optimization isworthwhile. Thediagramshowvsthe
levelsof detailselectedor the eightobjectsof ahypotheticakcenejn eachof ve

casedabeled(a)to (e). Levelsof detail,orimpostorsarerepresentedy triangles,
with higherlevels of detail beingrepresentedby darkertriangles. Higher levels
of detail have bettervisual perceptionbut are also more expensve. (a) shavs a
possibleselectionwith themaximumtotal renderingcostthatcanbeaffordedif no

level of detailoptimizationis performed.(b) shavs a selectiorwith the maximum
costthat canbe affordedafter somerenderingtime is allocatedto level of detail
optimization. However sincelevel of detail optimizationis beingperformedit is

possibleto intelligently select for example,either(c) or (d), which have thesame
total costas(b). In eachcasemoreimportantobjectsareallocatedhigherlevels of

detail. Dueto the diminishedperceptiorof unimportaniobjectsthis cancreatethe
perceptiorby the userof a constanthigh level of detail of all objectsasshownin

(e)with averageperceptuabene t greatethanthatof (a).

lines,randomnoiseandmoire patterndn therenderedutput,as ne detailis sampledoo sparsely
andincorrectlyreconstructedBy active controloverwhatdetailis renderedit is possibleo prevent
therenderingof detailthat,whenrenderedyould projectto detailtoo ne to beresohedaccurately
onthetargetdisplay By remoring (by meansof culling, Itering, smoothingor simpli cation) ary
object-spaceletail that would be reducedby perspectie projectionto screen-spacedetail smaller
thanapixelit is possiblen theoryto eliminatealiasingentirely. Furthermoreéoy providing multiple
representationat a rangeof detaillevels andselectingbetweerthemintelligently it is possibleto
avoid the renderingof excessve detail (leadingto aliasing)on the one handandthe renderingof
toolittle detail (leadingto impairmentof usercorviction) on the other This amountgo a ltering
of detailin object-spaceandhashistorically beenputto goodusein adapte andmultiresolution
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texture mappingtechniquesuchasmipmapping27] [32] aswell asin the adaptie renderingof
terrainin ight simulatorg20]. Theuseof multiple levelsof detailto regulatethedisplayof visual
detailwassuggestetby Clark [16].

Whilst theoriginsof level of detaillie in perceptionit is morecommonlyassociatetbdaywith
renderingef ciency. A usefulside-efectof theremoval prior to renderingof detailthatmaynotbe
correctlydisplayedis a reductionin the wastedeffort of renderingthatdetail. By adaptve control
over the renderingof detail it is possibleto signi cantly reducethe compleity of the rendering
processwhichis generallyworthwhileevenattheadditionalexpenseof thelevel of detailselection.
HeckbertandGarlandprovide a usefulsurey of suchtechniqueg34]. Funkhouseand Séquin,in
their broadclassi cation of level of detail approachestefer to techniqueghat have this aim as
performingstatic detail elision [24]. Static techniquesare thosethat perform detail elision (the
removal of unwanteddetail prior to rendering)y meansof unchangingstaticthresholdstypically
basedn thedistanceof objectsfrom theviewer or their projectedsizeon thescreen.

FunkhouseandSéquinwerethe rst to notethatlevel of detailtechniquesrecapablenotonly
of reducingthe compleity of therenderingorocesdut alsoof limiting it. Theaim of limiting the
renderingcompleity is to guaranteeonsistenandreasonabléramerates.Experienceof real-life
interactve visualizationsystemshasshown that a consistenframerate of at leastten framesper
seconds essentiato the perceptiorby the userof a continuouservironment,over andabove the
needfor spatialimagequality [79] [63].

The increasinguse of advancedclipping and visibility preprocessingechniqueghat remove
invisible modelgeometrysuchasthoseof Greenestal [30], TellerandSéquin[80] andZhangetal
[88] [89] senesto makethe compleity of renderingdependentn the changingcompleity of the
visibleportionof thesceneratherthanontheconstantomplity of theentirescengepresentation.
This tendsto causeframeratesto vary dramaticallyasthe users viewpoint changed4o encompass
smallerandgreatemortionsof the model. For example theresultsreportedby Zhangetal in [89]
shaw thatalthoughthe useof hierarchical occlusionmapssucceed# culling betweerb0and100
percentof the scenemodel, its effect on frameratesis to makethemmore variableandirregular
thanbefore.

Staticlevel of detailtechniquesene to reducehedependengof the compleity of therender
ing procesonthe compleity of thevisible sceneby de-emphasizingisually unimportantregions
andsoreducingtheregion of themodelonwhich renderingdependso the partswhich arevisually
important Hencestaticlevel of detailtechniqueswhile usefulfor decreasinghe dependeng of
renderingcompleity onthecompleity of thevisible scenedo notremaove it completely
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In this senseperceptually-basestatic detail elision canbe seenas an extensionof culling to
considemot only the coarsebinaryyes/novisibility of objectsbut alsotheirfuzzy, perceptuavisi-
bility. As well assometimedeingculledcompletely objectsaresometimesgeplacedwith simpler
representationsAlternatively, clipping and culling may be seenas coarsespecialization®of the
moregeneralconceptof perceptually-baseltvel of detail,in which objectsare consideredo be
eithervisible (andthereforamportant)or invisible. Indeedratherthancompetingwith level of de-
tail techniquesadvancedculling methodscanbe usedto provide coarsevisibility informationasa
startingpointfor level of detailoptimization.

As the compleity of the visible sceneincreasessothe compleity of dataprocessedor ren-
deringandhencethe compleity of therenderingprocessncreasesccordingly Statictechniques
are capableof recognizingthatan objectis only faintly perceved andadjustingits detail level ac-
cordingly, but fail to reactto the overall compleity of the visible scene:the samelevel of detalil
will be selectedor anobjectin a certainviewing situationirrespectve of whethersesen suchob-
jectsarevisible or seven hundred.By reactingintelligently to changingperceptuallyisible scene
complity it is possibleto ensurethat no moredetail is renderedn total than may be rendered
in somearbitraryamountof availabletime. This remarescompletelythe dependengcof rendering
compleity on the compleity of ary part of the sceneandensuregin theory)thatthe rendering
time of every frameis boundedoy some x ed upperlimit, sothatconsistenandreasonablérame
ratesmaybeachiesed. Thisaimrequireamoreadwancedevel of detailoptimizationtechniqueshan
thoserepresentedly staticdetailselection:naivelyassigningevelsof detailbasedon the distances
of objectswithoutanyknowledgef global scenecompleity is notenough

This useof level of detailtechniquego bound— ratherthanmerelyreduce— renderingimes
hasbeenreferredto asload balancingby Reddy[60] andastime-critical renderingby Wloka[87],
Gossweile29] andvanDam [23]. Funkhouseand Séquindistinguishbetweerntwo paradigmsn
time-criticallevel of detail: adaptivedetailelisionandpredictivedetailelision. Adaptive techniques
aresimilarto statictechniqueshut adjusttheir detailselectiorthresholdslynamicallyaccordingo
informationgarneredrom the renderingof previous frames.For examplelevel of detail selection
criteriamay be mademoreconserative in response¢o measurementsdicatingthattherendering
timesof precedingrameswereexcessve, andrelaxedin responséo measuremenisdicatingthat
all is well. FunkhouseandSéquinnotethatthesetechniquesreproneto atradeof betweerrapid
reactionspeedandstability, leadingto overshoo(the over-reactionto sudderchanges)pscillation
(the cyclic meanderindbackwardsandforwardsacrossthe thresholdspnddelayedreactiontimes
[24]. Moreoverthevery natureof reactie or adaptve techniquess fundamentallyimiting: thebest
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we canhopefor is a slightdelayin reactingto changesluringwhich the boundarie®f acceptable
framegeneratiortimesareexceeded. Thesdimitationstendto causeadaptvetechniqueso behae
poorlyin theregulationof frameratesof complex interactive ervironmentsn whichthecompleity
of thevisible scends subjectto frequentdramaticandunpredictablehange$rom oneframeto the
next [24].

For this reasonFunkhouseand Séquinsuggesthe useof predictivelevel of detailtechniques
in which the compleity of renderingis limited by meansof active predictionof the neteffectsof
the renderingof potentialobjectrepresentationsn the total renderingtime of eachframe. This
approaclseekgo selectfor eachframea subsebdf all possibledravablerepresentationsf all scene
objectssuchthattheir total contribution to usercorviction is maximized while limiting their total
renderingcostto some x edmaximum.By limiting thetotal predictedenderingcostof eachframe,
it is possiblein theoryto ensureconsistenandreasonablérameratesat the expenseof somevari-
ationandreductionin spatialimagequality. Predictie level of detail optimizationis distinguied
from static optimizationby the fact that it aimsto limit renderingcompleity completelyrather
thanmerelyreduceit, andfrom adaptve optimizationby the fact thatit takesactive control over
renderingcomplity ratherthan passiely reactingto previous results. It explicitly predictsand
considerghe renderingcostsof potentialrepresentationesf individual objects,ratherthansimply
adjustingcoarsehresholdsThemotivationfor performingthislevel of detailselectiordynamically
at rendertime ratherthanasa preprocessr during the designof the systemis thatin aninterac-
tive visualizationsystemit is impossibleto predictin advancethe positionand orientationof the
viewer's point of view at ary giventime. Thereforethe mostinterestingpartsof the level of detail
problemarethosethatapplyto interactivevisualizationsystems.

Thetime-critical approacho renderingembodiedby predictive level of detail optimizationis
closely relatedto time-critical approachesn other elds. Andriesvan Dam for exampledrawns
an analogyto the conceptof guaranteedjuality of servicein networking[23]. Fussel,Readand
Silberschatf56] notethatthelevel of detailconcepis generabndarguefor systenwide multires-
olution — therepresentationf all dataat variouslevels of detailto allow intelligentmanagement
of processingpads.Sincethe proposabf predictive level of detailfor renderingoy Funkhouseand
Séquin,similar techniqueshave beenappliedwith somesuccess$o the automaticregulationof the
accurayg of physicalsimulation[11], collision detection[38] andupdateratesof animatedobjects
[87], all with theaim of preservingnteractvity atthe expenseof computationahccurag.

Theuseof multiplethresholdsknown ashysteesisimprovesthesituationslightly by tradingdetectionaccurag for
improved stability.
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In this dissertationve focusexclusively on predictive level of detail optimizationtechniques,
in the belief thatthey promisegreatersuccessn guaranteeinginiform frame ratesin interactve
visualization.We feel that statictechniquesrerelatively well establishedndthatthe next hurdle
in level of detail researchis the developmentof effective and ef cient predictive level of detail
optimizationalgorithms.We de ne the (predictve) level of detail optimizationproblemasfollows:

De nition 2.1 Thelevel of detail optimizatonproblem

Thelevel of detail optimizationproblemis the selectiorof a scenaepresentatiorfor eat frame
fromall availablesceneepresentationsud thatthe perceptualbene t of the selectedepresenta-
tion is maximizedvhileits total renderingtimeis limited to some xed upperbound.

This de nition is fairly generaland makesno demandsor distinction concerningthe form
thatthe sceneobject's representationsiay take andhow they may be rendered.We assumehat
efcient level of detailmodelingandrenderingechniquesxist — anassumptionthatis supported
by the large amountof researchinto multiresolutionmodeling[54]. We rely on the generalityof
our approacho ensurehatit appliesto multiresolutionmodelingtechniquesisedin practice.

2.3 Previous Level of Detail Optimization Strategies

In this sectionwe review level of detail optimizationschemegproposedpreviously by other re-
searchersin light of the static, adaptiveand predictiveclassi cation begun by Funkhouseland
Séquin.

Thevastmajority of previousapproachebave focusedorimarily onlevel of detailmodelingand
renderingratherthanlevel of detail optimization,relying on staticdetail elisionfor their optimiza-
tion algorithms.The overwhelmingpopularityof statictechniquess duein partto their simplicity
(bothin termsof understanding@ndin termsof implementationndin partto historicalreasons:
Staticlevel of detailtechniquesanbe datedbackto 1976[16] whereagredictve methodswere

rst proposedn 1993[24]. We suspecthatwhile mary researcherareawareof thetraditionaluses
of level of detailin preventingaliasingandreducingthe compleity of renderingrelatively few are
aware of its potentialusein ensuringconsistenandreasonabldramerates. The distinction be-
tweenreducingandlimiting is subtleandthereis a generalacceptancef therepeatedly-reinforced
“fact” thatthe compl«ity of renderingis dependenon the compleity of the visible scene.This
perceptiorhasbegunto changewith therecentrisein popularityof imagebasedrendering which
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promisego deliver freevisible scenecomplity throughthe replacemenbf geometriccomple-
ity with images.Imagebasedenderingschemehave variedfrom replacingrealtimerenderingof
geometryentirelywith clever warpingof prerecordedmageryto the selectve useof imagegoften
derived from renderingsof previous frames)to sene asapproximatadmpostorrepresentationsf
sceneobjects[2] [47] [55] [73] [75]. In the senseof the secondusagejmagebasedenderingcan
be considered subclas®f level of detail basedechniques Both canbe consideredxamplesof
agenerakrendtowards“faking it” [64] [10] by meansof cunningandappropriateapproximations
ratherthanbruteforcecomputation.

Staticdetailelisionwas rst proposecdy Clark[16]. Clark'saimin proposingheuseof multi-
ple levels of detailwasperceptuallymotivated:to guaranteghe selectionof the mostperceptually
appropriatdevel of detail for every objectin every concevableviewing situation. Clark's insight
wasthat by providing multiple explicit representationfor eachsceneobjectat design-timejt is
possibleto choosebetweerthemat rendertime so asto minimize the appearancef insuf ciently
detailedrepresentationg/hile simultaneoushlimiting the needlessenderingof detail thatis too
small (dueto perspectie projection)to be clearlyrepresentedr perceved. The mostappropriate
level of detailin ary given situation,in this approachjs the mostcorvincing representatiothat,
whenrendereddoesnot resol\e to detailtoo smallto bedisplayedonthe availabledisplay

Becausdhe ability to perceve detail decreasemostobviously and predictablywith distance
from the viewer, the commonperceptionof level of detailamongnon-specialisthascometo be
that level of detail selectionimplies selectionby thresholdshasedon distance. Blake [10] took
the ideaof perceptually-motiatedusercentric renderingfurther, noting that perceptionof detail
dependslsoon dynamicfactorssuchasthe relative motion of objectswith respecto the viewer,
and providing metricsthat predictthe most perceptuallyappropriatdevel of detail in ary situa-
tion [9]. Reddyprovidesa similar perceptually-baseflamevork for rendering[59] [61] [62] and,
like Blake, providesa perceptuaframevork by which the visual effectsof renderedietailmaybe
guantitatvely measured We notethat althoughsomeargumentcanbe madefor the existenceof
perceptuakffectsthatdependon the stateof theglobalvisible sceng47], theseperceptually-based
scheme$iave assumedor simplicity thatthe perception®f independenbbjectsareindependent.
Thereforeperceptually-baseldvel of detail optimizationhastraditionally beendoneon a strictly
object-by-objecbasis.

Mary level of detail schemedhave beenproposedhat makeuseof staticlevel of detail opti-
mizationin oneform or another Most have followed Clark's leadand basedheir level of detalil
selectioron simpleheuristicghatapproximatehe projectedsizeof objectson the display— either
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by somecombinationof object-spacsizeanddistanceor by a directmeasuref projectedscreen-
spacesize,andoftenby consideringhe object's boundingbox ratherthanthe objectitself. Rubin

and Whitted [67] [68] and Chamberlairet al [14] proposeschemesdn which they aim to prevent
aliasingandto reducerenderingtimesby replacingscenegeometrywith low detail boundingbox

representationaccordingo the screerareathatthey occupy

BeigbedeandJaham{6] andMacielandShirley [47] proposeheuseof simpleimpostorssuch
astextured planesas reduceddetail representationsf groupsof sceneobjects. The Maciel and
Shirley schemes distinguisted by the useof a predictive level of detail optimizationalgorithm,
which will be discussedn Section2.7.1. Shadeet al [75], Aliaga and Lastra[1] [3] aswell as
Schau eret al [73] [72] presentrelatedschemesn which cachedmagesof previously rendered
objectsareusedastexturedimpostorsto replacedistantgeometry Shadeet al usea perceptually-
basederror metric that predictsthe perceptuatlifferencebetweenthe impostorandthe full-detail
geometryto decidewhetheror notto usetheimpostor Aliaga andLastraaremoreconcernedvith
level of detailmodelingthanoptimization,anddon't specifyhow the decisionasto whetheror not
to useanimpostormay be made. In [1] and[3] they statethatthey areinvestigatinghow predic-
tive optimizationschemesnight be usedto scheduléempostoruseautomaticallysoasto guarantee
consistenframerates.In [2] and[55] they describehe adaptionof their texturedimpostorscheme
to thesimpli ed representationf portals (doorways)etweercells (rooms)in a denselyoccluded
ervironmentsuchasa building. In the caseof portaltexturesthe selectionof geometryfor replace-
mentby impostorsis dictatedby the topology of the building and no attemptis madeto placea
rigid boundon framerates. For examplethe roomsconstitutingcells may be arbitrarily and non-
uniformly comple.

Schau erandSturzlinger{73] proposea hierarchicakhree-dimensionaimagecachesimilar to
thatsuggestetly Shadeetal, in whichimpostortexturesarecreatedor eachof ahierarchyof nested
boundingboxes,andtheimpostorsaresubstitutedor thegeometrycontainedn theboundingboxes
they representf the texels of the impostortexturesare smallerthan pixelswhen projectedto the
display This constitutesstaticlevel of detail optimizationbasedon screen-spacarea. Schau er
alsopresentsischemdor theautomaticcreationof layeredtexture-basedbjectimpostorghatiend
themseleswell to commonimpostorwarpingoperationg71] [72].

Erikson proposegwo relatedhierarchicalpolygonalsimpli cation stratgies, one with Lue-
bke[45] andthe otherwith Manochg19]. Theseschemesreautomaticandproducehierarchical
simpli cations in thatthey are capableof meiging distinctobjects. They both operateby collaps-
ing polygonverticeswithin closevisual proximity of eachother andthe schemeof Eriksonand
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Manochaallows the creationof HLODs (hierarchicalevels of detail), which aresharedmpostors
for groupsof objects. Theseschemesre primarily level of detail modelingstratgies, andtheir

level of detail optimizationamountgo staticdetailelision basecbn screen-spacarea.No attempt
is madeto ensureboundedramerenderingtimes,andwhile the resultspresentedn [19] shav a

speedupf up to 10 timesover corventionalrendering the speedupdependson the viewpoint of

theuserandin theworstcaseghereis no speedumtall. Furthermorehesituationsvhenthealgo-

rithm'sspeedujis non«istentarepreciselfthosein whichthecorventionalrenderingakedongest,
sothattheeffectof staticlevel of detailoptimizationin this casds to worsenthe non-uniformityof

theframerateratherthanimproveiit.

LuebkeandEriksonstatein [45] that“the userselectghescreen-spacsizethresholdandmay
adjustit duringthe courseof aviewing sessiorfor interactize controlover thedegreeof simpli ca-
tion”. This needfor userbaseccontrolin aneffort to maintainreasonablérameratesis asymptom
of the lack of awarenes®f global statethat characterizestatic detail elision andis exactly what
predictive level of detail optimizationpromisego remove.

Sillion etal [78] proposealgorithmsfor theautomatiayeneratiorof three-dimensionageomet-
ric impostorsof urbanscenery(thatis, buildings). They focuson the developmentof methodshy
which the scenecanbe dividedinto sectionghat arethenrepresentetby simplerimpostorrepre-
sentationsandtheautomatiaggeneratiorof theseémpostors.Theselectiorof geometryfor dynamic
replacemenby impostorsis basedroughly on the distanceof the cells (city blocksin this case)
from the viewer, andno attemptis madeto limit explicitly the total compleity of the selecteden-
dering. As with theroomsof [2] and[55], the city blocksconstitutingcells may be arbitrarily and
non-uniformlycomple. It is upto thedesigneto ensurahatthey arenot.

The Openinventorrenderinglibrary by Silicon Graphicsprovideslimited supportfor level of
detail optimization,in the form of special-purpos&oLeelOfDetail scene-grapimodesthat auto-
matically switch betweermultiple availablerepresentationBasedon screen-spacareathresholds
provided by the user[52]. No facility is provided for more advancedlevel of detail optimiza-
tion techniques.VRML, being closelybasedon Inventor, hassimilar level of detail support[53]
[83]. Level of detailswitchingis basedon the distanceof objectsfrom the camerayatherthanon
their projectedscreen-spacsize. Predictive level of detailoptimizationis dif cult orimpossiblein
VRML, dueto thefactthatit is purelya scene-descriptiolanguage.

In additionmary technique$have beenproposedor theautomaticcontrolof thelevel of detail
of arti cial terrains[13] [17] [20] [33] [43] [44] (in ight simulatorsandmilitary-style gamesfor
example). The vastmajority of thesehave madeuseof someform of hierarchicaldecomposition
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of the landscapedatafrom which customversionsof the terrain may be dynamically extracted.
Thesecustomversionsaretypically adaptiely re ned accordingo someerrormetricthatpredicts
the visual appropriatenessf further re nements. Theseare invariably aimedat eliminatingthe
renderingof detail that, after perspectie projection,is too small to be properlyresohed. This
amountdo staticselectionbasedon screen-spacarea.Accordingto Funkhouseand Sequin[24]

somehave alsoattemptedo limit framerenderingimesadaptvely, ratherthanmerelyreducehem,
by dynamicallyvaryinglevel of detailselectiorthresholds.

Reddyproposedhe extensionof level of detail optimizationto takeinto accountthe portion
of the imagefalling on the fovea, or mostsensitve areaof the eye [58], andthe relative motion
of objectswith respecto the camerg57]. Theseideasweresuggestegreviously by Funkhouser
and Séquin[24] andBlake [10] respectiely. The degradationof visual detailin the peripheryof
head-mountedisplayshasbeeninvestigatedxperimentallyby Watsonetal [84] [85]. Theseideas
constituteextensionf perceptuallydrivenstaticlevel of detail,althoughthey mayalsobe usefully
incorporatednto predictive level of detail optimizationas suggestedy Funkhousemland Sequin
[24].

Remarkablyfew researcherbave proposedpredictive level of detail optimizationstratejies,
sincetheir inceptionby Funkhouseand Séquinin 1993. The algorithm proposedy Funkhouser
andSequinwill bedescribedn detailin Section2.6.1. Theschemeroposedy MacielandShirley
[47] is anextensionof the FunkhouseiSéquinpredictive approactto allow the useof hierarchical
level of detailmodelswith sharedmpostorsfor groupsof objects andwill bedescribedn Section
2.7.1.Belblidiaetal [8] [7] present predictive hierarchicalevel of detail optimizationalgorithm
thatis similar to but simplethanthat of Maciel and Shirley. We discusgheir approachin Section
2.7.2.

Aliaga et al describethe developmentof a systemfor renderingmassie models;in their case
amodelof a power station. Their systemdividesthe scenemodelinto a collectionof distinctcells
anddirectly measureshe compleity (in termsof sheemumberof polygons)of eachcell. It is at
leastpartially predictie in thatit thenpredictively variesthe level of the detail selectionthreshold
for eachcell soasto limit thetotal measurecdompleity of thevisible cells. They reportthatthey
areableto walk throughtheir 13 million polygonmodelatinteractive framerates atthe expenseof
someimagequality. Little or no attemptis madeto maximizeimagequality by meansf intelligent
selectiorof relative cell detaillevels.

Schau er[70] describesan extensionof the schemeof Funkhouseand Sequinwhich makes
useof their level of detail optimizationalgorithmbut combinest with animagecachingscheme
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similarto thoseof Shadeetal [75], AliagaandLastra[3], andSchau erandSturzlingef73]. Sin-

gle comple distantobjectsarereplacedvith polygonimpostorgexture-mappedvith dynamically
updatedmagesof thoseobjects. Sincenothingin Funkhouseand Séquin’s original formulation
of the algorithmexcludesthe the useof simpletexture mappedmpostorsratherthancorventional
polygon-basedlevels of detail” this constitutesa combinationof the approactof Funkhouseand
Séquinwith the single-polygorimpostorregime, ratherthanan improvementof the optimization
algorithmitself. Indeedthe originalde nition of impostorgivenby MacielandShirley [47] explic-

itly includesbothcorventionallevelsof detailandsimplerbut differentstylesof representatiothat
only resembléaheirassociate@dbjectsvisually:

An impostoris an entity that is fasterto drav thanthe true object but retainsthe
importantvisual characteristic®f the true object. TraditionalLODs are a particular
applicationof impostors.

Schau ernotesthat the useof image-basedmpostorssaves additionalrenderingtime (over con-
ventionallevels of detail) thatthe FunkhouseiSequinalgorithm, by its predictive nature is ableto
apportionintelligently to moreimportantobjects.Thisis of courseruefor the predictive algorithm
of MacielandShirley [47] aswell, sincethey alsomakeuseof image-basednpostors.

Horvitz and Lengyel [37] describeanothercombinationof the predictve FunkhouseiSéquin
approachwith imagebasedrenderingthat forms part of the Microsoft Talismanrenderingsystem
[82]. We describeheirapproactin moredetailin Section2.6.2.

A sunwey of contemporaryirtual reality solutions(commercialand otherwise)by Reddyin
1995shavedthatwhile roughlyhalf of the systemseviewedsupportech meanof automaticstatic
level of detail switching(basedon distanceor screen-spacgize)only IRIS Performer[65] [76] by
Silicon Graphicsinc. supportedload balancing”,which Reddyde nes asautomaticmodulation
of the levels of detail of all objectsin an attemptto maintaina x ed framerate[60]. Performer
providestraditionaldistanceor screen-area-baséVel of detailcontrol. In orderto provide frame
rate control it also supportsadaptive modulationof the thresholdshasedon estimatesf system
stressderiveddirectly from measurementsf renderingoad (thepercentagef theframetime used
up by rendering)for the previous frame. The switchingthresholdsandthe modulationby stress
andloadareindividually customizablen an object-by-objecbasis providing the ability to favour
higherlevels of detailfor semanticallyor perceptuallyimportantobjects. The approactemployed

We follow roughlythis de nition in this dissertationusingimpostorto denoteary usefulrepresentationf a scene
objectof groupof sceneobjects.
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by Performeris agoodexampleof adaptivedetailelisionasde ned by FunkhouseandSequin[24]
(Section2.2). Rohlf andHelman[65] notethata predictive schemevould be moreeffective:

Stresss basednload, thefractionof frametime takento renderaframe,andincreases
asloadexceedsauserspeci edthreshold.Theloadfor frame isusedin conjunction
with userspeci ed parameterto de ne thestressraluefor frame , thusde ning
afeedbaclknetwork.As discussedn [FunkhouseandSéquin[24]] this methodworks
reasonablyvell for relatively constansceneadensitiesdut suffersbecausehe stresss
alwaysa framelate and can exhibit oscillatorybehaiour. As illustratedin Figure9
[not shawn], a hysteresi®andcanreducestressoscillationsbut a moresophisticated
stressmanagementechniquesuchasthatdescribedn [Funkhouseand Séquin[24]]
hasbettercharacteristics.

OpenGLOptimizer, alsoby Silicon Graphicdnc.,is describedsfeaturing‘contributionculling”,
allowing the developerof the visualizationsystemto createone or more levels of detail by either
specifyinga target polygon countor polygon countreductionpercentageand then having Opti-
mizers built-in objectsimpli er build the new levels of detail. A separatgassregroupslevels of
detailinto level of detail nodes. During renderingthe selectionof the level of detail to renderis
basedn eithertheviewing distanceor the projectedareaof themodelontothe screer{77].

Silicon GraphicsdescribeOptimizerasthe rst “anti-graphics’system referringto its useof
level of detail techniquedo actively eliminategeometryfrom the renderingprocess. While this
is perhapsan overstatemenit doesre ect the growing acceptancef the ideathat the optimal
renderings not necessarilyhatwith the mostvisible detail.

In concludingthis sectionwe notethatthereis clearlyaneedfor moreresearchinto predictive
level of detail optimization. Sinceits inceptiononly afew researcherandpracticalsystemshave
attemptedo useit. In thenext sectionwe describeonepossiblereasorwhy thisis so.

2.4 Hierar chical Level of Detail Descriptions

Level of detail optimizationtechniqueshave typically madeuseof hierarchical level of detail de-
scriptions in which objectsaregroupechierarchicallyandsharedepresentationshay be provided
for groupsof objects(seeFigure4). The popularityof hierarchicakcenedescriptionss duein part
to their ability to representhe hierarchicatelationshipbetweerthevariouspartsof typical scenes,
andthefactthatpart-wholehierarchiegin which eachobjectis the union of its children,or parts)
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naturallyproducescenerepresentationat varying levels of detail. For the sakeof comparisorwe
speakalso of non-hiearchical level of detail descriptionswhich are characterizedby the provi-

sionof multiple representationfr objectsbut notof commonsharedepresentationfor groupsof

objects. A scenedescriptionmight for examplebe hierarchicalin structure(with objectsgrouped
recursvely into groupobjects)but not provide ary sharedepresentationfor the groups.

JAVAN
12
AB A%
3 45
JAN JAVA A JAN
6 78 9 10

Figure4: A simple hierarchical level of detail description. In thisstylizeddraw-
ing objectsarerepresentedy circlesandareconnectedo their childrenby down-
wardarcs. Eachgroup(non-leaf)objectis the unionof its children. Impostorsor
dravableobjectrepresentationsrerepresentetly trianglesbelov theobjectghey
representin orderof increasingdetail from left to right. Theimpostorsof group
objects(impostorsl through5) areeffectively sharedepresentationfor all of the
childrenof thosegroupobjects.For exampleimpostor5 is a suitablereplacement
for impostors9 and10.

FunkhouseandSéquinclaimin [24] thattheir level of detail optimizationalgorithmis suitable
for applicationto hierarchicalscenedescriptions.However we will showv in Section2.6 that this
doesnot extendto cateringfor sharedgrouprepresentationsThis is sucha signi cant limitation
thatthe algorithmof FunkhouseandSéquincannotreally be saidto be usefulfor hierarchicalevel
of detaildescriptionsNotablySchau erpresent$wo separatéevel of detailschemespneof which
uses~unkhouseandSéquin’s predictive optimizationalgorithmbut doesnot caterfor sharedyroup
objectrepresentationg’ 0] while the otheris hierarchicalandcatersfor sharedrepresentationisut
is not predictve and makesno attemptto usea Funkhousetike schemdg73]. Similarly Horvitz
andLengyel[37] usean approactthatis very similar to FunkhouseandSéquin's andis alsonon-
hierarchicalwith no mentionof sharedyrouprepresentationsWe discusgheir schemen Section
2.6.2.
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MacielandShirley, aswell asproviding a predictive level of detailoptimizationalgorithm,per
mit the useof truly hierarchicallevel of detail scenedescriptiondn which sharedrepresentations
may be providedfor groupsof objects[47]. The hierarchicaldescriptionsassumedy Maciel and
Shirley is identicalin generalform to that shovn in Figure4. While the predictive algorithm of
MacielandShirley is in somesensea hierarchicakxtensionof FunkhouseandSéquin'salgorithm
it differssigni cantly from it, aswe shallshov in Section2.7.1.Ourresearcltonstitutegheinves-
tigationof waysin which predictive andhierarchicalevel of detail optimizationmay be combined
into aworkingwhole,andis thereforeanextensionof thework of both FunkhouseandSéquinand
MacielandShirley.

Like Maciel and Shirley, Belblidia et al [8] allow hierarchicalevel of detaildescriptionswith
sharedbjectrepresentationsl heirlevel of detaildescriptionis identicalin form to thatof Maciel
andShirley.

Clark wasthe rst to suggesthe useof hierarchicalevel of detail scenedescriptionspr hier-
archicalmultiresolutionmodelsin which the sceneis describedn termsof a nestedhierarchical
decompositiorof objectsinto subobjector partsand multiple dravable representationsay op-
tionally be providedfor objectsat ary level of the hierarchy Clark's descriptiorntakesthe form of
a hierarchyof objects,eachof which containsboth pointersto otherobjectswhich areits children
andpointersto otherpossiblerepresentationfr impostors)of that object. Blake [9] assumeshe
useof a similar structurein his formalizationandextensionof the perceptually-inspiregaradigm
of Clark.

RubinandWhitted[68] makeuseof anirregularpart-wholehierarchicadescriptiorin theform
of a hierarchyof nestedarbitrarily orientedrectangulamparellalepipedoundingboxes, with no
otherdravablescenegeometry Only oneassociatedravablerepresentatiors explicitly provided
for eachobjectin the hierarchy however otherimplicit representationareavailablein the form of
the explicit representationef their ancestorsind descendantsNote thateachnon-leafbounding
box functionsas a sharedimpostorfor all of the boundingboxesit contains. A completescene
representatiomaybe producedy renderingary subtreeof the scenalescriptiorrootedattheroot
object.

Chamberlairetal [14] presenasimilar schemen whicha part-wholehierarchicakceneaepre-
sentatioris automaticallygeneratecroundthe native geometryof the available scenedescription
(Figure5). They createa regular hierarchicalspatialdecompositiorof the scenein the form of
anoctreg suchthatthe leavesof the octreecontainonly alimited maximumnumberof geometric
primitives.Eachof thenon-leafnodesof the octreeis essentiallya groupobject,andhasassociated
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with it asingledravablerepresentatiorgrimpostor Thesempostorsarecolourcubesvhosesides
arecolouredwith the averagecolourof the geometrycontainedvithin thatcubewhenviewedfrom

thatside,calculatedn a preprocessingtepby meanof orthographiaenderingsThis schemedif-

fersfrom thatof RubinandWhitted primarily in thatthe hierarchicalscenedescriptionis regular
andcontaingraditionalgeometryatthe leavesaswell asboundingboxes.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure5: Hierarchical spatial decompositionin the form of an octree. Aniil-
lustrationof themanneiin which Chamberlairetal constructregularhierarchical
spatialdecompositiorof the scenefrom an available geometricscenedescription
usinganoctree.

Marshallet al [48] describeanotherschemethat is similar to that of Chamberlairet al, but
usesa non-uniformrecursve part-wholesubdvisionof thescenento tetrahedronssteadf cubes.
Like thecubesof Chamberlainthesetetrahedronghemselessene asdravableimpostorgor their
containedgeometry

Wiley etal makeuseof anextendediorm of theBSPtreecalleda MultiresolutonBinary Space
Partition (MBSP)Tree in which multiple representationsay be provided for eachhierarchically
partitionedsubspaceanda distinct subtreds createdor eachrepresentatiof86]. This represents
the corversionof a part-wholehierarchicalscenedescription(the BSPtree)to a hierarchicalevel
of detaildescriptionthe MBSPtree).

Shadeetal [75] presenta schemehatis similarin spirit to thoseof Chamberlairetal, Marshall
etal andWiley et al, but makesuseof cachingof previously renderedmagesof scenegeometry
ratherthanpre-computedmpostors.They usea BSPtreeto partitionthe scenehierarchically and
associatavith eachnode previously renderedmagesof the scenegeometryrepresentect that
node. Thesepreviously renderedmagesare then textured onto billboard-stylepolygonsplaced
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in the sceneto function asimpostorsfor their representedgeometry In this way impostorsare
generatecautomaticallyand cachedo improve ef ciency by taking advantageof frame-to-frame
coherence.

The schemepresentedy Schau erand Sturzlinger[73] is closelyrelatedto that of Shadeet
al. They employa hierarchyof nestedboundingboxes,andusetexturesrepresentinghe contents
of eachboundingbox asimpostors.This ideaalsohasmuchin commonwith thatof Chamberlain
et al, anddiffers primarily in the useof anirregular boundingbox hierarchyratherthana regular
octreeandthe useof cachedexturesasimpostorsratherthansimpleshadedgolygonscubes.

AliagaandLastrg[1] [3] areunusualn that,althoughthey usecachedexture-mappedmnpostors
like Shadeet al, theseimpostorsare not organizedin a hierarchy Their work is concernednore
with the low level technicalitiesof using single-polygortexture-mappedmpostors(for example,
accountindor thevisualerrorsintroducedy parellax)thanwith level of detailoptimization.While
hierarchicalevel of detaildescriptionsrecertainlyusefulfor level of detailmodeling muchof their
bene t arisesin level of detail optimizationwheretheir recursve natureand power of expression
allows ef cient waysof dealingwith the complity of large scenesChamberlairet al's useof an
octreefor exampleallows themto easilyselectsimplesharedrepresentation&ubeimpostors)for
large groupsof relatedobjectsin onestep.

The schemeproposeday Sillion et al [78] for the automaticgeneratiorof 3D geometricim-
postorsof urbanscenerycanbe consideredo be essentiallyhierarchical. They partitionthemodel
into cells correspondingdooselyto city blocks,and createimpostorsthat represenentirecells or
combinationof cells.

Theideaspresentedyy EriksonandManocha[19] andLuebkeandErikson[45] combineele-
mentsof traditionalpolygonalsimpli cation (or multiresolutionmodeling)andhierarchicalevel of
detaildescriptionsOf thetwo, EriksonandManochas scenemodelis closerto aregular hierarch-
ical level of detaildescriptionin which objectsaregroupedrecursvely anddynamicallygenerated
sharedepresentationsreprovidedfor thegroups.Thescenanodelof LuebkeandEriksonis notas
regularandconsistof avertex tree a hierarchicalisting of all theverticesin the sceneaccording
to proximity andwithout regardto objecttopology, thatmaybe queriedon a frame-by-framebasis
to provide customscenerepresentations which no groupsof distinctverticesareclosertogether
thanagivenscreen-spacreshold.

Onedisadwantageof this vertex tree structurefrom a level of detail modelingpoint of view
is that it discardsusefulinformation aboutthe scenetopology that might otherwisebe usedto
ensurethatthe collapsingof verticesresultedin visually meaningfulsimpli cations of groupsof
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objects.Secondlyit losesthe advantage®f the useof displaylists (in OpenGlL, for example)that
x ed levelsof detail suchasthoseassumedy Funkhouseland Séquinallow. In particularthe
dynamiccreationof customimpostorsfavoursthe useof currentgraphicshardwarein immediate
moderatherthandisplaylist mode sinceuniqueimpostorsaregeneratedior every frameandthere
is therefordittle advantagedo begainedfrom displaylists. Theuseof immediatemodeoftencauses
areductionin speedy afactorbetweer? and3 [45]. Ontheotherhandthedynamicpolygon-lesel
simpli cation of geometryallows the systemof Luebkeand Eriksonto provide view-dependent
simpli cations of individual objectsin which partsof large objectswhich are nearto the viewer
are simpli ed lessthan partsthat are further avay. Hoppe[36] presentsa relatedtechniquefor
view-dependenadaptie re nementof mesh-basedbjectrepresentations.

Ultimately the distinctionbetweent' x ed” and“dynamic” impostorscomesdown to the level
of the geometryat which the objectsone considergo be available for manipulationby level of
detail optimizationare located. Luebkeand Eriksonregard individual polygonsas available for
simpli cation anddecimationwhile moretraditionalapproache§l6] [9] [24] have assumedhat
all polygon-tweakings performedasapre-process thegeneratiorof arelatvely smallnumberof
x eddravablerepresentationlearlythelevel of geometrywhichoneregardsas“objects”dictates
whatcanandcant be donewith the objectsonechoosesThework we presentereis inspiredby
the orthodoxview of scene-object-ieel impostorsand so our discussionwill be formulatedwith
thisin mind. However our approachs generalenoughto be appliedat ary level of geometryand
in factin ChapterQ we presentinexperimentin which polygonsareconsideredndividually by our
level of detailoptimizationalgorithm. But asChapter9 showns, our experiencesuggestshatwhile
the perceptuabene ts of optimizingindividual polygonsmay be great,the performancebene ts
of level of detail optimizationmay be lost in the overheadthat this involves. As a generalrule
we suggesthat, for the purpose®f ef ciency, the costof consideringvhetheror notto renderan
impostorshouldbe signi cantly lower thanthe costof simply renderingthatimpostor

As we saidin Section2.2, the mary techniqueghat have beenproposedfor the automatic
controlof thelevel of detailof arti cial terrainstypically makeuseof someform of hierarchicade-
compositiorof thelandscapelata.Oftenthisis in theform of aquadtreeor regular 2-dimensional
decompositiorf20]. In the sameway thatthe facesof the cubesin Chamberlairet al's octreehi-
erarchysene asimpostorsfor the geometrycontainedn thosecubes,sothe facesof the quadtree
nodessere asimpostordfor their containedyeometry In thesesystemg-dimensionahierarchical

Fixed levelsof detailarealsosometimesalledstaticlevels of detailto distinguishthemfrom the dynamiccreation
of impostorsat rendertime that systemssuchasthoseof Luebke, Eriksonand Manochaallow. We avoid this term,
preferringto useit to distinguishbetweerstatic,adaptve andpredictive level of detail optimization.
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level of detaildescriptionsreexploitedfor the samebene tsas3-dimensionabnes:the automatic
generatiorof simpli ed impostorrepresentationtr groupsof objectsandthe ef ciency of being
ableto considerentiregroupsof objectsat the sametime in level of detailoptimization.

IRIS Performer[76] allowstheuseof hierarchicallynestedevel of detailnodesin its scenede-
scriptionhierarchy Usingthesenodesmultiple level of detailrepresentationsiay be providedfor
thepartsof largerlevel of detailrepresentationd his styleof hierarchicalevel of detaildescription
is similarto but slightly more e xible thanthatof Maciel andShirley [47], depictedearlierin Fig-
ure4. In this thesiswe assumea Maciel-Shirlgy style hierarchicaldescriptionwhich we describe
formally in Chapter4.

All of the hierarchicalevel of detail schemesliscusse@bore arenon-predictve (SeeSection
2.2), with the notableexceptionsof thoseof Maciel and Shirley [47] andBelblidiaetal [8]. The
non-predictve schemegnakeno attemptto placea rm restrictionon renderingcompleity and
are designedo reduce,ratherthanbound,frame renderingtimesand (in somecases}o ensure
perceptuallyappropriateendering. The compleity of the renderedyeometryis still rmly linked
to the compleity of the visible portion of the scene althoughin mary instanceghe severity of
the dependengis reduced.As we notedin Section2.3 the only predictive methodsproposedso
far (to our knowledge)arethe algorithmof Funkhouseand Séquin[24], the level of detail system
of Schau er[70], which simply makesdirectuseof Funkhouseand Sequin's algorithm,andthe
hierarchicallevel of detail optimizationscheme®f Maciel and Shirley andBelblidia etal. This
suggestsystly , thatpredictive level of detail optimizationis a dif cult problemin needof further
researchgiven that the schemeghat exist have not completelysolved it) and secondlythatthe
incorporatiorof hierarchicalevel of detaildescriptionsnto predictive level of detailis still anopen
problem. The only proposalsvhich have addressed, to our knowledge,arethoseof Maciel and
Shirley and Belblidia et al. Their schemesapply a predictve approachinspiredby Funkhouser
and Sequinto hierarchicallevel of detail descriptions.We will investigatehemin moredepthin
Section2.7.1and2.7.2.

2.5 KnapsackProblems

In their seminalpredictive level of detailoptimizationpaper[24] FunkhouseandSéquinnotethat
thelevel of detailoptimizationproblemis equivalentto theMultiple ChoiceKnapsa& Problem For
this reasorwe provide in this sectiona brief overvien of the KnapsackProblemandseveral of its
variations.In additionwe describeseveral approximatioralgorithmsfor theseproblems.We will
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returnto the questionof level of detail optimizationin Section2.6.

TheKnapsak Problemdescribes classof real-life optimizationproblemsin which alimited
subsebf a setof candidateitemsmustbe selectedsuchthattheir total pro t is maximizedwhile
their total costis limited. Eachitem hasa certainconstantcostandpro t. The problemdraws its
namefrom an analogyto the lling of a knapsackof limited capacitywith a selectechumberof
availableitems,eachof which hasa particularintrinsic worth (pro t) anda certainsizeor weight
(cost).Mary variationsonthethemehave beendiscusseatlengthin the eld knownasOperations
ResearchWe outlineafew of themhere.

2.5.1 Binary KnapsackProblem

TheBinary Knapsa& Problem(0-1 KP) is a specializatiorof the KnapsackProblemin whicheach
item may be selectedxactly zeroor onetimes(asopposedo the moregeneralproblemsn which
multiple or fractionalselectionsarepermitted).0-1 KP is shavn conceptuallyin Figure6 andmay
bede nedformally asfollows:

De nition 2.2 TheBinary Knapsa& Problem
Givenaset of candidatetemsandaknapsackwith

prot of item

costof item

capacityof theknapsak
maximize
subjectio
whee

if item is selected
otherwise
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Figure6: The Binary KnapsackProblem (0-1KP). A variationof the Knapsack
Problemin which eachcandidateitem may be selectedonly zero or onetimes.

Eachitem hasa certaincostandpro t, andthe objectis to selectthe subsebf the

candidatetemsthat maximizesthe total prot andhastotal costlower thanthe

capacityof theknapsak.

2.5.2 Multiple ChoiceKnapsackProblem

The Multiple ChoiceKnapsa& Problem(MCKP) is a generalizatiorof 0-1 KP in whichthe candi-
dateitemsarepartitionedinto a collectionof distinctcandidatesubsetgor types)andexactly one
item mustbe selectedrom eachsubset. It is shovn conceptuallyin Figure7. The MCKP will

sene asthebasisof ourworkin laterchaptersgdueto its usefulnesasamodelof thelevel of detalil

optimizationproblem.

candidate
subsets

A-- o A knapsack
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i . selection A
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Figure7: The Multiple ChoiceKnapsack Problem (MCKP). Theproblemcon-
sistsof a setof candidateitems partitionedinto a collectionof candidatesubsets
Eachitem hasa certainconstantostandpro t. The objectis to selectthe subset
of the candidatdtemswith greatestotal pro t, subjectto the constraintghat ex-
actly oneitem mustbeselectedrom eachcandidatesubsetindthetotal costof the
selectedtemsmustbelessthanor equalto the capacityof theknapsag.
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De nition 2.3 TheMultiple ChoiceKnapsa& Problem
Givenaset of candidatdtems a partition into disjoint candidatesubsets of
theitemset andaknapsackwith

prot ofitem (1)
costof item (2

capacityof theknapsak ©)
maximize

4)
subjectto

5)

(6)

(7)

8

assuming

(9)

The ContinuousMultiple ChoiceKnapsa& Problem C(MCKP), is a relaxationof MCKP in
which the candidatdtems may be fractionally selectedas opposedo eithercompletelyselected
or not selectechtall, asin the MCKP). It is alsoknown asthe linear or continuousrelaxationof
MCKP. AlthoughC(MCKP)is not centralto ourwork, we includeit herebecaus@nunderstanding
of it is usefulin laterchapters.

De nition 2.4 TheContinuoudMultiple ChoiceKnapsa& Problem
Givenaset of candidatdtems a partition into disjoint candidatesubsets of
theitemset andaknapsackwith

prot of item
costof item

capacityof theknapsak
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maximize

subjectio

assuming

Intuitively, insteadof selectingexactly oneitem from eachcandidatesubsetexactly once,we
mustselectatotal of exactly oneitem from eachcandidatesubsetpossiblycomposeaf fractional
portionsof severalitems.

2.5.3 Algorithms for 0-1KP

The 0-1 KP is NP-completeput may be solvedin psuedo-polynomiaime by dynamicprogram-
mingtechniquesTheseareef cient for smallprobleminstancesFor largerinstancedvrandc-and-
boundalgorithmsaregenerallyused49]. Branch-and-bountkchniquesireexamplesof algorithms
that“while acknavledgingtheappareninevitability of exponentiattime compleity, seekto obtain
asmuchimprovementover straightforwardexhaustve searchaspossible”[25]. They constructa
searchreeof possiblepartialsolutionsandutilize powerful boundingmethoddo recognizepartial
solutionsthatcannotpossiblybe extendedto actualsolutions,therebyeliminatingentirebranches
of thesearchn a singlestep.While their worstcaseperformancepproachethe compleity of an
exhaustie searchtheir averagebehaiour for typical problemsds acceptable.

Aside from algorithmsfor the optimal solutionof 0-1 KP, thereare several approximational-
gorithmsthatprovide solutionsof guaranteedearoptimalquality in exchangeor polynomialtime

Our de nition of C(MCKP) is identicalto that presentedy Martello and Toth [49]. Garey and Johnsor{25] use
ContinuousMultiple ChoiceKnapsad to referto a differentNP-completeproblemin which exactly onedistinctitem
mustbe selectedrom eachsubsetbut this item maybefractionally selectedvith ary selectionvaluerangingfrom zero
to one.Notethatthis doesnotimply thata total of exactly oneitemis selectedrom eachsubset.
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compleity. Sahni[69] andothershave describedully polynomialtime approximatiorschemesor
0-1 KP thatconsist,essentiallyof a seriesof approximatiomalgorithmsof increasingpolynomial
time compleity thatprovide approximatesolutionsof any arbitrarynon-optimalguaranteeduality.

A simple greedyapproximationalgorithm for 0-1 KP is shavn in Figure 8. This algorithm
correspondsoughlyto theleastexpensie algorithmin Sahnisapproximatiorschemeandis guar
anteedo produceasolutionwith totalpro t atleasthalf asgoodasthepro t of theoptimalsolution
(we saythatit is half-optimal. Its time compleity is log [49].

input: aninstanceof the0-1 KP (seeDe nition 2.2)
output: ahalf-optimalor bettersolutionto theinstance

I/l consideiitemsin descendingrderof value,
I selectingeachitemif we canafford to

begin
set
ordertheset of candidatétemsby descendingalue( )
for eachcandidatétem

if then
set
else
if then
set

/I considetthecritical item solution

if then
if then
set i )
otherwise
end

Figure8: Greedyapproximation algorithm for 0-1 KP.

The greedyalgorithm performsa greedyselectionof the candidateitems using a heuristic
or simple guideline, that suggestavhich item shouldbe selectednext. The heuristicusedis to
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considerat eachstagethe availableitem with the greatestalue (pro t / cost). Value providesa
measureof the “bank for the buck” provided by prospectie representationsWheneachitem is
consideredt is placedin theknapsackf thereis sufcient remainingspaceanddiscardedf there
is not. Therationalebehindthis heuristicis thatwhene&er anitem is consideredve know thatall
of theremainingunconsidereitemshave lower valueandthereforewould provide aninferior use
of the spacetakenup by it. Notice that becausétemsmay only be eithercompletelyselectecor
completelyunselectedthis generallyresultsin somewastedunusedspace. The greedyselection
thereforeworksaslong astheselectiorof anitem doesnot preventtheselectiorof alargelateritem
of lower valuethat, dueto the speci ¢ sizesof the items,would have provided a more pro table
lling of the knapsack.To guardagainstthis pathologythe algorithmcompareghe pro t of the
solutionresultingfrom the greedyselectionstageto the pro t of the solutionconsistingof only the
critical item, which is the rst itemto be discardedduring greedyselectiondueto its costbeing
greaterthanthe remainingspacein the knapsack.If the critical item solution hasgreaterpro t
thealgorithmrejectsthe greedysolutionandselectghecritical iteminstead.This stepresohesthe
pathologyandguaranteethatthealgorithm'ssolutionis atleasthalf asgoodastheoptimalsolution
(in termsof total pro t).

We presentherea proof of the half-optimality of the 0-1 KP greedyalgorithm,basedin part
on ideaspresentedn [49]. We includeit hereonly becausén Chapters3 and6 we will extend
it to provide proofsof the half-optimality of our own algorithms. The basicapproactunderlying
the proof is that of relating the solution value of the optimal solutionto that of the algorithm's
approximatesolution, producingan expressionfor the maximumerror or differencebetweenthe
two. By consideringheimplicationsof the selectionorderof itemswe thenreducethis maximum
errorexpressiorto termsinvolving only weightsandthevalueof thecriticalitem. Wethenformulate
anotherexpressiorrelatingthe weightsof the maximumerrorequationto theweightof the critical
item and, substitutirg, shav thatthe maximumerroris boundedby the pro t of the critical item.
Sincethegreedyalgorithmalsoconsiderghesolutionconsistingof only thecriticalitem,wededuce
thatthealgorithm's solutionis at leasthalf asgoodasthe optimalone.

Theorem 2.1 Thetotal pro t of the 0-1 KP greedyalgorithm's solutionis at leasthalf asgoodas
thetotal pro t of the optimalsolution,for everyinstanceof 0-1 KP.

Proof:

Assumehat the candidatdtemshavebeenordered by descendingalue,sud that
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Let bethesetof itemsselectedy the greedyalgorithm befole the critical item is consideed.

Thensince isthe rst itemto berejectedthetotalprot  oftheitemsin is givenby

Theprot oftheoptimalsolutionisrelatedto by

whee is thesetof itemsthat are in the optimal solutionbut notin , and
thatarein  but notin theoptimalsolution. Thensince

and

weknowthat

and

andso

Nowweknowthat

is the setof items

(10)

(11)
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wheke ~ is thespacdeft in theknapsak after theselectionof andbefore therejectionof , since
t into theknapsak by de nition.
Since wasrejectedweknowthat ™ . Hence

andso,from(11),

— (12)
(13)

Recallthat the greedyalgorithm compaesthe total pro t of the nal greedysolution (which
is greaterthanor equalto ) totheprot  of thecritical item solution,and keepswhichever
solutionis better Thatis, the algorithm's solutionhaspro t max . Theefore, from
(13)

andtheprot of thealgorithm's solutionis guaranteecdto be at leasthalf the pro t of the optimal
solution.

2.5.4 Algorithms for MCKP

The MCKBP, like 0-1 KP, is NP-complete. However it too may be solved by branch-and-bound
algorithmsandin psuedo-polynomigime by dynamicprogrammingechnique$49]. Branch-and-
boundalgorithmsfor MCKP areprecededy areductionphasejn which itemsthataredominated
by otheritems(andthereforearenot element®f anoptimalsolution)areremoved. Thecompleity
of thereductionphaseis log ,where isthecardinality(or size)of thelargestcandidate
subse{49]. Thenat eachstageof the branch-and-boundigorithmaninstanceof the Continuous
Multiple ChoiceKnapsackProblem C(MCKP),is constructe@ndsolved. Algorithmsfor theexact
solutionof C(MCKP) are presentedor exampleby Armstronget al in [5] andby Dudzinskiand
Walukiewicz in [18].

We however are particularlyinterestedn approximationalgorithmsfor MCKP, ratherthanop-
timal algorithms. Thereare severalreasondor this. Most obviously, the approachakenby Funk-
houserand Séquin[24] is basedon a greedyalgorithm. More importantly optimalalgorithmsare
invariablymoreexpensve thanapproximatioralgorithmsfor the sameproblem. Sinceour chosen
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applicationis level of detailselectionin computergraphicswhereapproximatiorof visual quality
in exchangefor reasonablexecutionspeedds the norm, we do not require optimal solutionsto
our NP-problemsandarehappyto settlefor approximatesolutionsof guaranteedjuality levelsin
returnfor relatively ef cient time compleities. This favouringof guarantee@xecutionspeecdover
completelyaccuratesolutionsis in keepingwith our time-criticalcomputing-stylepproach.

Lastly, and mostimportantly the greedyapproximationalgorithmsthat we proposemay be
madeincremental so that they acceptasinput an initial solutionderived from the approximate
solutionfoundfor the previous probleminstance.This allows usto exploit the coherencdetween
the probleminstancepresentedby successie frames,in amanneithatwasoriginally proposedy
FunkhouseandSéquin[24].

FunkhouseandSequinpresentgreedyalgorithmfor avariationof C(MCKP),whichthey use
asabasisfor anincrementalevel of detail optimizationalgorithm(describedn Section2.6.1).In
effectthey usethisalgorithmasanapproximatioralgorithmfor MCKP, since,aswe notein Section
2.6, theirlevel of detail optimizationapproaclassumeslistinctunitary objectrepresentations’ he
greedyalgorithmpresentedy FunkhouseandSéquinhasatime compleity of log . They
claimthatit is half-optimat thatits solutionis guaranteedtb be atleasthalf asgoodasthe optimal
solutionin termsof total pro t. Howeverwe shallshow thatthisis notthecase.

The FunkhouseiSequinalgorithmis shavn in Figure9. Like the 0-1 KP algorithmpresented
earlier thealgorithmoperate$®y consideringtemsfor selectiorin descendingrderof value(pro t
/ cost),selectinghemif they canbe afforded. Whenanitemis consideredhatbelongso thesame
candidatesubsetasanitem alreadyin the knapsackpnly the item with greaterpro t is retained.
Thatis, if thenew item hasgreatempro t thenit replaceghe currentlyselectedne. Otherwiseit is
discardedThethinking behindthisis thattheretainedtem, whicheverit is, represents betteruse
of the spacet takesup thanary of theunconsideretbwervalueditems[24].

It is not clear for which problemthe FunkhouseiSéquin greedyalgorithmis intendedto be
an approximationalgorithm. Funkhouseland Sequin statethatit is an approximationalgorithm
for the “ContinuousMultiple Choice KnapsackProblem”,and referto two sources:Computers
and Intractability by Garey and Johnson[25] and a papercalled The Multiple Choice Knapsa&
Problemby Ibarakietal [39]. However thesetwo sourcesde ne the ContinuousMultiple Choice
KnapsackProblemdifferently. In [25] it is de ned asarelaxationof the Multiple ChoiceKnapsack
Problemin which exactly onedistinctitem mustbe selectedrom eachsubsetbut thisitem maybe
fractionallyselectedvith ary selectionvaluerangingfrom zeroto one.In [39] Ibarakietal dealwith
the continuougrelaxationof MCKP which we (aswell asMartello and Toth [49]) call C(MCKP),
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input: aninstanceof the MCKP (seeDe nition 2.3)or C(MCKP)
output: asolutionto thatinstance

/I consideiitemsin decreasingrderof value,selectingtemsif we
I/l canafford themandreplacingitemsfrom the samecandidate

// subsebn higherpro t
begin
set
ordertheset of candidatétemsby decreasingalue( )

for eachcandidatetem

if thereexistsanitem suchthat and for some then
if and then
set
else
if then
set

end

Figure9: The Funkhouserand Sequin greedyalgorithm.

de ned previously in De nition 2.4. Theseproblemsaresigni cantly different,althoughboth are
NP-completeFinally, aswe notein Section2.6, FunkhouseandSéequinactuallyusetheiralgorithm
asanapproximatioralgorithmfor the corventionalMCKP.

No matterwhichof theseproblemgheFunkhouseiSéquinalgorithmis intendedor, it is awed.
In thecaseof bothMCKP andC(MCKP),thealgorithmfails to guarante¢hatits solutionis feasible
that (a total of) exactly oneitem is selectedrom every candidatesubset. Considerfor example
whathappensn the casewhere,afterthe candidatdtemsareorderedby descendingalue,all of
theitemsfrom one candidatesubsetare considerednly afterthe available knapsaclcapacityhas
beencompletelyspent.

It is importantnot to be confusedby the fact that the MCKP and evenits “continuous”relaxationC(MCKP) are
oftende ned suchthatthepro ts andcostsof eachitemareinteger. Thisis aconvenienceandis assumedvithoutlossof
generality In practicethe pro ts andcostscanbeary positive realnumberd49]. Considerfor examplethatary instance
of MCKP representedvith nite accurag on a computercan be cornvertedto an equivalentinstancecontainingonly
integral pro ts andcostsby multiplying throughby a constanfactor Theword “continuous”in “continuousrelaxation”
refersto theselectiorvalues |, ratherthantheprots  andcosts

In the caseof the variationof the ContinuousMultiple ChoiceKnapsackProblemde ned by Garey and Johnson



38 CHAPTERZ2. BACKGROUND

More importantly Funkhouseand Sequinclaim thattheir algorithmis guaranteedo produce
a solutionwith total pro t thatis at leasthalf asgoodasthetotal pro t of the optimal solution. It
is however possibleto nd two kindsof counter@amplefor this, eachof which outlinesa separate
problem.An exampleof the rst typeof counter&ample,shavnin De nition 2.5,is aninstanceof
the MCKP in whichtherearetwo candidatesubsety and ), eachof which containsonly one
item. containdteml1,and containgtem 2. ltem1 haspro t andcost and
item 2 haspro t andcost . Thecapacityof theknapsacks 100. Thealgorithm
selectdtem 1, while theoptimal solutionconsistof item 2.

De nition 2.5 First counteexamplefor the FunkhouseiSequingreedyalgorithm
Considertheinstanceof the MCKP in which:

Thesolutionreadedby thegreedyalgorithmfor MCKP in thisinstances

with a total pro t , While the optimalsolutionis

with a total pro t . Theefore the solutionreaded by the FunkhouseiSequingreedy
approximationalgorithmin this instances lessthanhalf asgoodasthe optimalsolution.

Notethatthis counter@ampleis effective for bothMCKP andC(MCKP), sinceC(MCKP)is a
relaxationof MCKP. It may be madearbitrarily badsimply by changingthe pro ts of theitems. It
representshe pathologicalcasein which the selectionof anitem preventsthe selectionof a later
item thatin fact happendgo provide a muchbetterusageof thatparticularknapsackcapacity This

[25], thisis still afeasiblesolution,sincein their problemit is notrequiredthatexactly oneitemis selectedn totalfrom
eachcandidatesubset.
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problemis inherentin the naive greedyapproactandoccursin thesimilar greedyalgorithmfor the
0-1 KP (seeSection2.5.1). It may be correctedasit is in the caseof the 0-1 KP algorithm, by
simply comparingthe resultof the greedyselectionagainsta solutioncontainingthe critical item,
whichisthe rst itemto bediscardedlueto insuf cient remainingspacen theknapsackandtaking
whicheveris better

However the Funkhouseand Sequingreedyalgorithmalsosuffers from anotherintrinsic and
moreserioudimitation:

De nition 2.6 Seconactounteexamplefor the FunkhousetSequingreedyalgorithm
Considertheinstanceof the MCKP in which:

Thesolutionreathedby the FunkhouseiSequingreedyalgorithmin thisinstanceis

with a total pro t , While the optimalsolutionis

with atotal pro t . Theefore thesolutionreathedby thealgorithmin thisinstances less
thanhalf asgoodasthe optimalsolution.

Note that this countergample,like the rst, is valid for both the MCKP andits continuous
relaxation.Unlike the rst, it cannotbe correctedsimply by comparinghe greedysolutionagainst
the critical item solution. The critical item in this instanceis item 5, andits prot is 600. The
critical itemsolution,afteraugmentatiomvith thelowestcostitemsfrom the othercandidatesubsets
to ensurdeasibility, is , With atotalpro t of 620. This counter@ampletherefore

In orderto constructa feasiblecritical item solutionwe might augmenthe critical item with the lowestcostitems
from every othercandidatesubset.
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representa pathologythatdoesnotafict thegreedyalgorithmfor the0-1KP, andis aresultof the
additionalconstrainimposedon the MCKP andits relaxationghatwe may selectat mostoneitem
from eachcandidatesubset.

Conceptuallythesecondcounter@amplerepresentthepathologicatasdan which anitemwith
high pro t andlow costis replacedby anotherfrom the samecandidatesubsetvith slightly higher
prot but muchhighercost(andcorrespondinglynuchlower value). Thelarge gainin total cost
incurredfor thesmallgainin pro t preventsthealgorithmfrom selectingateritems(includingthe
critical item) that, togetherwith the replacedtem, would have resultedin a muchhighersolution
value.Theactof replacemenis morerisky thanthe actof simpleselectionsinceit impliestheloss
of the replacedtem, which may potentiallyprovide a high pro t for alow cost. By replacingwe
maysactri ce alargegainin costfor asmallgainin pro t.

In thisinstancehe erroneouseplacemenis thereplacementf item 2 with item 3. Noticethat
item 3 hasslightly higherpro t thanitem 2, but muchgreatercost. Howeverthevaluel.3of item 3
is still higherthanthevaluel.2of item 5. Theoptimalsolutionactuallyconsistof thecritical item
5 andthereplacedtem 2, togethemwith item 7. Notehoweverthatthepro t of thereplacingtemis
alwaysgreaterthanthepro t of thereplacedtem (sincethealgorithmonly replacesf thenetpro t
increases)Thereforethe extra penaltyincurredby replacementf losing a possiblyhigh valued
itemin exchangdor alowervalueditemwith higherpro t, is only really a penaltyif theincreased
costpreventsmore desirablelater items from beingselected.If lateritems are discardeddue to
therebeinginsufcient availablespacefor their selectionthenby de nition the critical item must
be oneof them.In Chaptel3 we proposeanapproximatioralgorithmfor the MCKP thataccurately
predictsthe effectsof thereplacementf itemsandso correctsthe faultsof the FunkhouseiSéquin
algorithm.

We notethatotherauthorshave proposedsereralcorrectapproximatioralgorithmsandapproxi-
mationschemeg$or MCKP. Chandraetal [15] for examplepresentfully polynomialtime approxi-
mationschemeTheirschemesontainsanalgorithmthatis half-optimalandwhosetime compleity
is log ,where isthenumberof candidatesubsetsLawler [42] presentanotherapproxi-
mationschemepasedon thatof IbarraandKim [40]. Its complity is log — , where
is anaccurag measure suchthatthe errorof the approximatioris boundecdby a factor

of the optimalsolution. GensandLevner[26] presentan approximatioralgorithmbasedon ap-
proximatebinarysearchwhosesolutionis atleast- asgoodastheoptimalsolutionandwhosetime
compleity is log . While theseapproximatioralgorithmsareef cient, they maynot, asfar
aswe know, easilybe madeincremental.In Chapter3 we presenta greedyalgorithmfor MCKP
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thatformsthebasisfor thelevel of detailoptimizationalgorithmsthatwe describén laterchapters.
Ouralgorithmmayreadilybe madeincrementahndhasatime compleity of , Where

is the cardinality or size,of the largestcandidatesubset.Althoughit is simple,we can nd no
precedentor it in theliterature.

2.6 Non-Hierarchical Level of Detail Optimization

In thisthesiswe distinguis betweerthe non-hierarchical andhierarchical level of detailoptimiza-
tion problems.Thesegroblemsaretheapplicationof thepredictive level of detailoptimizationprob-
lem de ned in Section2.2 to non-hierarchicaindhierarchicalevel of detail descriptionsrespec-
tively. Althoughthis mightnot seenpbvious,thetwo arefundamentallydifferentandthe particular
approachto solving the predictive level of detail optimizationproblemsuggestedy Funkhouser
andSéquin[24] is, asit standspnlyapplicableto thenon-hierrchical problem This hasimportant
implicationsfor the predictve hierarchicallevel of detail algorithmfor Maciel and Shirley [47],
which is essentiallyan attemptto extendthe predictive approactof Funkhouseand Séquinto the
hierarchicalevel of detailoptimizationproblem.

FunkhouseandSéquin'sapproacho solvingthelevel of detailoptimizationproblemis, broadly
speakingto performa cost-bene tanalysisof therenderingof eachpossiblerepresentationf each
sceneobject. By consideringhe perceptualbene t (predictedcontribution to the perceptiorof the
scenepndrenderingcostof eachobjectrepresentatiorthey aimto selectthe scenerepresentation
that providesthe bestpossiblecontribution to the perceptiorof the scenewithout takinglongerto
renderthansome x ed maximumpermissabl@éenderingtime. They assumehattherearea nite
collection of distinct objectsand that eachobjecthasa nite collectionof distinctimpostorsor
dravablerepresentation/hich constituteits levels of detail. Noting thatit is alwaysdesirableto
selectexactly onerepresentatiofor every visible objectthey shav thatundertheseassumptionthe
level of detail optimizationproblemis equivalentto the Multiple ChoiceKnapsackProblem. The
level of detailoptimizationalgorithmthatFunkhouseandSéquinproposés anincrementatersion
of agreedyalgorithmfor the MCKP.

FunkhouseandSéquinactuallystatethatthelevel of detailoptimizationproblemis equivalent
to the ContinuousMultiple Choice Knapsa& Problem[24]. However we arigue thatit is better
modeledoy the MCKP itself. In eithercase predictivelevel of detailoptimizationis theselectiorof
asubsef asetof availablecandidatebjectrepresentationsubjectto constrainton theselection
of objectsandtheirtotal cost. An instanceof thelevel of detailoptimizationproblemis reformulated
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asaninstanceof the Multiple ChoiceKnapsackProblem(seeDe nition 2.3)asfollows:
1. Eachcandidatetemcorrespond$o oneobjectimpostor

2. Thecostandpro t of eachitem correspondo therenderingcostandperceptuabene t of its
associateémpostor

3. The capacityof the knapsackcorrespondso the availableframerenderingtime. Thetotal
renderingcostof the selectedsceneaepresentatiomustbelessthanor equalto this capacity

4. The candidateitems are partitionedinto disjoint candidatesubsetghat correspondo the
objectsto which the impostorsbelong. The selectionof oneitem from a candidatesubset
correspondso the selectionof oneimpostorfor its associatedbject.

5. Theobjective of theproblemis themaximizationof thetotal pro t of theselectedtems.This
correspondgo the aim of maximizingthe perceptuabene t of the impostorsselectedor
rendering.

The constrainton the selectionof impostorsthat distinguishMCKP from C(MCKP) are of
vital importance. In assertingthe equivalenceof level of detail optimizationto the Continuous
Multiple ChoiceKnapsackProblem FunkhouseandSequinallow for the selectiorof non-integral
portionsof candidatétems(andthereforencompleteobjectimpostors).However in their level of
detail optimizationthey treatobjectimpostorsasdistinctunitsthatmay only be eithercompletely
selectedr not selectedhtall [24]. We suggesthatthelevel of detailoptimizationproblemtackled
by Funkhouseand Séquinis bettercharacterizethy MCKP itself (in which candidatdtemsmay
only beeithercompletelyselectear notselectedatall) thanby its continuougelaxationC(MCKP).

We caneasilyervisagea variationof the level of detail optimizationproblemin which object
impostorscanbe partially renderedfor examplethatarisingfrom the useof progressivemeshob-
jectrepresentationfsom whichanimpostoratary givencontinuoudevel of detailmaybeextracted
dynamicallyat rendertime, asproposedy Hoppe[35]. Insteadof a collectionof distinctalternate
representationsf eachobject,a progressie meta-epresentatiormaybe providedfor eachobiject.
This makesit possibleto selectessentiallyary fractionalproportionof thefull detailrenderingof
eachobject(up to the nite resolutionof the progressie mesh),inviting comparisongo a contin-
uousrelaxationof MCKP suchas C(MCKP). Indeedif only one progressie meta-representation
is provided for eachobject(asseemssensiblethenthe problemis no longermultiple-choiceand
reducedo the linear relaxationof 0-1 KP, for which effective greedyalgorithmsexist. However
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Funkhouserand Séquin,in our opinion, assumeraditionaldisjoint representationthat cannotbe
fractionallyrendered24].

Furthermorewe foreseea complicationwith the continuousrelaxation-basedpproach. The
natureof the continuousrelaxationsof 0-1 KP andMCKP imply thatthe costandpro t resulting
from the selectionof anitem areexactly proportionalto the selectionvalueof thatitem. Thatis, if
theselectiorvalueof agivenitem is ,thentheprot resultingfromit is andthecostis
In practiceprogressiely morecomplex rendering®f objectstypically provide diminishingreturns
proportionallysmallerincreasesn perceptuabene t for furtherincreasesn renderingcost. For
examplethe perceptuabene t of a renderingof an objectwith 100000polygonsis not typically
100 times greaterthan the perceptuabene t of anotherrenderingwith only 1000 polygons. In
generatheperceptuabene t of arepresentatiois relatecto its renderingcostby somecomplicated
arbitrary function. The linear relaxationsof 0-1 KP and MCKP are fundamentallyincapableof
representinghis non-linearity beinglinear optimizationproblems. The MCKP, with its multiple
distinct candidatdtemsin eachcandidatesubset,s capableof copingwith the non-linearityby
approximation. The multiple itemsin eachcandidatesubsetf the MCKP sene essentiallyas a
piece-wiseapproximationor samplingof the costandbene t functionsof somecontinuousange
of possiblerepresentationgsshovnin Figure10.

A

profit

cost

FigurelO: Approximation of perceptualbene t function by multiple candidate
items. Theitemsin a candidatesubsetshaovn aspointson agraphof increasing
pro t vs. increasingcost. Note how the multiple itemsin a candidatesubsesene
as approximationof someactualcontinuousfunction describingthe returns,in
termsof perceptuabene t, provided by a seriesof progressiely more comple
renderings.

It is worth noting that even a progressie meshis capableof producingonly a nite number
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of differentobjectimpostors.A progressie meshthereforereally functionsasa compactor com-
pressedstoreof alarge but nite numberof distinctimpostors. An importantadvantageof pro-
gressve mesheshowever is thatthey canbe non-uniformlygeneratedo favour higherandlower
levelsof detailin differentareasof a singleobject,accordingo the currentviewing situation[36].
Thereis thereforeno singlemeaningfulorderingof the potentiallygeneratablémpostorsin terms
of increasingevel of detail. In this researchwe ignore progressie meshesand assumemultiple
distinct objectrepresentationsWe note however that the multiple representationsf varying per
ceptualbene t andrenderingcostthat a progressie meshprovidesmight usefully be represented
by themultiple candidatétemsin eachcandidatesubsebf the MCKP.

In thiswork we will takeit asgiventhatthe predictive non-hierarchicalevel of detailoptimiza-
tion problem(asoutlinedby Funkhouseand Séquin)is equivalentto the MCKP. We assumehat
eachobjectimpostormay be eithercompletelyselectedr not selectedat all, andthatexactly one
impostorrepresentatiomustbeselectedor eachobject. The objectiveis to maximizethetotal per
ceptualbene t of theselectedepresentationshile limiting their total renderingcost. Funkhouser
andSéquinexploit this equivalenceto producea non-hierarchicalevel of detail optimizationalgo-
rithm basedon their greedyalgorithmfor MCKP describecpreviouslyin Section2.5. We describe
theirlevel of detailalgorithmin Section2.6.1.

Of course,the de nition of the MCKP assumeghatthe pro t and costof eachitem is well
de ned. In practiceperfectlyaccuiate numericaimeasuresf the perceptuabene t andrendering
costof arbitraryobjectrepresentationaretricky or evenimpossibleto de ne, asFunkhouseand
Séquinnote[24]. The situationisn't helpedat all by the fact that to be usefulin realtimelevel
of detail optimization,thesemeasuresnustbe calculatecef ciently for large numbersof potential
sceneobject representations Traditionally, simple heuristic metricsfor perceptuabene t have
beende ned that attemptto provide a avour of the perceptuaissuesinvolved (for example,the
attenuatiorof visionoverdistanceby perspectieandatmospheribazeandthelimitationsof human
perceptionfor asmallinvestmenbf computationatost.Blake[10] andReddy[59] [62] have been
chief amongthese. Likewise Funkhouserland Séquinproposethe useof simple heuristicscalled
bene tandcostto predictroughlytheperceptuabene tandrenderingcostof objectrepresentations
asrequired.They suggesvariousfactors(similarto thosementionedy BlakeandReddy)thatsuch
heuristicsmightideally takeinto account.In practiceeven the heuristicsusedby Funkhouseand
Séquinare asrudimentaryas possibleandtake into accountonly the distanceof the objectfrom
theviewerandsimpleestimate®f the perceptuabccurag of impostorgin the caseof bene t) and
empirically-derved estimate®f their relative renderingcost(in the caseof cost). In this thesiswe
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ignoreentirelythedevelopmenbf moreusefulheuristicsandrestrictour attentiongo level of detail
optimizationalgorithmsthemseles. We assumehat useful (althoughprobablynot completely
accuratepene t andcostheuristicanayalwaysbe de ned.

The equivalencebetweerthe level of detail optimizationproblemandthe MCKP is subjectto
animportantassumptiorthatresultsfrom thefactthatin the MCKP thereis no concepiof depen-
dencieshetweerthe selectedepresentationsf differentobjects. It assumeshat the selectionof
therepresentationsf separat®bjectsis independentthatselectinga givenrepresentatiofor one
objectneitherforcesnor preventsthe selectionof ary representationf ary otherobject. This as-
sumptionholdsfor the problemtackledby FunkhouseandSéquin(dueto theirimplicit assumption
thatall objectsandtheirrepresentationaredistinct)but is brokenby hierarchicabcenealescriptions
in whichsharedepresentationmaybeprovidedfor groupsof objects.Wereferto theclassof scene
descriptionsn which multiple representationsiay be providedfor objectsbut no sharedrepresen-
tationsmaybe providedfor groupsof objectsasnon-hieirchical level of detail descriptions Such
adescriptions illustratedin Figure11.

ONORORO

JAVAVANERRVANERVAVAVANRRVAVAN
123 4 567 89

Figure 11: Non-hierarchical level of detail description. A simple non-
hierarchicalscenedescriptionwith multiple levels of detail. The sceneconsistsof
a collectionof distinctobjects(shavn conceptuallyascircles). Multiple dravable
representationsr impostorsmaybeprovidedfor eachobject(shovn astriangles).
Impostorsarenumberedandthe impostorsof eachobjectareshovn in ascending
orderof detail from left to right. Comparewith Figure4 andnotethatno shared
representationsaybe providedfor groupsof objects.

The selectionof a sharedgrouprepresentatiofor one objectimpliesthe selectionof thatrep-
resentatiorfor all of its siblings,asshowvn in Figure12. We thereforerefer to the subsetof the
level of detail optimizationproblemthat Funkhouseand Séquinhandle(by virtue of their useof
the equivalenceto MCKP) asthe non-hierarchical level of detail optimizationproblem The pro-
vision of sharedrepresentationfor groupsof objectsthatcharacterizehierarchicalevel of detail
descriptionsnvalidateghis, giving riseto the hierarchical level of detail optimizatonproblem We
shalldiscusghisfurtherin Section2.7.1.
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Figure12: Implications of shared object representations. The provision of a
sharedrepresentatiofor a groupof objectsintroduceghe implicit constrainthat
whenthe sharedrepresentations selectedor oneobjectit mustbe selectedor
all of them. In this example,a singlesharedcuberepresentatioifon theright) is
providedfor the eightindividualcubeobjectson theleft.

The equivalencebetweenevel of detail optimizationandthe MCKP is subjectto anotherim-
portantassumptionit assumeshat the predictedperceptuabene t (or pro t) andrenderingcost
(or cost)of eachrepresentatiois independentf therepresentationselectedor otherobjects.Ma-
ciel andShirley notein [47] (andmoreextensiely in [46]) thatin practicethis is not generallythe
case.The selectionof a particularrepresentatioffior oneobjectmayin uence the perceptiorand
renderingcostof otherrepresentationsf otherobjects.In the eld of psychologythedependence
of the perceptiorof oneobjecton the perceptiorof anothelis anaspecof Gestaltperception[28].
Itisillustratedby anexamplein Figurel3. Foley etal [22] list the Gestaltrulesof groupperception
thatpredictthe perceptiorof groupsof objectswith particularregardto userinterfacedesign[22].
Although Maciel and Shirley draw attentionto this assumptiorthey chooseexplicitly to ignoreit
[47]. Like MacielandShirley we satisfyourseheswith representingnly thedependencidsetween
objectsthatarechildrenof the samegroupobject,ignoringmorecomple< andsubtledependencies
andfocusingon whatcanbededucedboutthe hierarchicalevel of detailoptimizationproblemby
assuminghatthe equivalencebetweerthenon-hierarchicaproblemandthe MCKP holds.
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Figurel3: Example of Gestaltperception. Eachblackshapemaybepercevedas
acircle overlaidwith onecornerof a white triangle,becausef the presencef the
othertwo blackshapesilf ary of theblackshapes$s removedthentheperceptiorof
thetriangleandthereforeof the othershapess changedafter[28]). Furthermore
if oneof theshapesvereto beapproximatedby alow detailimpostorconsistingof
a completecircle thenthe perceptiorof the otherswould alsochange.

2.6.1 FunkhouserSéquin Algorithm

Sincethe MCKP is equivalentto the non-hierarchicalevel of detail optimizationproblem(asdis-
cussedn the previous section),the greedyapproximationalgorithmfor the MCKP proposedoy
FunkhouseandSéquin(describedn Section2.5.4)is alsoanapproximatioralgorithmfor thenon-
hierarchicalevel of detailoptimizationproblem.Indeedit is for this purposehatit wasproposed.
Howeveranaive implementatiorof this algorithmasa level of detailoptimizationalgorithmwould
requirecalculatingand sortingthe bene ts, costsandvaluesof all objectrepresentations every
frame(sincethey aredependenbntheviewing situationandsogenerallychangdrom oneframeto
thenext). FunkhouseandSéquinthereforeformulateanincrementalersionof the algorithmthat
basests initial solutionontheapproximatesolutionfoundfor the previousframe,takingadwantage
of frame-to-framecoherencen the form of the similarity of the optimal solutionsof consecutie
frames.This algorithmis their predictiveincrementahnon-hiearchical level of detail optimizatian
algorithm, and embodiesthe constrainedptimizationapproachthat later inspiredthe predictive
hierarchicaklgorithmof Maciel andShirley, whichwe describen Section2.7.1.
FunkhouseandSéquinclaimthattheincrementahlgorithmis equivalentto the MCKP greedy
algorithmfor a restrictedsubproblemof the MCKP in which the values(prot / cost)of items
within eachcandidatesubsetalwaysdecreaseainiformly astheir costincrease$24]. In termsof
level of detail optimization,this implies that higher (more expensie) levels of detail of objects
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shouldalwaysprovide diminishingreturns If this requirements satis edthenthetwo algorithms
areequialent,otherwisethe actionof theincrementahlgorithmis uncertain.By de nition higher
levels of detail have higherrenderingcostand greaterperceptuabene t. It is worth noting that
this approachassumeshatthe levels of detail of eachobjectaresubjectto a constanrderingby
ascendingperceptuabene t andrenderingcost.

Thealgorithmis designedo be appliedoncebeforetherenderingof eachframe,andits output
is a setof detail levelsfor the sceneobjectsthat is usedto decidewhich objectrepresentations
shouldberenderedThe adwantageof theincrementahlgorithmover theoriginal greedyalgorithm
is purelyoneof ef ciency: it exploitsthetypically large coherencdetweersuccessie frames(and
thereforetheir optimal detail levels) by acceptingasinput aninitial solutionthatis generallythe
solutionfoundfor the previousframe. The algorithm,showvn in Figure14,is iterative andoperates
by successiely improving the initial setof selectedmpostorsby a seriesof re nements,which
arereferredto asincrementationgnd decementations Eachincrementatiorand decrementation
consistf the replacemenof the selectedmpostorof a singleobjectwith its immediatelyhigher
or lower detail impostor respectrely. Generallya large numberof possibleincrementationsind
decrementationis availableatary stage.Thealgorithmchooseshosethatbestsene to maximize
thetotal valueof theselectedet,by eliminating(by decrementatiomepresentationsith low value
andselectingby incrementationjhosewith highvalue. This stratgy worksbecausef theassumed
orderingof levelsof detailby ascendingostanddescendingalue.

In eachiterationof the algorithmthe selectedmpostorof oneobjectis incrementedThenthe
selectedmpostorsof otherobjectsaredecrementedyhile the total renderingcostof the selected
solutionis higherthanthe available framerenderingtime. In eachcasethe objectchoserfor in-
crementations thatwhosesubsequentlgelectedmpostor(after the potentialincrementationhas
greatestvalue.Whenanobjectis choserfor decrementatioit is thatwhosecurrently selectedm-
postorhaslowestvalue. In this way thealgorithm,over the courseof severaliterationstendsto use
up asmuchof the availablerenderingime aspossiblewnhile favouringthe higherlevels of detail of
objectswhosehigherlevelsof detail provide better‘bangfor thebuck” [24]. In thiswayit attempts
to ensurethatthe bestpossiblescenerepresentatiofis provided while limiting the total rendering
costto the permittedmaximum.

The algorithmterminatesvhenthe impostorselectedduring incrementationn aniterationis
immediatelydeselectethy a decrementatiom the sameiteration. Whenthis occursthe algorithm
hasreachedts nal approximatesolutionandthereis nofurtherwork for it to do. After termination
of the algorithmthe selectedmpostorof eachobjectis scheduledor rendering. For simplicity
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input: aninstanceof the non-hierarchicalevel of detailoptimizationproblem
input: afeasibleinitial solutionto thatinstance
output: animprovedsolutionto theinstance

// iteratively improve the selectedepresentatioby incrementing
I the selectedmpostorsof someobjectsanddecrementingthers

begin
selecttheimpostorsof the providedinitial solution
setdone FALSE
while done= FALSE

/l incrementhe selectedmpostorof oneobject
if ary objectsarenotattheir highestievelsof detailthen
nd theobject whichis notatits highestievel of detall
andwhoseimmediatelyhigherimpostorhasgreatestvalue
incrementheselectedmpostorof
/I decremenbneobject,while thetotal renderingcostis too high
while thetotal costis greaterthantherenderingcostlimit
nd theobject whichis notatits lowestlevel of detall
andwhoseselectedmpostorhaslowestvalue
decrementheselectedmpostorof

if then
setdone TRUE

end

Figure14: The FunkhouserSéquin incrementallevel of detail algorithm.
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thealgorithmasshavn hereassumeshatthe renderingcostlimit is sufcient to selectat leastthe
lowestlevels of detail of all objects,but not so greatthatthe highestlevels of detail of all objects
may be selected.The specialcasesn which theseassumptionslo not hold may beweededut by
trivial testsbeforethe algorithmbegins. In suchcaseghe lowestandhighestievels of detail of all

objectsareselectedrespectiely.

Equivalence

Funkhouseand Séquin statethe equivalenceof their greedyand incrementalalgorithmswithout
proofin [24]. We provide a proof of theequialenceof two relatedalgorithmsin Chapter7 thatcan
be easilyadaptedo sene asa prooffor the equivalenceof the FunkhouseandSéquinalgorithms.
The equivalenceclaim can be intuitively supportedoy noting that the criterion by which objects
areselectedor incrementations similar to thatby which itemsareselectedor replacemenin the
greedyalgorithm: in both caseshe item (or impostor)whoseimmediatelyhigher costimpostor
hasgreatestalueis selectedor replacementThe criterionfor decrementatioin theincremental
algorithmis the inverseof that for incrementation:the impostorselectedor replacemenby its
immediatelylower costimpostoris thatwhosevalueis lowest. To understanavhy the decreasing
valueassumptions necessarynotethattheincrementahlgorithmonly ever movesone“step” ata
time: alwaysonly consideringheimmediatelyhigherandlower level of detail of eachobject.lt is
becausdigherlevelsof detailalwayshave lowervaluethatit is safeto do this; we know thata poor
immediatelyhigherdetailimpostorwith no hopeof selectioncannever hide anotherhigherdetail
impostorof the sameobjectwith greatewalue.

Thegreedyalgorithmis notguaranteetb producea feasiblesolutionin which exactly oneitem
is selectedrom every candidatesubsetwhile the incrementalalgorithmis guaranteedo select
exactly oneimpostorfor eachitem (evenin thecasewheretheavailablerenderingime or knapsack
capacityis too low). The equivalenceof the algorithmsthereforedependson the assumptiorthat
eitherthe greedyalgorithmis forcedto selectexactly oneitem from eachsubset(by preselecting
thelowestcostitemsfrom eachone)or the probleminstances augmenteavith animaginary‘null
item” in eachsubsetvith nggligible costandpro t.

Sincewe have shavn thatthealgorithmof FunkhouseandSequinis invalid, andsincewe present betteralgorithm
in Chapter3, we do not provide this proof.
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Complexity

The time compl«ity of the Funkhouseiand Séquinincrementalalgorithmis log inthe
worstcasewhere isthenumberof impostorgor items) like its non-incrementatounterpartThis
is dueto thefact thatin the worstcasewe mustconsiderandselectall objectimpostorsresulting
in iterations.In eachiterationoneincrementatiorandpossiblyseveraldecrementationtake
place. The numberof decrementationperiterationis typically smalland may be assumedo be
(In theworstcaseit is , butin thatcasethe maximumnumberof algorithmiterationsis 1).

Eachincrementatioror decrementatiomvolvesthe selectionof the highestsubsequentlyaluedor
lowestcurrentlyvaluedimpostor whichis dueto theuseof orderedpriority queueg24]. The
updatingof the queuesftereachincrementatioror decrementatiois optimally  log

However sincethe algorithmis incrementabndbasesdts initial solutionon the solutionfound
for the previous frame, it only performsa small numberof iterationson average. The average
compleity is thereforebetterthan log . Situationgn whichsigni cantly moreiterationsare
performedare thosein which theinitial solutionis signi cantly differentfrom the nal solution.
For examplethe rst frame, andframesin which the viewing directionis dramaticallydifferent
from theframebefore.FunkhouseandSéquindo not discussor addresshe computatiortimesof
their algorithmin suchcases.In Chapter9 we reporton an experimentinvestigatingthe practical
behaiour of our own incrementalevel of detailalgorithm,theresultsof which canalsobeapplied
to the FunkhouseiSequinalgorithm.

Optimality

Funkhouseand Séquinclaim thattheir level of detail optimizationalgorithm,beingequivalentto
theirgreedyalgorithmfor MCKP for arestrictedsubproblenof the MCKP, produces solutionthat
is alwaysatleasthalf asgoodasthe optimalsolution(in termsof total pro t or predictedoerceptual
bene t) for thatsubproblem.Recallhowever thatin Section2.5.4we provided a countergample
for which the greedyalgorithm's solutionto MCKP (and, for that matter C(MCKP)), is not half-
optimal. Thatcounter@ample(referto De nition 2.6),is alsoa countergamplefor theincremental
level of detail algorithm,for the subproblemin which itemswithin candidatesubsetsare ordered
by ascendingostanddescendingalue. Thereforethe FunkhouseandSéquinincrementalevel of
detailoptimizationalgorithmis not half-optimalfor thatsubproblemasthey claim.

A level of detail interpretatiorof the counter&ampleis a scenein which anobject(candidate
subsetl in theexample)hasonerepresentatiowith high perceptuabene t andverylow cost(item
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2), andanothemwith slightly higherperceptuabene t but muchhighercost(item 3). For example,
the rst representatiorrould be a texture map that is inexpensve to renderbut is visually very
similarto thesecondepresentationonsistingof hundredf polygons.Thealgorithmis in danger
of inappropriatelyincrementingthe level of detail of the objectfrom the cheapto the expensve
representatiortherebyexcludingtheless‘valuable”representationsf otherobjects.

2.6.2 Horvitz-Lengyel Algorithm

Horvitz and Lengyel [37] presentanotherpredictive level of detail optimizationschemethat is
closelyrelatedto and clearly inspiredby that of FunkhouseiSéquin. Essentiallyit, like that of
Schau er[70] mentionedn Section2.3, representshe applicationof the knapsackproblem-based
constraineptimizationapproachto an image-basedenderingsystemin which texture-mapped
polygonimpostorgor spriteg aresubstitutedor actualgeometry Theimagesmappedntotheim-
postorsareobjectrepresentationsenderedrom the original geometryin previousframeswarped
by afne transformationghat approximatethe actualperspectie and geometrictransformations
causedoy the changesn the position and orientationof objectsrelative to the camerafrom one
frameto the next. The advantageof usingtheimpostorsis thatit is substantiallycheapeto warp
andrenderan existing image-basedepresentatiothanto re-rendetthe original geometry A pre-
dictive optimizationalgorithmis usedto decidefor eachobjectat the startof eachframewhether
to substitutehe currentimage-based@npostoror re-rendeithe geometry Heuristicssimilar to the
bene t andcostheuristicsof FunkhouseandSequinpredictthe “perceptualost” of usinganim-
postorandthe extra renderingcostincurredby re-renderinghe actualgeometricrepresentationf
an object. Perceptuatostis essentiallythe inverseof perceptuabene t andrepresentshe view
thatusingimpostorsdetractdrom the“perfect” perceptiorof thefull detailrepresentation.
Theschemef Horvitz andLengyeldiffersfrom the FunkhouseiSéquinandSchau erschemes
in that their optimizationalgorithmis basedon the greedyapproximationalgorithmfor 0-1 KP
describedn Section2.5.1ratherthanon analgorithmfor MCKP. Horvitz andLengyelmakethe
simplifying assumptiorthateachobjecthasonly two possiblerepresentationghefull detailgeom-
etry andtheimage-basednpostor Thensinceeach(visible) objectmustberepresentedy atleast
its image-basednpostor the decisionfor eachobjectamountgo the selectionor non-selectiorof
thefull detailre-render This presentsan optimizationproblemthatis equivalentto the 0-1 KP, in
whichthepro ts andcostsof the“items” aretheperceptuatostsof thelow-detailimpostorsaandthe
extrarenderingcostsof the high detail representationslhe aim is to selectthe subsebf theitems
with greatestotalpro t (or lowesttotal perceptuatost)while limiting thetotal extrarenderingcost
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to the availablere-renderingime.

Becausef thisassumptiorandtheresultingequivalenceto 0-1 KP ratherthanMCKP Horvitz
andLengyelareableto usethewell-known greedyalgorithmfor 0-1 KP. They orderthe candidate
items (expensve re-renderingspy descendingalue(pro t / cost)andselectasmary asthey can
with therenderingime available. They thencomparethis greedysolutionagainsthe solutioncon-
sistingof only theitemwith greatespro t, whichis asimplerform of thecritical item solutiontest
(seeSection2.5.1). As we proved in Section2.5.1,this algorithmalwaysproducesa solutionthat
is guaranteedo be at leastashalf asgoodasthe optimalone. Its time compleity is log
Horvitz andLengyelusethe greedyalgorithmasit is, ratherthanformulatinganincrementaver
sion,sounlike FunkhouseandSéquinthey fail to takeadvantageof frame-to-framecoherencand
mustperformanentiregreedyoptimizationover all sceneobjectsfor every frame.

In orderto usethe 0-1KP greedyalgorithm,Horvitz andLengyelmustassumehatevery object
hasonly two possiblerepresentationdn atypical systemn whichtherearemultiplelevelsof detail
for eachobject(andpossiblyin multiple dimensions}his assumptiordoesnot hold. To copewith
this dif culty they suggest simpleapproachn which detailreductiondgn otherdimensiongsuch
asreductionof textureresolutionor geometriadetail) areevaluatedoy calculatingthe costsosarved
andconsideringhe selectionof additionalre-renderghatthis allows. No guaranteesxist on the
quality of solutionsreachedusingthis approach.

2.7 Hierar chical Level of Detail Optimization

Fromour suney of previous level of detail approachei Sections2.3and2.4 it is apparenthat
althoughbothpredictivelevel of detailoptimizationandhierarchicalevel of detailoptimizationare
desirableto our knowledgefew predictive stratgieshave beenproposedandonly two of theseare
hierarchical. Thesetwo predictive hierarchicallevel of detail optimizationalgorithmsarethoseof
MacielandShirley [47] andBelblidiaetal [8].

In Section2.6 we pointedout thatthe equivalencebetweenthe predictive level of detail opti-
mizationproblemandthe Multiple ChoiceKnapsackProblemnotedby Funkhouseand Sequinis
dependenbn several crucialassumptionspne of which is invalidatedby hierarchicallevel of de-
tail descriptionsn which sharedrepresentationare provided for groupsof objects. We therefore
distinguishedetweerthe hierarchicalandnon-hierarchicalevel of detail optimizationproblems.
Herewe show thatthe predictive optimizationalgorithmof Funkhouseand Séquin,beingessen-
tially agreedyalgorithmfor the MCKP, is inherentlynon-hierarchicalThekey differencebetween
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the problemsarisesfrom the factthatin the caseof hierarchicaldescriptionst is possibleto select
singlesharedrepresentation®r multiple objects.This differences the centralthemeof thisthesis,
and our aim is to investigatethe hierarchicallevel of detail optimizationproblemand formulate
improvedoptimizationalgorithmsfor it.

In responseéo thedif culties posedby sharedgrouprepresentation@nemight suggessimply
doingaway with themcompletely Howeversharedepresentation®r groupsof objectsaccomplish
morethanwould separateepresentationfor thoseobjectsof identicalvisual compleity. Shared
representationsrovide severaladvantageshatarecrucialto mary of thelevel of detailoptimization
stratgiesreviewedin Section2.4 (for example,thoseof Chamblerlainet al [14] and Shadeet al
[75]) anda greatnumberof level of detailmodels:

1. As we notedin Section2.4, they allow increasedcomputationalef ciency sincemultiple
objectscanbedealtwith by the consideratiorof only onesharedmpostor

2. With sharedsimplerepresentationi$ is possibleto ensurethatvisualandtopologicalcoher
enceis maintainedbetweerthe simpli ed representationsf relatedobjects.For examplein
Figure13it might be usefulto ensurethatsimplerepresentationor the threeblack shapes
areconsistentn their representationf thethreeshapesLikewiseit might be desirablehat
a groupof relatedobjectsare eitherall textured-mappeadr not texture-mappedat all. The
sharingof low detailrepresentationsetweerobjectssenesto constain their possibleselec-
tion, ensuringthatinappropriatecombinationsf low andhigh detailrepresentationarenot
selected.

3. Sharedgeometricrepresentationare generallymore storageand computationallyef cient
thancollectionsof separateepresentationfor the sameobjectsthatarevisually equivalent,
dueto theeliminationof redundangeometryandtheability to makeuseof simpli ed topolo-
gies.

Thesebene tsaccountartly for the penasivenesf hierarchicarepresentationsf variousforms
in everydaylife. Hierarchicaldecompositionsid the designof complex systemsuchasmassiely
integratedcircuitswhereeachcomponents assembledrom coherensubcomponentshosefunc-
tion is abstractedrom their design.

In this Sectionwe discusghe two predictive hierarchicalevel of detail algorithmsthatwe are
awareof: thatof Maciel andShirley andthatof Belblidia et al.
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2.7.1 Maciel-Shirley Algorithm

Maciel and Shirley claimin [47] thattheir level of detail optimizationalgorithmis a hierarchical
extensionof the approachof Funkhouseland Séquin, re-iteratingFunkhouseilnd Séquin's over

statementhatthelevel of detail optimizationproblemis equivalentto the MCKP. In actualfactthe
Maciel-Shirley algorithmdifferssigni cantly from the FunkhouseiSequinalgorithm,aswe might
expect.

Maciel and Shirley assumea hierarchicallevel of detail descriptionsuchasthatshaovn previ-
ouslyin Figure4. This descriptionis a part-wholedescriptionandis distinguishedrom that of
Funkhouseand Séquinby the fact that objectsare groupedrecursiely and multiple sharedrepre-
sentationspr impostorsareprovidedfor groupsof objects.At leastoneimpostormustbeprovided
for every object.

Maciel and Shirley de ne heuristicmeasuregalledimportanceandaccuracy that predictthe
inherentimportanceof objectsto usercorviction andthe visualaccurayg of objectimpostors.Im-
portanceis basedon the identitiesof objectsandtheir positionandsize on the screenandis in-
dependenbf their selectedepresentationlt is de ned principally for leaf objects(thosewithout
children),andtheimportanceof non-leafobjectsis assumedo be the maximumof theimportance
measuresf their children. Accuray predictsthe visual “appropriatenessdf impostorsto a given
viewing situationand dependgor exampleon impostorcompl«ity andthe directionfrom which
they areviewed.

In additiona costheuristicpredictsthe renderingcostof impostors. The aim of the algorithm
canbe expressedsimply in termsof thesemeasuresto limit the total costof the selectedscene
representatiowhile maximizingits total perceptuabene t (whichis assumedo bethe sumof the
importanceandaccurayg measuresf the selectedbjectrepresentations).

The algorithmis appliedonce per frame and consistsof two stages. In the rst stage,the
problemof having multiple impostorsexplicitly associateavith eachobjectis solvedby traversing
thetreeandselectingfor eachobjectin turn, oneof its associateimpostordo sene asits available
representationTheimpostorselectedor eachobjectis thatwhich mostaccuratelyrepresentgt in
the currentviewing situation(someimpostorsfor exampleareonly corvincing whenviewedfrom
certainangles).Theresultof theinitial stageis thatexactly oneof theimpostorsof eachobjectis
markedasthe availableimpostorof that object. It is this impostorthat will be usedto explicitly
representhatobject,if availablecostallows.

The secondstageof thealgorithmis a greedyselectionstagein which the selectedepresenta-
tion of the entirescends iteratively improved asmuchasthe availablecostwill allow. The scene
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representatioselectediteachstageas somesubsebdf the setof availableimpostorsof all thenested
scenabjects.Initially theselectedepresentationonsistof only the availableimpostorof theroot
(or scene)bject. In eachstepthe selectedepresentatiois improved by thereplacementf it can
be afforded, of one selectedavailableimpostorby the availableimpostorsof the childrenof that
object. The objectwhoseselectedvailableimpostoris replaceds thatwhoseimportancegaspre-
dictedby the importanceheuristic)is greatest.In otherwords,the greedyselectionfavoursmore
detailedrepresentationsf moreimportantobjects.Thealgorithmkeepdrackof thetotal costof the
selectedepresentatiofby meansf incrementalipdatespndif anearmarkedeplacementannot
be affordedwithout exceedingthe permittedmaximumcostlimit thenthatobjectis remosed from
consideratiorandits selectedepresentatiois scheduledor rendering.This greedyselectioncon-
tinuesuntil no furtherreplacementsanbe made. The scenerepresentatioselectedor rendering
thenconsistof thoseimpostorsscheduledor renderingduringgreedyselection.

Thealgorithmselectsavailablerepresentationf®r objectsbasedn accurag, withoutregardto
cost,andthenselectsa scenerepresentatiofrom theseavailablerepresentationsasedon impor-
tance,without regardto value(perceptuabene t/cost)or cost. This constitutesa greedyselection
basednimportancgor, loosely bene t).

Complexity

Thetime compleity of thealgorithmof MacielandShirley is . Thecompleity of theinitial
stage,in which an available representatioiis chosenfor eachobject, is with respecto the
numberof impostors.Eachobjectmustbe consideredndthereare objects(on the assump-
tion that the numberof impostorsbelongingto eachobjectis ). The selectionof the most
appropriateepresentatiofor eachobjectis with respecto . Thecompleity of thegreedy
stage,n which the selectedepresentatioof the scends incrementallyimproved, is also in
theworstcase.

Optimality

No guaranteexists asto the optimality of the Maciel and Shirley greedyalgorithm's solutionto
thehierarchicalevel of detailoptimizationproblem.The optimality of thealgorithmssolutioncan

Althoughin [47] it is claimedto bepossibleto reduceitto  log . We canseeno way of doingthis sincein the
worstcasetheselectedepresentationf the scenemustbe exhaustiely improvedfrom theselectedepresentatioof the
root objectto the selectedepresentationsf the leaf objects.In this caseall objectsmustbevisited, sothe compleity is
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be measuredy the total pro t of the algorithm's solution,wherethe pro t of a selectedmpostor
is de ned by Maciel and Shirley to bethe sumof theaccurag of theimpostorandtheimportance
of the objectit represent§47]. In theworstcaseit may bearbitrarily bad. Firstly, the algorithmis
capableof selectingavailableobjectrepresentationthatarevery expensve andthereforerepresent
poorvaluefor theirbene t. Secondlywe canimaginea situationin which the algorithmreplaces
a selectedvailableimpostorwith the mary expensve availableimpostorsof its children,because
oneof themhasa highimportance.

Figurel5 shonvsa pathologicainstanceof thehierarchicalevel of detail optimizationproblem
for thealgorithmof MacielandShirley. Theproblemillustratedby thisexampleis thatthealgorithm
selectobjectsfor incrementatioasedn theirimportancewithoutregardto theaccurag or cost
of their available representationsThe algorithm selectsthe impostorsof the left-mosttwo leaf
objectsandthe impostorof the right child of the root object, with a total pro t of 3.4, while the
optimal solution consistsof the impostorsof the right-mosttwo leaf objectsandthe impostorof
the left child of the root, with a total prot of 201.4. By varying the accuraciesand costsof the
impostorsin the examplethe algorithm's solutionmay be madearbitrarily bad. We will returnto
the solutionquality of the Maciel-Shirley algorithmin Sectiord.3.
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Figure 15: Pathological examplefor the Maciel-Shirley algorithm.  The ac-
curay andcostof eachavailableimpostoris shavn below the impostor andthe
importanceof eachobjectis markedon thatobject. Therenderingcostlimit is 10.

2.7.2 Belblidia etal Algorithm

Belblidia et al [8] [7] presenta predictive hierarchicallevel of detail optimizationschemethat
appeargo bedirectly in uenced by thatof Maciel and Shirley. Like Maciel and Shirley, they use
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a hierarchicallevel of detail descriptionwith sharedobjectrepresentationanda predictive level
of detailoptimizationalgorithmthatlimits the predictedrenderingcostof the scenaepresentation.
Their approachis distinguishedby the fact that they proposetwo algorithmsfor level of detail
control: onethatfavoursimagequality while remosing asmuchunnecessargtetailaspossibleand
anotherthat favoursthe regulation of frame ratesand remo/es asmuch detail asis necessaryo
limit predictedrenderingtimes. The rst is essentiallystaticandthe otherpredictve. Their dual-
algorithmapproachs in contrastto the single algorithmsof Funkhouseand Sequinand Maciel
andShirley, which attemptto maximizevisualquality while regulatingframerates.The useof two
separatalgorithmsemphasizethe fact that the approachakenin the predictive algorithmis not
well-gearedowardsmaximizingvisualquality.

Like Maciel andShirley, Belblidia et al usea greedyalgorithmthatincrementallyreplaceghe
selectedmpostorof objectswith the availableimpostorsof their children.However, unlike Maciel
andShirley, their greedyselectionis basedourely on the arbitraryorderof the childrenratherthan
on ary estimateof importanceor representationadccurag. In our opinionthis represents step
backwardd$rom thealready a wedgreedyselectiorheuristicof MacielandShirley. Henceit cannot
be expectedo provide guaranteedr evenapproximatelyoptimizedlevelsof perceptuatjuality.

2.8 Summary

In this chaptemwe have discussedelevantbackgrounavork, outlinedmoreclearlythe problemwe
intendto addressanddiscussedimitationsof relatedpreviouswork. We de ned thelevel of detail
optimizationproblem,beingthe problemof dynamicallyand automaticallyselectingdetail levels
for ead objectin a visualization systemso as to maximizethe perceptualbene t of the selected
scenerepresentationwhilst ensuringthat the renderingcostof the selectedscenerepresentation
never exceedsomereasonabldimit.

We notedthatthe useof hierarchicalevel of detail descriptionsn level of detail optimization
is very common,and so de ned the hierarchical level of detail optimizaton problem beingthe
level of detail optimizationproblemasit appliesto hierarchicallevel of detail scenedescriptions
in which sharedrepresentationsiay be providedfor groupsof objects.However we notedthat of
the few predictive level of detail optimizationalgorithmsproposedso far, the mostpromisingis
strictly non-hierarchicahnddoesnot permittheuseof sharedepresentationfr groupsof objects.
For this reasonwe also de ned the non-hiearchical level of detail optimizationproblem,being
the predictive level of detail optimization problemfor a strictly non-hierarchicalevel of detail
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descriptionin which objectsare distinctand no sharedrepresentationare permittedfor multiple
objects.

We obseredthatthe non-hierarchicalevel of detail optimizationproblemhasbeenshawn to
be equivalentto the (NP-completeMultiple ChoiceKnapsackProblem.We thenshovedthatthe
hierarchicalevel of detailoptimizationproblemwasnot.

Lastly we describedseveral predictive level of detail optimizationalgorithmsin detail. Two
arenon-hierarchicahndthe othertwo hierarchical. The non-hierarchicadlgorithmof Funkhouser
andSéquinhasatime compleity of log intheworstcasebutis incrementabndtypically
completesn only a few iterations.However its approactis awed andit fails to provide solutions
of guaranteedjuality levels asis claimed. The othernon-hierarchicahlgorithm, by Horvitz and
Lengyel,is essentiallya simpli ed versionof the FunkhouseiSequinapproach.It providesqual-
ity guaranteebut fails to catereffectively for multiple levels of detail. The hierarchicaklgorithm
of Maciel and Shirley hasa time compleity of but is not incrementaland performsa full
optimizationfor every frame.Neitheralgorithmprovidesary guaranteeasto the quality of its ap-
proximatesolution,in spiteof claimsmadeby theirauthors We aimin this thesisto examinemore
formally thehierarchicalevel of detailoptimizationproblemandto devisenew greedyoptimization
algorithmsfor it.



Chapter 3

GreedyAlgorithm for the MCKP

In this chapterwe presenta greedyapproximationalgorithmfor the Multiple Choice Knapsack
Problem(MCKP), which wasde nedin Section2.5. Recallfrom Section2.6 thatthe MCKP was
shawn to beequivalentto thenon-hierarchicalevel of detailoptimizationproblem.This algorithm
is thereforea rst steptowardsanimprovednon-hierarchicalevel of detailoptimizationalgorithm.
In Chapterst and6 we will look at extendingthe MCKP andthis algorithmfor it to caterfor the
morecomple hierarchical level of detail optimizationproblem.

We actuallypresentwo greedyapproximatioralgorithmsfor the MCKP in this Chapter While
theseconds acompletealgorithmthatis guaranteedtleasthalf-optimalfor theentireproblem the
rst is asimpli ed algorithmthatis half-optimalfor awell-de ned subproblemWe shaw thatthe
simpli ed algorithmis likely to be usefulin mary practicalapplicationsjncludinglevel of detalil
optimization. This simpli ed algorithmhastwo advantagesver the full algorithm: it hasa lower
time compl«ity, andit may be madeincrementalso thatit acceptsasinput aninitial best-guess
solutionderivedfrom the previous probleminstance Theability to be madeincrementamakeshe
algorithmusefulfor level of detail optimization. It is this algorithmwhich we will extendto the
hierarchicalevel of detailoptimizationproblemin laterchapters.

Webagin in Section3.1by introducingametric,relativevalue thatmeasureghevalueof items
in the MCKP relativeto other itemsfrom the samecandidatesubset This metric representshe
insightinstrumentato the developmentof our algorithm: thatwhenitemsin the MCKP arecon-
sideredfor selectionby anapproximatioralgorithmit is generallyasreplacement$or previously
selectedtemsfrom the samecandidatesubse{recallfrom De nition 2.3in Section2.5.2thatonly
oneitem may be selectedrom eachsubset) It is this metricthatallows usto formulateandprove
correctapproximationalgorithmsfor the MCKP. In Section3.2 we discusshe MCKP in general
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andintroducethe corvexity assumptiona simplifying assumptioraboutthe natureof the MCKP
thatmakeshe rst, simpli ed, greedyalgorithmpossible.In Section3.3we presenthesimpli ed
algorithm. In Section3.4 we prove thatits solutionis alwaysat leasthalf asgoodasthe optimal
solution,aslongasthe cornvexity assumptiornolds.In Section3.5we presenthesecondcomplete
algorithmfor the MCKP thatdoesnot dependnthecorvexity assumptionln Section3.6we prove
thatthatalgorithm's solutionis alwaysatleasthalf-optimal. This proofis an extensionof the proof
presentedor the simpleralgorithmin Section3.4.

In Section3.7 we discussthe expectederror of the algorithmsover and abovethe worst case
half-optimalityguarante@andtheimplicationsof thecorvexity assumptionWe show thatthecases
in whichtheassumptiomdoesnothold arerelatively rare.In Section3.8we compareour algorithms
with thatof FunkhouseandSéquin(discussedh Section2.6.1)andremarkon the practicalimpli-
cationsof theimprovementghatour algorithmsrepresentRecallfrom Chapter2 that Funkhouser
andSéquin[24] proposecdh non-hierarchicalevel of detail optimizationalgorithmthatwasessen-
tially a greedyapproximationalgorithmfor the MCKP. We however shaved that their algorithm
suffersfrom several limitations, mostnotablythatits solutionis not guaranteedo be half-optimal
asthey claim. Thealgorithmspresentedherearethereforentendedascorrectionsandreplacements
for theirs. In Section3.9 we discusghe cornversionof the simpli ed algorithmto anequwalentin-
crementalersionthat exploit frame-to-framecoherencewith the aim of increasingef ciency in
level of detailoptimization.Finally in Section3.10we summarizeéhe main pointsof thechapter

3.1 Relative Value

In this sectionwe de ne a metric, relativevalue thatis the coreof both greedyalgorithmsfor the
MCKP describedn this chapter This metricwasreferredto asslopeby Armstrongetal [5], where
it wasusedin agreedyalgorithmfor C(MCKP), the continuougelaxationof MCKP.
Recallthatin the greedyalgorithmfor the 0-1 KP describedn Section2.5.1,thevalue(pro t

/ cost) of eachitem wasusedasa metric measuringhe desirability of thoseitemsfor selection.
ltemsweresimply orderedby descendingalueandselectedf they couldbeafforded. The MCKP,
by contrastjs characterizethy thefact thatexactly oneitem mustbeselectedrom every candidate
subset.In the MCKP thereforethe selectionof anitem is generallya replacemenand entailsnot
only the selectionof thatitem ata certaincostandpro t but alsothelossof a previously selected
item from the samecandidatesubsefor a certaindeceasein costandpro t. Alternatively we can
regardthe replacemenof anitem by anothemoreexpensve item asthe selectionof animaginary
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relativeitemthatis thedifferencebetweerthe old item andthe new (seeFigure16). Relative value
essentiallymeasureshevalueof thisimaginaryrelative item.

o~ & o+

Figurel6: Relativevalue. Whenanitemis selectedn the MCKRP, it is usuallyat

theexpenseof somepreviously selectedtem from thesamecandidatesubsetThis

gure shavshow, whenanitem isreplacedy amoreexpensiveitem , theeffect

is equivalentto the selectionof anadditionalitem thatis the differencebetween
and . Therelativevalueof withrespecto providesameasurefthevalueof
, theeffectof replacing with .

Simply consideringhe value of eachitem without regardto the pro t andcostof theitem it
replacedeavesthevalue-basedreedyselectiorcriterionof FunkhouseandSequin(Section2.5.4)
opento discardingitemsthatprovide high pro t for low costin favour of itemsof slightly higher
prot but with muchgreatercostin the MCKP.

In orderto measurdettertheneteffectof theselectiorof anitematthe expenseof a previously
selectedtem from the samesubsetwe de ne a new metric, relative valug which measureshe
“desirability” of itemsasreplacementfor previously selectedtemsfrom thesamecandidatesubset:

De nition 3.1 RelativeValue
Therelative valueof a candidateitem with respecto anothercandidateitem fromthesame

candidatesubseis de ned as:

RV -

whee and aretheprot andcostofitem ,and and aretheprot andcostofitem
respectively

The relative value of an item is alwaysmeasuredelative to someotheritem from the same
candidatesubsetWhenwe speakof therelative valueof anitem we will usuallybereferringto its
relative valuerelative to the currentlyselectedtem from thatsubset.
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3.2 Convexity Assumption

In this sectionwe discusghenatureof theMCKP in generabndintroducethe corvexity assumption
uponwhich our simpli ed algorithmdependsilt is usefulto visualizethe setof itemsin acandidate
subseton a graphof increasingprot vs. increasingcostasshown in Figure17. Eachitem is
representea@s a single point. It follows from the IP-dominance of itemswith lower prot and
greatercostby itemsfrom the samesubsethatthe graphrepresentetly the successie itemsmust
be monotonicallyincreasing49]. Any solutioninvolving an IP-dominatedtem canbetrivially
improved by replacing with its dominatingitem . Suchdominatedtemsmay beremosed asa
preproces$o ary MCKP algorithm[49].

A

profit
9]

\/

cost

Figurel7: A candidate subsetrepresentedon a prot vs. costgraph. Each
pointrepresentanitem, plottedon agraphof increasingro t vs. increasingost.
Dueto thelP-dominancef itemswith lowerpro t andgreatercostthanotheritems
from the samecandidatesubsetsthe graphmaybe assumedo be strictly increas-
ing. In thisinstance is dominatedby andcanberemoved from consideration.

Our greedyalgorithmsfor MCKP both selectasa conserative initial solution,thelowestcost
item from eachcandidatesubset.This ensureshatevery subseis representedWe theniteratively
replaceselectedtems with more expensve items from the samesubset,as far as the available
knapsaclcapacitywill allow. Eachreplacemenpreseresthefeasibility of the solution,sincethe
replacingandreplacedtemsalwaysbelongto the samecandidatesubset.

Theitemsthatarenot selectednitially areconsiderecsreplacements aspeci ¢ orderwhich
guaranteeshatitemsthat provide greater“bang for the buck” are consideredrst. The relative

IP standgor Integer Programming
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value metric is usedto orderthe replacemenitems, sinceit providesa measureof the effect of
replacingoneitem with another At eachstagetherelative valueof eachitem underconsideration
is measuredvith respecto the currently selectedtem from its candidatesubsetsincethis is the
itemwhichit mayreplace Themostdesirablaeplacemenitemin eachsubseis thatwith greatest
relative value with respectto the currently selecteditem from that subset. The mostdesirable
replacemenitem from all subsetss thatwith greatestelative valuewith respecto its respectie
selectedtem. A simpleexampleis providedin Figure18.

JEC o/g
;oo . N 43
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Figure18: Selectionwithin candidatesubsets. In this exampleitemsareshavn
asprot / costpairs. The currently selectedtem from eachcandidatesubsetis
shavn in bold, and available replacementsre shovn asarravs labeledwith the
relative valuesof the replacemenitems. The mostdesirablereplacemenin the
rst subsetis with relative value -, andin the secondsubsetit is with
relative value -. Themostdesirablereplacementrom ary subseis therefore
asareplacementor

Sincetherelative valueof eachitemis measuredvith respecto thecurrentlyselectedtem from
its subsetywhenerer a selectedtemis replacedvith anothertherelative valuesof all theremaining
itemsin thatsubseimustbe updated.This in generalchangedhe orderingof thoseitemsin terms
of relative value. In the caseof our full MCKP algorithm(presentedh Section3.5),thisis exactly
whatoccurs. The situationis simpli ed signi cantly however if we assumehatthe itemswithin
eachsubsetareorderedby descendingelative valuewhenthey areorderedby ascendingost. We

call this conditionthe corvexity assumption

De nition 3.2 Thecorvexity assumption

Thecorvexity assumptiomoldsif, wheneer there existthreeitems in thesamecandidate

Comparehiswith theuseof valueby FunkhouseandSéquinin their greedyalgorithmdescribedn Section2.5.4.
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subsesud that , it istruethat

RV RV

Whenthecorvexity assumptiomoldsthegraphof every candidatesubsets corvex, asshavnin
Figurel9. In thatcaseour MCKP algorithmcangetby with alwaysconsideringonly theitemswith
immediatelyhighercostthanthe currentlyselectedtemsin eachcandidatesubsetFurthermorghe
orderingof itemswithin eachcandidatesubsein termsof descendingelative valuewith respecto
thecurrentlyselectedtemin eachsubsetloesnot changeasnew itemsareselected An algorithm
exploiting theassumptiomeedonly considetheitemsin eachcandidatesubsein ascendingorder
of costat eachstagethe mostdesirableunconsideredeplacemenitem in eachsubseis that with
lowestcost. Our simpli ed MCKP algorithm,which we presentin Section3.3, is basedon this
assumption.

. =

profit

\/

cost

Figurel19: A corvexcandidatesubset. Whenthecorvexity assumptiotnolds,the
itemsin eachcandidatesubsetdecreasén relative value asthey increasdn cost.
Therelative valueof anitem with respecto anothercorrespondso the gradientof
theline betweerthem.

3.3 Simplied Algorithm

In this sectionwe describeour simpli ed greedyalgorithmfor the MCKP that makesuseof the
relative valuemetric describedn Section3.1 andexploits the corvexity assumptionntroducedin
Section3.2.
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input: aninstanceof the MCKP (seede nition 2.3)
output: afeasiblesolutionto thatinstance

begin
set emptylist I/l nocritical item yet, emptylist
set where isthecheapesitemin subset
for /I for eachcandidatesubset

ordertheitemsin subset by ascendingost

set I selectthecheapesitemin subset
for eachitem /I for all otheritemsin subset
set theimmediatelylower costitemfrom  than
set relatve value _
insert into /l add to thelist of unconsidereitems

ordertheitemsin by descendingelative value
for eachitem in I/ for eachunconsideredem

set theitem from thesamecandidatesubset as suchthat

if then //if we canafford to replace with
set Il replace with
else
if then set Il if thereis nocritical itemyet, is critical
if then I if thereis acritical item

/I thenconsiderthecritical item solution
set theitemin fromthesamecandidatesubsets
if and then
set if or ( and )
otherwise

end

Figure20: The simpli ed greedyalgorithm for the MCKP.
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The algorithmis shavn in Figure 20, andits operationis illustratedby an examplein Figure
21. The algorithmbegins by insertinginto the knapsacka minimal initial solutionconsistingof
the lowestcostitem from eachcandidatesubset.This initial solutionis theniteratively improved
by the successie replacemenof selectedtemswith theimmediatelymoreexpensve itemsfrom
their candidatesubsetsasfar asthe availablespacein the knapsackwill allow. The unconsidered
itemsatary stageareconsideredor selectiorin descendingrder of relativevalue(with respecto
the currently selectedtemsfrom their respectie subsets) By virtue of the corvexity assumption
(Section3.2), this also constitutesan orderingwithin subsetdy increasingcost. Thereforeonly
thelowestcostitem in eachsubseimustbe consideredt eachstage.An item underconsideration
replacegheitem from the samesubsetalreadyin the knapsackf thereplacementanbe afforded;
otherwiset is discarded.

After the greedyselectiorphaseheresultingsolutionis comparedo the critical itemsolution
The critical itemis the rst item to be rejectedduring greedyselectiondueto its costbeingtoo
high. Thecritical item solutionconsistf the critical item andthe lowestcostitemsfrom eachof
the othercandidatesubsetslf the critical item solutionhasgreaterpro t andcanbeaffordedthen
it is selectednstead. The critical item checksenesthe samepurposeasin the greedyalgorithm
for 0-1 KP (SeeSection2.5.3).1t guardsagainsthe pathologicakasein which the particularsizes
of the knapsackanditemsfavoursthe selectionof a solutionof low valuethathappendo t the
availablespacebut whoseselectionwould otherwisebe preventedby the selectionof highervalued
itemsof low pro t.

Thetime compleity of thesimpli ed algorithmis log inthenumberof candidatetems,
dueto thesortingstepin whichtheitemsareorderedoy descendingelative value. Thecritical item
is found automaticallyas a by-productof the greedyselectionstage. An immediateoptimization
thatincreaseshe ef ciency of the algorithmis to discountall remainingitemswithin a candidate
subsetassoonasary item from that subsethasbeenfound to be too expensve. Sincethe items
in eachsubsetare consideredn ascendingorder of cost, ary remainingitems mustalso be too
expensve.

Not countingitemsthataretoo expensve to be elementf ary feasiblesolutions— if suchinfeasibleitemsexist
thenthey shouldbediscardedasapreprocess.



68 CHAPTER3. GREEDY ALGORITHM FORTHE MCKP

d‘ ‘

Q @

Figure21: Example executionof the simplied MCKP algorithm. Thisexam-
ple shaws the operationof the simpli ed MCKP algorithmfor aninstanceof the
MCKP with 7 items(shavn aspro t/cost pairs)partitionednto 2 candidatesubsets
(circles),andwith a knapsacksizeof 9. (a) Initially the itemsin eachsubsetare
orderedby ascendingost(indicatedby the arrovs) andthe cheapesitem in each
subseis selectedbold items). Arrows leadingto itemsavailablefor selectionare
labeledwith therelative valuesof thoseitems. Theavailablereplacementemwith
greatestelative valueis 3/3in the rst candidatesubsetlt canbe affordedandso
is selectedreplacingl/2. (b) 3/2 hasgreatestelative valueandcanbeafforded,so
it replace/1. (c) 5/5hasgreatestelative valueandcanbe afforded,soit replaces
3/2.(d) 4/5 hasgreatestelative valuebut cannotbe afforded,soit is discarded(e)
6/8 is the only remainingitem but cannotbe afforded,soit is discarded.(f) The

algorithm's solutionis 3/3 and5/5, for atotal pro t of 8. Thecritical itemis 4/5,
andthecritical item solutionis 4/5and2/1,for atotalpro t of 6.
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3.4 Proof of Half-Optimality for the Simpli ed Algorithm

In this sectionwe prove the half-optimality of the MCKP greedyalgorithmdescribedn Section
3.3, for the subproblemof the MCKP de ned by the corvexity assumptiorintroducedin Section
3.2. Recallthatthe cornvexity assumptiornoldswhentherelative valuesof itemswithin candidate
subsetgalwaysdecreasenonotonicallywith increasingost. Theproofis anextensionto theMCKP

of thegenerabpproaclembodiedy the prooffor the 0-1 KP algorithmpresentedh Section2.5.1.

3.4.1 Overview of Proof

The proof consistf six steps:

1. We formulateanequationrelatingthe pro t of the optimal solutionto thatof the solution
reachedtanintermediatestagdan thegreedyalgorithmimmediatelybeforetheconsideration
andrejectionof the critical item. This equationprovidesan upperboundon the maximum
errorof thegreedyalgorithmandincludestermsthatquantifythepro t lost by not selecting
itemsthatarein theoptimalsolutionandthepro t gainedby selectingtemsthatarenot.

2. We show thatary itemsthatarein the optimal solutionbut were not selectedby the greedy
algorithm beforethe rejectionof the critical item must have lower relatve value thanthe
critical item, sincethey werenot selectedeforeit.

3. Similarly we show thatary itemsthatwereselectedy thegreedyalgorithmbeforetherejec-
tion of the critical item but arenotin the optimal solutionmustat leasthave higherrelative
valuethanthecritical item, sincethey wereselectedeforeit.

4. Usingtheresultsof steps? and3, we show thatthe maximumerror of the greedyalgorithm
is boundedby thetotal differencein costbetweerthe optimalsolutionand , multiplied by
therelative valueof thecritical item.

5. Thenwe shaw thatthe differencein costbetweerthe optimalsolutionand is boundedby
thedifferencein costbetweerthe critical item andtheitem from the samecandidatesubset
thatis selectedn theintermediategreedysolution.

6. Substituting we shaw thatthe maximumerrorof  is boundedby the differencein pro t
betweenthe critical item and the selecteditem from the samesubset. Recallingthat the
algorithmalsoconsiderghe critical item solution,we concludethatthe algorithm’s solution
is atleasthalf asgoodasthe optimalone.
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3.4.2 Proof

1. Given an instanceof the MCKP, let the prot of the optimal solution to this instancebe

. Let bethesetof itemsin the intermediatesolutionreachedoy the greedyalgorithm
immediatelybeforethecritical itemis consideredandrejected) andlet bethe
prot of this partialgreedysolution.

Recallthat both the optimal solutionandthe intermediategreedysolution  mustcontain
exactly oneitem from every candidatesubset.Thereforethe pro t of the optimal solutionis
equaltotheprot  of thepartialgreedysolution plus,for eachcandidatesubset |, the

differencebetweerthe pro ts of theitem whichis in the optimal solutionandthe
item selectedn
Therefore

(14)

where is the setof candidatesubsetdor which  hasgreatercost(andprot) than ,
and is thesetof candidatesubsetdor which  hasgreatercost(andprot) than . In
otherwords, containsthosecandidatesubsetsn which thealgorithmselectedless” than
it shouldhave,and containghosewhereit selectedmore” thanit shouldhave.

. In this stepwe considerthe candidatesubsets thatarein . Recallthatthesearethose

for which theitem in the optimal solutionhasgreatercostthanthe item
selectedn . We show thatin suchcasegheitem in theoptimalsolutionmusthave lower
relative value (with respecto ) thanthecritical item (with respecto theitem from the
samesubsetas , thatis selectedn ). This follows from the factthat waschosenfor
selectiorand wasnot.

Whenthecritical item waschoserfor selection(andrejectedthe setof currentlyselected
itemswasexactly . Thereforethe critical item wasconsideredsa replacementor some
item thatis anelemenf , andwasconsiderednsteadf someitem thatis theelement
of  of immediatelyhighercostthan . Therefore haslowerrelative value(with respect

In practicethe algorithmmay go on to selectotherlateritems, replacingitemsin , but sinceevery replacement

increaseshetotal pro t of theselectedtems,weknow thatthepro t of the nal greedysolutionis greatetthanor equal

to
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to )than (withrespecto ):

Now becauseheitemsin eachcandidatesubsetlecreasén relative valueasthey increasen
cost(from the corvexity assumption— De nition 3.2),it mustbetruethat

(15)

3. In this stepwe considerthe candidatesubsets thatarein . Recallthatthesearethose
for which the item in the optimal solutionhaslower costthanthe item
selectedn . We show thatin suchcasegheitem in  musthave greaterelative value
(with respecto ) thanthecriticalitem (with respecto ). Thisfollowsfrom thefactthat

waschoserfor selectiorbefore .

Whenthecritical item waschoserfor selection(andrejectedthe setof currentlyselected

itemswasexactly . Theremustthereforeexist a sequencef items in

from to (thatis, and ) suchthat is selectedasthe replacementor
for all of

Likewisetheremustexist a sequencef items in the candidatesubset

containing and where isthecheapestemin thatcandidatesubset, , ,

and is selectedy thealgorithmasthereplacemenfior  for all of

. Notethat  isnotselectedsthereplacemenfor ,because (ie. )isnotselected

atall.

Thenwe know that the algorithm at somestagereplaced with  (ie. ) insteadof
replacingsomeitem in the sequence with , since  was
selectecaind wasnot. Therefore

Now becaus¢heitemsin eachcandidatesubsetareconsideredn orderof ascendingostand
thereforedescendingelative value(from the corvexity assumption— De nition 3.2)it must
betruethat

(16)
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4. Thereforefrom (14), (15) and(16) we have

— — (17)

— (18)

— (19)

5. Let™ bethe spacdeft in theknapsaclafterthe selectionof , immediately

beforetherejectionof thecritical item . Fromthefactthat wasrejectedwe know thatthe
differencen costbetween and is greaterthan™:

- (20)

Furthermorave know thatthetotal differencein costbetweertheitemsin the optimalsolu-
tion andthe itemsfrom the samecandidatesubsetsn the greedysolutionmustbe lessthan

orequalto
Thereforefrom (20),
(21)
. Thereforefrom (19) and(21),
— (22)
(23)
(24)

Recallthatthe greedyalgorithmcompareshetotal pro t of the nal greedysolution(which
is greaterthanor equalto ) to thetotalprot  of the cheapessolution containingthe
critical item (which is clearly greaterthan ), andkeepswhichever solutionis better That
is, thealgorithm's solutionhaspro t max . Thereforefrom (24),

andtheprot of the algorithm's solutionis guaranteedo be at leasthalf the pro t of the
optimalsolution.
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Thecritical item checkis complicatedslightly by thefact thatthecritical item by itself is nota
feasiblesolution; hencethe algorithmconstructsa completesolutioncontainingthe cheapesitem
from every othersubset. However it is certainthat this lowestcostcritical item solutionwill be
feasible,sinceotherwisethe critical item would not be a feasibleitem itself andwould have been
removedin thereductionpre-process.

3.5 Full Algorithm

In this sectionwe presenbur full algorithmfor the MCKP, which we prove (in Section3.6)is at
leasthalf-optimalfor the entireproblem. The algorithmdiffersfrom the simpli ed one presented
in Section3.3 in that it doesnot makeuseof the corvexity assumption.The selectionof items
in descendingrder of relative value may thereforenot constitutean orderingby ascendingcost
within candidatesubsetsThe algorithmmustthereforebe preparedo considerat eachstageary
of theremainingitemsin eachcandidatesubsetWhenthe mostdesirablereplacemenitem is too
expensve to be selectedthe algorithmmustalso considerother“concave” itemsfrom the same
subsetvith lowerrelative value.

The algorithmis shavn in Figure22. Its operationis illustratedby an examplein Figure23.
Like thesimpli ed algorithmit begins by selectingasaninitial solutionthe lowestcostitem from
eachcandidatesubsetTheremainingitemsareconsidere@neby oneaspotentialreplacementior
currentlyselectedtems. Eachreplacemenincreaseghetotal costandpro t of the solution. The
potentialreplacemenitemsareconsideredn descendingrderof relative value,alwaysmeasured
with respecto thecurrentlyselectedtemsfrom theirrespectie subsetsAt eachstageheitemwith
greatestelative valuewith respectoits respectie selectedtemis consideredor selectionIf it can
beafforded,it is selectecandthe currentlyselectedtem from thatsubseis discardedTherelative
valuesof theremainingitemsfrom thatsubsetreupdatedwith respecto thenewly selectedtem)
andary unconsideregdemswith lower costthanthenewly selectedtem arediscardedSincethese
discardedtemshave lower coststhanthe selectedtem they areassumedessentiallyto have been
brie y selectecandimmediatelyreplacedoy themoreexpensie newly selectedtem.

In the eventthat the potentialreplacementannotbe affordedthe item underconsideratioris
simply discardedandis markedasthecritical item if it is the rst itemto berejectedn thisway.
Like thesimpli ed algorithmof Section3.3, thefull algorithmconsiderghe critical item solution
consistingof thecritical item andthelowestcostitemsfrom all othersubsets.

Thealgorithmassumeshatthereareno itemsthathave greatercostbut lowerpro t thanother
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input: aninstanceof the MCKP (seede nition 2.3)
output: ahalf-optimalor bettersolutionto thatinstance

begin
set emptylist I/l nocritical item yet, emptylist
set where isthecheapesitemin subset
for /I for eachcandidatesubset
set I/ selectthecheapesitemin subset
for eachitem /I for all otheritemsin subset
set relatvevalue RV
while is notempty /I while thereareunconsideredtems
set theitemwith greatestelative valuein
set theitem from thesamecandidatesubset as suchthat
set /I remore  from
if then //if we canafford to replace with
set Il replace with
for eachitem in /I updatethe candidatesubsetontaining
if then /l'if  haslower costthan
set /I discard
else /I elsecalculatenew relative valueof
setrelative value RV
elseif then set /I if thereis nocritical item, is critical
if then /I if thereis acritical item
/I thenconsiderthecritical item solution
set theitemin fromthesamecandidatesubsets
if and then
if
set _or( and )
otherwise
end

Figure22: Full greedyalgorithm for the MCKP.
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d‘ ‘
e‘ ‘ f‘ ‘
Figure 23: Example executionof the full MCKP algorithm.  This example
shavstheoperatiorof thefull MCKP algorithmfor aninstanceof the MCKP with
8 items(shavn aspro t/cost pairs) partitionedinto 2 candidatesubsetqcircles),
andwith aknapsaclsizeof 10. (a) Initially thelowestcostitemfrom eachsubsets
selectedbolditems).Arrows leadto the availablereplacemenitems,labeledwith
the relative valuesof thoseitemswith respecto the currentlyselectedtem from
that subset. The greatestelative value, 2.0, is sharedby two replacemenitems:
7/4 and 3/2. The algorithm arbitrarily chooses7/4, replacing1/1 with 7/4 and
discarding3/2 sinceit haslower costthan7/4. Therelative valueof theremaining
item, 8/7,is updated.(b) 8/9 hasgreatestelative valuebut cannotbe afforded,so
it is discarded(c) 3/4 hasgreatestelative valueandcanbeafforded,soit replaces
1/2. (d) 4/6 hasgreatestelative valueandcanbe afforded,soit replaces3/4. (e)
8/7 is the only remainingitem but cannotbe afforded,soit is discarded.(f) The

algorithm's solutionis 4/6 and7/4, for atotal pro t of 11. Thecritical itemis 8/9,
andthecritical item solutionis 8/9 and1/1,with atotalprot of 9.
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itemsfrom thesamecandidatesubsetsThesdtemsarelP-dominatedseeSection3.2)andmustbe
removedin areductionpreprocesphasd49]. Thealgorithmalsoassumeshatno infeasibleitems
exist thatarenotelement®f ary feasiblesolution(becausgheir costis too highto allow themto be
selectedvith any combinationof otheritems). Theseinfeasibleitemscanalsobe remored during
thereductionphase.

Thecompleity of thealgorithmis ,where isthenumberof candidatesubsetsnd

is the numberof itemsin thelargestsubsetin anef cient implementatiorof thealgorithm,each
candidatesubsemay be storedasa separatdist. If the subselists arestoredin arbitraryunsorted
orderthenapointeris associatewvith eachonemarkingtheitemin thatsubsetvith greatestelative
value.After theselectiorof anitem,redundanitemsareremovedby traversingthelist anddeleting
ary itemswith lower costthanthe newly selectedtem. In the sametraversal,the relative values
of theremainingitemsarerecalculated After the updatetraversaltheindex is updatedo pointto
the item with highestrelative value. The complity of the entireupdatestepis , Where
is the sizeof thelargestcandidatesubset.The searchfor theitem with greatestelative valuefrom
ary subseinvolvestraversingthelist of the bestitemsfrom eachsubsetpointedto by theindices
associateavith thesubsetsThecompleity of thisis ,Where isthenumberof subsetsEach
candidatétem mustbe consideredxactly once. Thereforethe compleity of the entirealgorithm
is

Note that the aveiagesize of the candidatesubsetss inverselyproportionalto the numberof
candidatesubsets . In theworstcaseeither or maybeequalto , in which casethe otheris
obviously equalto 1. In this worstcasethe compleity of the algorithmis . Intuitively, the
selectionof eachof the itemsinvolvesthe comparisorof upto candidatesubsetgin the case
where ) orupto itemswithin onecandidatesubsef(in the casewhere ). We note
however thatin this worstcaseMCKP actuallydegenerateinto simplerproblems:0-1 KP, in the
casewhen , andthe selectionof a singleitem from a setof candidatesn the casewhere

. In typical practicalproblemsneither or iscloseto , sothattheaveragecompleity is

The compl«ity of the reductionphaseis log [49]. It may be incorporatednto the
initialization of the greedyalgorithmitself.
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3.6 Proof of Half-Optimality for the Full Algorithm

In Section3.5 we presented secondand more comple greedyalgorithmfor the MCKP. In this
sectionwe prove thatthatalgorithm's solutionto the MCKP is alwaysat leasthalf asgoodasthe
optimalsolution. Unlike the proof for the simpli ed algorithmpresentedn Section3.4,this proof
doesnot dependon the corvexity assumptionntroducedin Section3.2. The proofis anextension
of the earlierproof, andfollows the samesix-stepgenerablan (seeSection3.4). While stepsl, 4,
5 and6 areidenticalto thosein Section3.4,steps2 and3 arecomplicatecby theaddedcompleity
of thesecondalgorithm.

A key featureof the simpli ed algorithmis thattheitemsin eachcandidatesubsetarealways
consideredn ascendingrderof pro t andcostanddescendingrderof relative value.In the case
of thefull algorithmthisis nolongertrue,sinceitemsaresometimeselectedut of ascendingost
orderwithin the samesubset. Whenthis occurs,ary itemswith lower costfrom that subsetare
simply discardedseeSection3.5). We saythatthesetemsareimplicitly selectecandimmediately
replacedby the more expensie explicitly selectedtems. The following Lemmashaws thatthe
itemsin eachsubsethatareexplicitly selectedareselectedn descending@rderof relative value:

Lemma3.1 If are element®f the samecandidatesubset  sud that
is selectedxplicitly by thealgorithmasthereplacementor  for all of then
therelativevalueof withrespecto  is greaterthantherelativevalueof with respect
to

Proof:

For anythreeconsecutivétems in we knowthat

(by de nition of the algorithm) and that (becauseof

the dominanceof itemswith lower pro t andgreatercostby otheritemsfromthe samecandidate
subset).Furthermoe we knowthat wasselectedasthe replacementor  and was
not, so

Theefore, by consideringhetriangle formedby (seeFigure 24) wededucehat
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A mi+2

mi+1

Figure24: Triangle formed by and . Giventhattherelative value
of with respecto  is greaterthanor equalto the relative value of
with respecto  (andknowing that and

) we deducehattherelative valueof with respecto is lessthan
or equalto therelative valueof with respecto . Theslopesf thelinesin
thegraphrepresenvisually therelative valuesof itemswith respecto otheritems.
For example therelative valueof with respecto  is showvn by theslopeof
thelinefrom to

3.6.1 Proof

1. Given an instanceof the MCKP, let the prot of the optimal solution to this instancebe

. Let bethesetof itemsin the intermediatesolutionreachedby the greedyalgorithm

immediatelybeforethecritical itemis consideredandrejected) andlet bethe
prot of this partialgreedysolution.

Recallthat both the optimal solutionandthe intermediategreedysolution  mustcontain
exactly oneitem from every candidatesubset.Thereforethe pro t of the optimal solutionis
equaltotheprot  of thepartialgreedysolution plus,for eachcandidatesubset |, the

differencebetweerthe pro ts of theitem whichis in the optimal solutionandthe
item selectedn
Therefore

(25)
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where is the setof candidatesubsetdor which  hasgreatercost(andprot) than ,
and is the setof candidatesubsetdor which  hasgreatercost(andprot) than . In
otherwords, containsthosecandidatesubsetsn which thealgorithmselectedless” than
it shouldhave,and containghosewhereit selectedmore” thanit shouldhave.

2. In this stepwe considerthe candidatesubsets thatarein . Recallthatthesearethose
for which theitem in the optimal solutionhasgreatercostthanthe item
selectedn . As in the simpli ed proof, we shav thatin suchcasegheitem in the
optimal solutionmusthave lower relative value (with respecto ) thanthe critical item
(with respecto theitem from thesamesubsegs , thatis selectedn ). Thisfollowsfrom
thefactthat waschoserfor selectiorand  wasnot.

Whenthecritical item waschoserfor selection(andrejectedthe setof currentlyselected
itemswasexactly . Thereforethe critical item wasconsideredsa replacementor some
item thatis anelementof , andwaschoserinsteadof selecting asareplacementor

(whichwould have beenpossible sincethefull algorithmconsidersiotonly the itemsof
immediatelyhighercost). Therefore haslowerrelativevaluewith respecto  than does
with respecto :

(26)

3. In this stepwe considerthe candidatesubsets  thatarein . Recallthatthesearethose
for which the item in the optimal solutionhaslower costthantheitem
selectedn . Asin thesimpli ed proof, we show thatin suchcasegheitem in  must
have greaterelative value(with respecto ) thanthecriticalitem (with respecto ). This
followsfrom thefactthat waschoserfor selectiorbefore .

Whenthecritical item waschoserfor selection(andrejectedthe setof currentlyselected
itemswasexactly . Thereforetheremustexist a sequence of elements
of from to suchthat is explicitly selectedasthereplacementor for all of

. This stepis complicatedoy thefact that,in thefull MCKP algorithm,
someitemsare never explicitly selectedbut only implicitly selected).We know that s
explicitly selectedsince ), but  mayhave beenimplicitly selectedby the selection
of anotheelemenbf  of highercostthan . Therefordet bethehighestcostexplicitly
selectectlementof  suchthat , andlet . Notethat

In thecasewhere is explicitly selected, is itself.
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Theremustalsoexist a sequencef items in the candidatesubseton-

taining and leadingfrom the selectionof the cheapesitemin thatsubseto the selection
of ,where isthecheapesitemin thecandidatesubset, , ,and is

selectedxplicitly by thealgorithmasthereplacemenfor  for all of

Notethat is notselectedasthereplacementor , because (ie. )isnotselected
atall.

Since waschosenfor selectionafter |, for every in the sequence
theremustexistanitem  in thesequence suchthat

(27)

FromLemma3.1we know thatthe itemsin arein descendingrderof
relative value,andthereforethat

Rewriting,

Thereforesince

we know that

Thereforefrom (27),

Thensince

we know that
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Substituting with , we have shawvn thattherelative valueof  with respecto s at
leastashigh astherelative valueof with respecto :

(28)

Now if  is explicitly selectedthatis, if ) thenby substitutioninto (28) it follows
thattherelatve valueof  with respecto is atleastashigh astherelative valueof with
respecto (whichis whatwe wantedto show in this step):

(29)

Otherwisdf is selectedmplicitly by theexplicit selectionof  then and

Then,sincethealgorithmselected over asareplacementor

Thereforepy consideringhetriangleformedby and (Figure25)we deducehatthe
relatvevalueof withrespecto isatleastashighastherelatvevalueof  with respect
to

Then,since

and

we know that

Thatis, therelativevalueof  with respecto is atleastashigh astherelative valueof
with respecto . Thereforefrom (28),

(30)
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Figure25: Triangle formed by and . Giventhattherelative valueof
with respecto  is greatethanor equalto therelative valueof  with respecto
(andknowing that and ) we deducehatthe

relative valueof  with respecto  is greaterthanor equalto the relative value
of  with respecto

4. Thereforefrom (25), (26) and(30) we have

— — (31)

— (32)

— (33)

5. Let™ bethe spacdeft in theknapsaclafterthe selectionof , immediately
beforetherejectionof thecritical item . Fromthefactthat wasrejectedwe know thatthe

differencen costbetween and is greateithan™
- (34)
Furthermorave know thatthetotal differencein costbetweertheitemsin the optimalsolu-

tion andthe itemsfrom the samecandidatesubsetsn the greedysolutionmustbe lessthan

orequalto ™
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Thereforefrom (34),
(35)
6. Thereforefrom (33)and(35),
— (36)
(37)
(38)

Recallthatthe greedyalgorithmcompareshetotal pro t of the nal greedysolution(which
is greaterthanor equalto ) to thetotalprot  of the cheapessolution containingthe
critical item (which is clearly greaterthan ), andkeepswhichever solutionis better That
is, thealgorithm's solutionhaspro t max . Thereforefrom (38),

andtheprot of the algorithm's solutionis guaranteedo be at leasthalf the pro t of the
optimalsolution.

3.7 Advantagesand Limitations

Having provedthatthe solutionof thefull algorithmis alwaysat leasthalf-optimal,in this section
we show thatin the majority of practicalcasests solutionis muchbetterthanhalf-optimal. The
sameargumentsapply to the simpli ed algorithm,for the subproblenof the MCKP in which the
cornvexity assumptiorholds.

Recallthatthe maximumerror of the algorithmis boundedby (seeequation37). This
meanghatasthe granularityof the candidatdtems(with respecto thetotal sizeof the knapsack)
becomesner, the maximumerrortendsto zero. Thealgorithmcanbe expectedto performmuch
betterthanhalf-optimalfor MCKP instancesn which the granularityof theitemsis relatvely ne,
and pathologicalcasesarise only whenthe differencein prot between and is a signi cant
proportionof the optimalsolutionvalue .

We notethatin level of detail applicationsespeciallyit is rarethata singleitem or group of
itemswill contritutea large proportionof thetotal pro t of the optimal solution. In mostlevel of

A similar obsenationis madefor otherKnapsackProblemheuristican [21].



84 CHAPTER3. GREEDY ALGORITHM FORTHE MCKP

detailapplicationdwundred®r eventhousandef scenebjectsarevisible atthesameime andeach
contributesarelatively smallproportionto thetotal visual effect. The half-optimalityguaranteés a
worst-casegure andwe expectthe behaiour of thealgorithmto be muchbetterthanhalf-optimal
in mostreal-worldapplications.

Recallthatthesimpli ed algorithmdepend®nthecorvexity assumptiorfor its half-optimality.
However the IP-dominanceof itemswith lower pro t andgreatercostthanotheritemsfrom the
samecandidatesubsetimply that the worst-casehalf-optimality of the algorithmis brokenonly
for instancedn which thereexist items of greatercostand prot but lower relative value than
otheritemsfrom the samesubset. Theseitemsarethosethat do not provide diminishingreturns
Realworld probleminstancesn which increasedutlaysdo not provide diminishingreturnsare
uncommonasthey tendto simplify the problem.All elsebeingequal,we would alwayschoose&o
selecta moreexpensie item over lessexpensive onesthat provide proportionatelypoorerreturns.
In level of detailsituationsit is rarethata moreexpensve representatioof an objectwill provide
proportionatelygreatemperceptuabene t thana cheapeone. For examplethe successie addition
of more polygonsto a meshrepresentationf an objectgenerallyresultsin progressiely smaller
increasedn visualquality, particularlyif the additionsaremadein anintelligent“most signi cant
rst” fashion.

Note thatin the caseof the ContinuousMultiple ChoiceKnapsackProblemC(MCKP) (see
De nition 2.4 in Section2.5.2) “concave” items— itemsthat provide lower relative valuethan
other more expensve itemsfrom the samecandidatesubset— are LP-dominatedand canbe re-
moved from consideratiorcompletely[49]. A solutioncontainingan LP-dominatedtem canbe
improvedtrivially by replacingthatitem with alinearcombinatiorof two itemsthatlie onthecon-
vex boundary By contrastthe inability to selectfractionalportionsof itemsin the MCKP means
thatthesatemsmuststill be considerean the off chancehattheitemsthatdominatethemcannot
be afforded. The corvexity assumptiomormally hasno effect; non-corvex itemscanbe ignored
completelyexceptin the casesvherethe lowestcostitemswith costgreaterthantheirsfor which
the graphis corvex arecritical or post-critical. Thereforethe simpli ed algorithmcanbe expected
to performwell in mostpracticalcases.

3.8 Comparisonwith FunkhouserSequin Algorithm

In this sectionwe compareour greedyalgorithmsfor the MCKP with thatproposedy Funkhouser
andSéquin(seeSection.5.4and2.6.1).In particularwe discusghe practicalimplicationsof our
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algorithm's proved correctness.

Recallfrom our discussiorin Sections2.5.4and 2.6.1that Funkhouseand Séquinproposed
a greedyalgorithmfor the MCKP andpressedt into service(in an equivalentincrementalform)
asanon-hierarchicalevel of detail optimizationalgorithm. Recallalsothatin De nitions 2.5and
2.6we presentedounter@ampledor theclaimedhalf-optimalityof the FunkhousefSequinMCKP
algorithmandincrementalevel of detail optimizationalgorithm.

Apart from the fact that our greedyalgorithmalwaysselectsa feasiblesolution consistingof
exactly oneitem from eachsubsetthe maindifferencebetweerour algorithmandtheirsis thatour
algorithmis basedon relativevalueratherthanvalue Thisis the featurethatguaranteeghe half-
optimality of our algorithm(for a simpli ed subproblemijn the caseof the simpli ed algorithm).
Aswedescribedn Section3.1,theideabehindit is thatthechoiceof whichitemto replaces based
ontherelativedesirabilityof the potentialreplacemenitems(with respecto theitemsthey would
replace)ratherthan on their absolutevalue. This allows our algorithmto avoid inappropriately
replacingitemswith otheritemsthatprovide slightimprovementsn pro t at the expenseof much
greatelincrease#n costwhenotherreplacementems,with lowerabsolutevaluebut higherrelative
value,areavailable.

Examplesof practicallevel of detail situationsin which this may occur aswe notedin Sec-
tion 2.6.1,arethosein which objectshave low detailimpostorrepresentationsf barelysigni cant
costthat closelyresembleheir expensve high detail representationg-or example,thelow detalil
impostormight be a singletexture mappedpolygonandthe high detailimpostora complex model
consistingof hundred=f polygons. In thesecaseghe higherdetailimpostorsof objectsprovide
slightincreasesn prot atthe expenseof dramaticincreasesn cost,andif they areselectedhe
renderingtime wastedis unavailable for improved renderingsof otherobjects. Our algorithmis
capableof takingthis into accountandfavouring replacementsf lower value but higherrelative
valueinstead shouldthey be available. The expensve representationare notignoredcompletely
but areselectednly whentheir selections appropriate.

3.9 IncrementalVersion

Recallthatourinterestin ef cient approximatioralgorithmsfor the MCKP arisedrom thefactthat
the MCKP is equivalentto the non-hierarchicalevel of detail optimizationproblem(asdescribed
in Chapter?). Themainlimitation of our MCKP greedyalgorithm,in thisregard,is thatit performs
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a completeoptimizationfrom scratchfor every frame,andso fails to exploit the considerableo-
herencehattypically exists betweersuccessie frames.A moreeffective approachs to modify the
algorithmto acceptasinputaninitial best-guessolutionderivedfrom the previousframe.

Recallfrom Section2.6.1that Funkhouseand Sequin[24] proposeanincrementalersionof
their MCKP greedyalgorithmthatthey claimis equivalentto it for the subproblenof the MCKP
in which itemswith highercostthanotheritemsfrom thesamecandidatesubsetlwayshave lower
value This constitutesa value-basedaorvexity assumptiorthatis analogougo our relative-value-
basedne(introducedn Section3.1). It is this assumptiorthatallows their algorithmto be made
incremental:it guaranteethatthe solutionfound by consideringall itemsin descendingrder of
valueis thesameasthatfoundby consideringat eachstage only theitemsof immediatelyhigher
costthanthosethatarecurrentlyselectedfrom eachcandidatesubset).This is becausghe items
of immediatelyhigher costare guaranteedo have valuesthat are at leastashigh aslater (more
expensve) itemsfrom the samesubsetand canthereforesafely be assumedot to falsely poorly
adwertisethem. If the cornvexity assumptiordoesnot hold thenthe incrementahlgorithmrunsthe
risk that by consideringandnot selectingonly the immediatelyhighercostitemsat eachstageit
will missmoreexpensve itemsthatrepresentar betterchoices.

Recallthat we shaved in Section2.5.4 that the FunkhousefSéquin non-incrementaMCKP
greedyalgorithmis not guaranteedthalf-optimal(evenfor the subproblemn whichthevalue-based
convexity assumptiorholds; note that the secondcounterexample, presentedn De nition 2.6,
satis esit). Likewisewe shavedin Section2.6.1thattheirequialentincrementablgorithmsuffers
from the samdimitation.

In the sameway thatthe value-basedornvexity assumptiorof Funkhouseand Sequinallows
their greedyMCKP algorithmto be madeincremental so our relative-value-baseaorvexity as-
sumptionallows our simpli ed algorithmto be madeincremental.This is animportantadvantage
of thesimpli ed algorithmthatprovidesanothemreasorto preferit for level of detail optimization.
For this reasonwe chooseo extendthe simpli ed versionin laterchapterandhave presentedhe
full algorithmonly for completeness.

We do not presentthe incrementalersionof our simpli ed MCKP algorithmhere;ratherwe
notethatit is to our greedyalgorithmwhat the Funkhouseland Sequinincrementallgorithmis
to theirs, and describeinstead(in Chapter7) an incrementalversionof a greedyalgorithm for
the hierarchical level of detail optimizationproblemthatis a hierarchicalextension(presentedn
Chapter6) of our simpli ed MCKP greedyalgorithm.

Note thatwhile Funkhouseand Sequinexploit their value-basedorvexity assumptiorin the
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makingof their incrementaklgorithm, they do not formulatea simpli ed versionof their MCKP
algorithmdesignedo actmoreef ciently onasimpli ed subproblemWe exploit bothbene ts of
the corvexity assumptiorby formulatinga simpli ed algorithmthatis half-optimalaslong asthe
assumptiomoldsandthenanincrementalersionthatis equivalentto thesimpli ed algorithm.The
factthatthe samecorvexity assumptiomprovidesbothbene tsis afortunatecoincidencealthough
of coursethereasoris thesamein bothcases.

3.10 Summary

In this chapterwe presented greedyapproximatioralgorithmfor the Multiple ChoiceKnapsack
Problem(MCKP). This algorithmis basedon a metric, relative value that measureshe pro t
densityof candidatétemswith respecto otheritemsfrom the samecandidatesubset.Therelative
valuemetric allows our algorithmto gaugeeffectively the “desirability” of itemsasreplacements
for previously selectedtems, therebycopingwith the characteristiconstraintof the MCKP that
exactly oneitem mustbe selectedrom every candidatesubset.

We provedthatour algorithm's solutionis alwaysat leasthalf asgoodasthe optimal solution,
andshowvedthat the performanceof the algorithmis muchbetterthan half-optimalin typical in-
stance®f the MCKP in which the granularityof the candidatétemsis ne with respecto thesize
of the knapsack.The time compleity of our algorithmis . The greedyalgorithm,
like thatfor the 0-1 KP describedn Chapter2, represents compromisebetweenoptimality and
efciency. It providesa generallynon-optimalsolutionof a guaranteedjuality to anNP-complete
problemin exchangdor manageablpolynomialtime compleity.

In additionwe presentedsimpli ed versionof thealgorithmthatexploitsanassumptioncalled
the corvexity assumptionaboutthe natureof the MCKP. We provedthatthis simpli ed algorithm's
solutionis alwaysat leasthalf-optimalfor instanceof the subproblenof the MCKP de ned by
the corvexity assumptiorandshowved thatthe corvexity assumptions satis ed in the majority of
usefulprobleminstancesThis simpli ed algorithmhasalowertime compleity of log and
hasthe importantadditionaladvantagethat it may be madeincremental This meanghatit may
bemodi ed to createanequialentincrementahlgorithmthatacceptsasinput aninitial best-guess
solutionderivedfrom theapplicationof thealgorithmto the previous probleminstance This allows
thealgorithmto exploit coherencéetweersuccessie probleminstances.

In laterchaptersvewill puttheadwantage®f thesimpli ed algorithmto usein orderto propose
anincrementahierarchicalevel of detail optimizationalgorithmthatis anextensionof it. In the
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meantimethe next chapter Chapter4, presents formal de nition of a hierarchicallevel of detail
descriptionto sene asa basisfor aninvestigationof the hierarchicallevel of detail optimization
problem.



Chapter 4

Hierar chical Level of Detall
Optimization

In Chapter2 we describedhow the Multiple Choice KnapsackProblem(MCKP — seeSection
2.5.2)hadbeenshawn to be equivalentto the level of detail optimizationproblem. Recallthatin
Section2.6 we showved that this equivalenceis brokenby hierarchicallevel of detail descriptions
with sharedrepresentationfr groupsof objects(suchasthosedescribedoy Maciel and Shirley
[47], Chamberlairet al [14] andShadeet al [75]). We demonstratethatthe few predictive hier
archicallevel of detail optimizationschemegpresentedgo far (namelythoseof Maciel and Shirley
[47] andBelblidiaetal [8]) have failedto addresghis problemcompletely In this chaptemwe con-
structabasisonwhichto formulateourwork by presentingaformalandvery generabde nition of a
hierarchical level of detail descriptionandidentifying the level of detail optimizationproblemthat
thisdescriptiorpresentsWe call this problemthehierarchical level of detail optimizationproblem

If thecharacterizingeatureof level of detailscenalescriptiongs thatmultiple representations,
or impostors may be providedfor sceneobjects the characterizingeatureof hierarchicalevel of
detaildescriptionss thatsharedrepresentationmay be providedfor groupsof objects.Theadwan-
tageof thisis that renderingcostmay be saved by the renderingof simplesharedrepresentations
for groupsof unimportantobjects,while still providing a completescenerepresentatioim which
groupobjectrepresentationarecoherentandconsistent.Furthermorehierarchiesaturallyallow
therepresentationf the comple hierarchicaktructureof typical real-worldscenesOur de nition
attemptdo capturetheseimportantcharacteristics.

Recallfrom Chapter2 that the equivalencebetweenthe non-hierarchicalevel of detail opti-
mizationproblemandthe MCKP captureghe ideathat exactly onedravablerepresentatiomust

89
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be selectedor eachsceneobject. In contrastwhenan objectin a hierarchicallevel of detail de-
scriptionis representethy a sharedgrouprepresentationf one of its ancestorsall of the objects
which sharghatrepresentatiomustnecessarilyperepresentetly it aswell, asshovn previouslyin
Figurel2. Thereis nofacility for takingthisinto accountin the formalismof the Multiple Choice
KnapsackProblem,wherethe selectedtems of distinct candidatesubsetqcorrespondingo the
selectedmpostorsof distinct objects)are chosenindependently In this chapterwe demonstrate
thatthelevel of detail optimizationproblemfor a hierarchicalevel of detaildescription(whichwe
shallreferto asthehierarchical level of detail optimizationproblen) is equivalentinsteado a hier-
archical genealization of theMultiple ChoiceKnapsackProblemin whichtheselectiorof itemsis
limited by a hierarchyof constraintsWe characterizehis Hierarchical Multiple ChoiceKnapsa&
Problemformally in Section4.2. In Chapter5 we shallalsopresent new formalismfor reasoning
aboutsuchproblems.

We bggin in Sectiond.1by de ning ourlevel of detailhierarchy In thatsectionwe will de ne
hierarchicalgeneralizationsf usefulconceptsuchaslevelsof detailandtheincrementationand
decrementationisetweerthem.In Section4.2we presenttransformatiorof the hierarchicalevel
of detail descriptionde ned in Section4.1 to an equivalentconstained non-hierarchicabnein
which explicit constraintsaketheplaceof theimplicit constraintsepresenteth thestructureof the
hierarchy We referto this transformatiorin orderto shav the equivalenceof the hierarchicalevel
of detail optimizationproblemto the HierarchicalMultiple ChoiceKnapsackProblem.In Section
4.3 we revisit the hierarchicallevel of detail optimizationalgorithm of Maciel and Shirley ( rst
discussedh Section2.7.1)in light of thisinsight,evaluatingits solutionin termsof theHierarchical
MCKP. Finally we concludethis chapteiin Sectior4.4.

4.1 Hierar chical Level of Detail Description

An objectis de ned recursvely asconsistingof otherobjectsthatareits childrenor parts. The
entire sceneis representedby a hierarchyof suchobjectswhoseroot is calledthe sceneobject
Eachobjectmay optionally be provided with a setof impostors or dravablerepresentationghat
representt andthereforeall of its parts. Theleaf objectsmusteachbe providedwith at leastone
impostor Wheremultiple impostorsareassociatedavith a singleobject,they areordereduniquely
accordingto increasingdetail. Theimpostorsof the partsof objectstogetherform more detailed
representationsf thoseobjects.Figure26 shavs anexampleof a simplelevel of detailhierarchy

Note that this de nition of a hierarchicallevel of detail descriptionis fairly general. All of
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scene object

A JAVAN A A
4 56 7 8
impostors

Figure26: Simple level of detail hierarchy. Objectsarerepresentedy circles,
andtheirimpostorsby triangles.The multiple impostorsof eachobjectareshovn
in orderof increasingletailfrom left to right. Theimpostorsof the descendantsf
eachobjectconstitutehigherlevels of detail of partsof that object. Impostorsare
numberedor corvenience.

the hierarchicallevel of detail descriptionsusedby previous level of detail schemegreviewed in
Section2.4) canbeviewedasspecializednstance®f this descriptionjn all of themsharedsimple
representationgand sometimesamultiple sharedsimple representationsyre provided for groups
of relatedobjects. Differenthierarchicaldescriptiondiffer from eachotherin the typesof scene
objectsto whichthe“objects” in the hierarchycorrespondthewaysin whichthey arecombinedto
form groupobjectsthetypesof dravablegeometricdescriptioncomprisingtheimpostorsandthe
numberof impostorsallowedfor eachobject.

4.1.1 Levelsof Detail

We de ne a formal hierarchicalgeneralizatiorof the conceptof a level of detail. Objectshave
multiple hierarchicallyde ned levelsof detail consistingof boththeir own explicit impostorrepre-
sentationsandtheimplicit representationsonsistingof the combinationof theimpostorsof their
descendant€achlevel of detail correspond$o a uniquesetof selectedmpostors:

De nition 4.1 Levelof Detalil
A level of detail of an object is a setof impostors . Theimpostors
are selectedsud that exactly one of the impostorson the pathfrom  to eadh
of theleavesof thesubteerootedat isanelemenof .
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For examplea valid level of detail of the sceneobjectin Figure 27 is the setof impostors

. Thisde nition ensureghateachlevel of detail of anobjectprovidessomecompleteand

unambiguousepresentationf every partof thatobject; be it oneof its associatednpostorsor a

subsebf the impostorsof its descendantsln additionobjectsthat are partsof otherobjectsmay
alsoberepresentethsteadby theimpostorsof their ancestors.

4.1.2 ReplacementSets

We de ne the replacemenset of an impostorto refer to the setof impostorsthat constitutethe
immediatelyhigherdetailrepresentatioof the objectthatownsthatimpostor:

De nition 4.2 Replacemerfset
Thereplacemensetof animpostor belongingto an object is:

1. Theimmediatelyhigherdetailimpostorof , if oneexists.

2. The setof the lowestdetail impostorsof the nearestimpostorbearingdescendantsf |,
otherwise

Figure27 illustratesexamplesof variousreplacemensgetsin a simplelevel of detailhierarchy
All impostorshave exactly onereplacemenset,exceptfor thehighestdetailimpostorsof theleaves
of the hierarchywhich have none.Corverselyeveryimpostoris anelemenif exactly onereplace-
mentset. Theimpostorsvhichtogetheiconstitutehelowestlevel of detailof theobjectareassumed
to bethereplacemengetof animaginary‘root” impostorcorrespondingo norepresentation

4.1.3 Incrementationand Decrementation

We de ne anincrementatiorof alevel of detail of anobject to bethereplacemenof someim-
postor by its replacemenset . Corverselyadecementatiorof isthereplacementf some
completereplacemenset by theimpostor whosereplacemensetis . In generalalevel
of detail may beincrementedainddecrementeth mary differentways,whereeachcorresponds
to thereplacemenof a differentimpostoror replacemensetin

4.1.4 Partial Ordering of Levelsof Detall

Thelevelsof detailof eachobjectarepartially orderedby thefollowing relation:
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Figure27: Examplesof replacementsets. Thereplacemensetof impostorl is
, andthatof impostor2 is . Thereplacemensetof impostor5 is
andthatof 3is . Impostors4, 6, 7 and8 have noreplacemengetsand  is

thereplacemensetof animaginaryimpostorno representation

De nition 4.3 Partial Orderingof Levelsof Detail

Two levelsof detail and of anobject arerelatedby if there exist levelsof detail
sud that , , and is theresultof someincrementatiorof  for all
If and thenwe saythat is astrictly lower level of detailof than . Thelowest

andhighestlevels of detail of an objectare thosesuchthatthereexist no levels of detail thatare
strictly lower andstrictly higher, respectiely. Figure28illustratesthe partial orderingof levels of

By & R

@) (b) (©) (d)

detail.

Figure28: Partial ordering on levels of detail. Four levels of detail of a sim-
ple level of detail hierarchy Level of detail is the lowestlevel of detail of the
hierarchy and is the highest. Levels of detail and arerelatedto and by

and . However and arenotrelated:althoughthey arenot
equal,neitheris a higheror lowerlevel of detailthantheother
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Evenif alevel of detail of anobject is strictly lowerthananotherdevel of detail , and
may still sharesomeimpostorsin common. If they do not, thenwe saythat is uniformlylower
than :

De nition 4.4 Uniformly LowerLevelsof Detail
Alevel of detail of anobject is uniformly lowerthananotherlevel of detail of if
and

4.1.5 Covering of ReplacementSets

In the caseof non-hiemrchical level of detail descriptionghereis a sensein which a particular
level of detail of thewholedescriptiormaycontaina higheror lower detailimpostorof a particular
objectthanoneof thatobjectsotherimpostors We saythatanimpostor of anobject is coveed
by somelevel of detail of theentiredescriptionf theimpostorof containedn is greaterthan
or equalto . Thisterminologyis usefulin comparingevels of detailwith impostorsof particular
objects.We cande ne asimilar conceptin the caseof hierarchicalevel of detaildescriptionsput
we musttalk of replacemergetsratherthanof impostorsandof thelevelsof detailof objectsrather
thanof theentiredescription:

De nition 4.5 Coveringof Replacemertets

Let bethereplacemensetof someimpostorof an object . We saythat is coveredby a
level of detail of someancestor of if thereexistsa levelof detail of  sudthat and
contains .

Moresimply, iscoveredby if thereexistsalowerlevel of detail containing . Inthatcase,
canbe reachedy a seriesof incrementationgrom , duringwhich is replacedy its higher
detailrepresentatioembodiedn .

4.1.6 Ancestorand DescendanReplacementSets

Lastly, we de ne two termsthatre ect a partialorderingof replacemengets:

De nition 4.6 AncestoReplacemertbets
We saythat a replacemenset is an ancestoreplacemensetof anotherreplacemenset
if there existsa (possiblyempty)list of replacemensets sudc that ,
, and is thereplacemensetof somempostorin ~ for
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De nition 4.7 DescendanReplacemertbets
is a descendameplacemensetof if isanancestoreplacemensetof

In the exampleshowvn in Figure 27, is a descendanteplacemenset of andan
ancestoreplacemensetof and . Notethatall replacemensgetsaretrivially ancestorand
descendantsf themseles.

4.2 Hierar chical Multiple ChoiceKnapsack Problem

In the hierarchicalevel of detailscenedescriptionde ned in Section4.1,eachgroup(or non-leaf)

objectis the union of its parts,or children. Thereforeimpostorsof group objectsare essentially
sharedepresentationsf all of the partsof thosegroupobjects.By our de nition they functionas

lower detail representationsf thosepartsthanary of theimpostorsthat are explicitly associated
with the partsthemseles. We may thereforeredrav the hierarchyequivalently by transforming
groupobjectimpostorsinto sharedow-detailimpostorsof their children,aslong aswe notethat

thesharedmpostorsareconstrainecdindmustbe selectedn unisonfor all of the parts,if atall (see

Figure29).

transform

A A AN AN
12 1

P

3

Figure 29: Transformation of a group object impostor.  Impostorsof group
objectsmay be equivalentlyregardedassharedmpostorsof the childrenof those
group objects. For clarity, eachobjectis assumedo have exactly oneimpostor
impostorsarenumberedandtheinheritedimpostorof the groupobjectis shaded.
Thelink attachedo the sharedmpostorindicatesthat the objectswhich shareit
musttakeit onin unison.

By repeatedhapplyingthis transformatiorwe maycreatean“empty” or at hierarchywith im-
postorsonly attheleaves(seeFigure30). Eachleafhasasits impostorsall of its ownimpostorglus
aseriexf lowerdetailimpostorsnheritedin top-dovn orderfromits ancestorgn thehierarchy The
eguialenceds subjectto a setof constaints, onefor eachoriginal groupimpostor:theleaf objects
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thatshareeachinheritedgroupimpostormusttakeonthat sharedimpostorin unison Theresulting
at hierarchyis essentiallya hierarchicallyconstrainedon-hiearchical level of detail description
(Section2.6),exactly equivalentto theoriginal hierarchicabne. Theimmediatelyhigherimpostors
of the objectsthat shareeachinheritedgroupimpostortogetherconstitutethe replacemensetof

thatimpostor

A AN A A
4 56 7 8

ltransform
o O O O

124 1256 1237 1238

Figure30: Transformation of a simple level of detail hierarchy. Theimpostors
of groupobjectshave all beentransformednto sharedmpostorf theleafobjects.
The constraintdetweensharedmpostors shovn aslinks, imply thatthe objects
which sharethoseimpostoramusttakethemonin unison.

Usingthetransformatiordescribedbove, we cannow shaw thatthe hierarchicalevel of detail
optimizationproblemis equivalentto a hierarchical genealizationof theMultiple ChoiceKnapsack
Problem shovn conceptuallyin Figure31. We referto this constrainedMCKP asthe Hierarchical
Multiple ChoiceKnapsa& Problem in referenceto the fact that the constraintsare hierarchical
in natureand makeexplicit the implicit constraintgepresentedby the structureof a hierarchical
level of detail description. The candidateétems correspondo the impostorsof the objectsin the
eguialentnon-hierarchicatlescriptionandaredividedinto candidatesubsetsuchthateachsubset
corresponddgo the impostorsof a single object. At mostone item may be selectedfrom each

candidatesubset.
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TheHierarchicaMCKP differsfrom theusualMCKP in thatsomeitemsarememberf more
thanonecandidatesubsetthosewhichcorrespondo sharedyroupimpostordn thenon-hierarchical
description.Thesecorrespondo impostorsof morethanoneobject,andtheir correspondingtems
are capableof representingereral candidatesubsetsat a time. The hierarchicalstructureof the
constraintxorrespondsin our case,to the hierarchicalstructureof the level of detail description.
Notethatthe standardMCKP is aspecialcaseof the HierarchicaMCKP, justasanon-hierarchical
level of detaildescriptioris aspeciakaseof themoregenerahierarchicalevel of detaildescription.
TheHierarchicaMCKP is thereforeNP-complete.

.w-m=--..__Candidate
A A D } subsets
R 5 4 knapsack
AT A 6 selection A
il 6
A ADA A
1A2 37 3

Figure31: Hierar chical Multiple ChoiceKnapsack Problem. TheHierarchical
MCKP is identicalto the MCKP exceptthatsomecandidatdtemsareelementof
morethanonecandidatesubset.Thesesharedtemsareconstainedandmayonly
be selectedogether Comparewith Figure?.

We de ne thereplacemensgetof anitemin aninstanceof the HierarchicaMCKP to correspond
exactlyto thereplacemengetof theimpostorin the hierarchicalevel of detaildescriptiorto which
the instancecorresponds.The items in the replacemenset correspondo the impostorsin the
replacemensgetof the correspondingmpostor

Thede nition of the HierarchicalMCKP is identicalto thatof the MCKP givenin De nition
2.3 (SeeSection2.5.2)exceptthatthe candidatesubsetsarenot necessarilylisjoint. We allow each
item to have a singlereplacemensetandrequirethat for every candidatesubsebf which anitem
is anelementgexactly oneitemin its replacemensetmustbeanelementf thatsubsetin addition
werequirethatall replacemensetsaredisjoint.

De nition 4.8 TheHierarchical Multiple ChoiceKnapsa& Problem
Givenaset of candidatdtems a setof candidatesubsets , anda knapsack
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with

maximize

subjectio

andwhee therootitem
of anitem is a setofitems
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prot of item
costof item

capacityof theknapsak

hasareplacemenset wheee thereplacemenset
sud that:

1. For eadh candidatesubset  of which is an elementthere existsexactly oneitem

thatis an elemenbpf

2. Eachitem mayor maynot havea replacemenset.

3. All replacemensetsare mutuallydisjoint.

4.3 Maciel-Shirley Algorithm Revisited

Having producedh formal descriptionof the hierarchicalevel of detailoptimizationproblemin the

form of theHierarchicaMCKP de nedin Section4.2,we arenow in a positionto reconsidemore

critically the hierarchicallevel of detail optimizationalgorithmof Maciel and Shirley [47], which

we discusseckarlierin Section2.7.1. Beinga predictive level of detail optimizationalgorithmfor

a hierarchicallevel of detail descriptionsimilar to that de ned formally in Section4.1, it is an
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approximatioralgorithmfor the hierarchicalevel of detail optimizationproblemandthereforefor
theHierarchicaMCKP.

The main characterizingeatureof the Maciel and Shirley algorithmis thatis also a greedy
algorithm. Whereaswe in our greedyalgorithmfor MCKP userelative value (Section3.1) and
FunkhouseandSéquinusevalue(Section2.5.4),MacielandShirley usepro t , whichthey referto
asimportance Essentiallythe algorithmconsidergeplacemensetsasreplacementsor theitems
thatthey replacefavouringthosereplacemensetsthatrepreseninoreimportantobjects.Thepro t
of animpostor for the purposef replacemenselection,is the importanceof the objectowning
thatimpostor Theimportanceof anobjectin turnis de ned for groupobjectsastheimportanceof
theirmostimportantpart. Theimportanceof leaf objectsis de ned asaweightedaverageof several
factorsintrinsic to objectssuchastheir screen-spacsize, distancefrom theline of sight, relative
speedandinherentsemantidmportance.This favouring of moredetailedrepresentationsf more
importantobjectsconstitutesa “best- rst” [47] greedyselectionof replacemensgets.Careis taken
to ensurethe consisteng andcompletenessf the solution(andthereforethe scenerepresentation)
by selectinginitially a singleimpostorrepresentinghe entiresceneandreplacingimpostorswith
replacemengetsthatcollectively represenexactly the sameobjects.

However, aswe shoved in Section2.7.1, the algorithmof Maciel and Shirley is awed and
placesno guarante®n the quality of its solution. This failing is a directresultof the useof pro t
(or importance)sthe greedyheuristicratherthanvalue (or moreprecisely aswe shovedfor the
MCKP in Chapter3 andshallshow for the HierarchicaMCKP in Chapter6, relativevalue). For
ary optimizationproblemary numberof greedyheuristicsareavailable;for exampleselectionby
maximumpro t, minimumcost,maximumvalueand,aswe have shavn, maximumrelative value.
In thecaseof the0-1KP, only selectiorby maximumvalueis effective. It succeedbecausé takes
into accountbothpro t andcost,selectingtemsthatprovide thebestcombinatiorof thetwo. In the
caseof MCKP, aswe saw in Chapter3, selectiorby maximumrelative valueis the mostsuccessful
heuristic,sinceit takesinto accounthe pro ts andcostsof not only thereplacingitem but alsothe
replacedtem. In the caseof the HierarchicalMCKP, just asin the 0-1 KP and MCKP, selection
by maximumpro t is not the mosteffective heuristic. In Chapter6 we show thatthe heuristicof
choiceis ahierarchicakxtensionof relativevalue
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4.4 Summary

In this chapterwe have presented formal de nition of a generalizechierarchicallevel of detail
description.This descriptionis characterizedby the fact that multiple sharedrepresentationsay
be provided for groupsof relatedsceneobjects. Our formalizedde nition captureghe levels of
detailthatsucha hierarchicaldescriptioncanre ect, andthe natureof their ordering.Furthermore
we havederivedoperationsincrementatiormnddecementationthattransformonelevel of detailto
anotherandtermsthatallow usto speakabouttherelationshipdetweerlevelsof detailandobject
representations.

Having de ned formally a hierarchicallevel of detail descriptionwe shaved how sucha de-
scription can be transformedto an equivalent constained non-hierarchical onein which group
objectimpostorsare explicitly sharedbetweenthe partsof thosegroup objects. The constraints
on sharedmpostorsimplied by the original hierarchicalktructurearerepresenteéxplicitly in the
form of constraints We demonstratedyy referringto this equivalentconstrainedon-hierarchical
descriptionthatthe hierarchicalevel of detail optimizationproblemis equivalentto a hierarchical
generalizatiorof the Multiple ChoiceKnapsackProblem which we call the Hierarchical Multiple
ChoiceKnapsa& Problem This HierarchicalMCKP differsfrom the conventionalMCKP in that
candidatatemsmay belongto morethanonecandidatesubset.In the following chaptersve will
derive formalismsfor dealingwith the HierarchicaMCKP.



Chapter 5

Level of Detail Graphs

In Chapter4 we presented formal descriptiorof ageneralizedhierarchicalevel of detaildescrip-
tion whosecharacterizingeatureis that multiple shareddravable representationgyr impostors

may be provided for groupsof sceneobjects. It is clearthat suchhierarchicallevel of detail de-
scriptionsgive rise to large numbersof levelsof detail thatarethe valid combinationof selecting
impostorsirom within the hierarchyanddiffer from oneanothery the selectionor deselectiorof

particularimpostors. Theselevels of detail are connectedo one anotherby incrementationgand
decementationshatfunctionastransformationgrom onelevel of detailto another Eachhierarch-
ical descriptiongivesrise to its own statespaceof levels of detail, which canbe visualizedasa
connectedyraph.In particularit is a lattice, dueto the partialorderingon levelsof detailderivedin

Sectio4.1.4.

In thischaptemve investigatehesdevel of detail statespacesandprovide aformalismin which
they canbeanalyzed.We introducethe concepitof a level of detail graph asa meansof represent-
ing (visually, semanticallyandautomaticallyin computermprograms}he statespacegeneratedby
hierarchicalevel of detail descriptions. We will makeuseof theselevel of detail graphdescrip-
tionsin Chapter7 wherewe usethemto prove the equivalenceof two hierarchicalevel of detail
optimizationalgorithms.

In Section5.1we provide anoverview of level of detailgraphsn their basicform. We expand
on this by discussinghe level of detail graphsof non-hierarchicalevel of detail descriptionsn
Section5.2 andthen hierarchicaldescriptionsn Section5.3. Finally we concludethe chapterin

Notehoweverthatthesdevel of detailgraphrepresentationmaybeappliedequallywell to thespecialcaseof purely
non-hierarchicdlevel of detaildescriptionswherethey form a specialregularcaseof the moregenerairregularlevel of
detailgraphs.

101
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Section5.4with a summaryof the majorpoints.

5.1 Levelof Detail Graphs

A level of detailgraphconsistf a setof nodesa setof arcsconnectinghosenodesanda partial

orderingonthenodes Eachnodecorrespondso alevel of detail,or state.lt is connectedby arcsto

all of theothernodeswhosecorrespondingevelsof detailmaybereachedrom thatoneby means
of asingleincrementatioror decrementationThe partialordering thatwasde ned for levelsof

detail(De nition 4.3)is alsoappliedto thenodesof the associatetkvel of detailgraph.We require
thatary two distinctnodes and suchthat is strictly lowerthan arealwaysrepresenteih the

graphsuchthat is lower (visually)than .

5.2 Non-Hierarchical Level of Detail Descriptions

We rst considethelevel of detailgraphggeneratedby non-hierarchicaevel of detaildescriptions.
Recallfrom Section2.6 thata non-hierarchicalevel of detail descriptionis a scenedescriptionin
which multiple dravable representationmay be provided for eachsceneobject, but no shared
representationsay be provided for groupsof objects. In thesedescriptionghe replacemenset
of animpostoris alwayssimply theimmediatelyhigherimpostorof the sameobject,if oneexists
(SeeDe nition 4.2 in Section4.1.2). The level of detail graphsgeneratedy non-hierarchical
descriptionsareall regularlattices— or grids— in  dimensionswhere is thenumberof objects
in thescene Thenumbetrof nodeson eachsideof thelatticecorrespondso thenumberof impostors
of eachobjectrespectiely, andthetotal numberof nodess the productof thenumbersf impostors
of all objects.Figure32 shavs someexamplenon-hierarchicalevel of detail descriptionsandthe
level of detailgraphsthatthey generate.

Noticethatarcson oppositesidesof the samesquarein thelattice correspondo the selection
(or deselectionin the caseof decrementatiomf thesamereplacemenset. Any two pathsbetween
the sametwo nodesinvolve the sameseriesof replacementslthoughthe orderingof the seriesis
unigueto eachpath.
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Figure32: Level of detail graphs of non-hierarchical descriptions. Threesim-
ple non-hierarchicalevel of detaildescriptionshumbereda) to (c), andtheir cor
respondindevel of detailgraphs.Somenodesareunlabedn (c) for clarity.

5.3 Hierar chical Level of Detail Descriptions

We now considerthe level of detail graphsof hierarchicalevel of detaildescriptions.Theselevel
of detail graphsdiffer from thoseof non-hierarchicatlescriptionsin thatthey arenot regular -
dimensionalattices.Recallfrom Sectiond.2 thatary givenhierarchicalevel of detaildescription
may betransformedo anequialentconstainednon-hierarchicabne. The constraintsn the con-
strainedhon-hierarchicatlescriptionsene to limit the possibldevelsof detailof thatdescription.

5.3.1 SingleConstraint

Theeffect of introducinga singleconstrainis awell-de ned changdn the structureof thelevel of

detailgraph,asshavnin Figure33. A constraintemaovesall the stateghatcontainonly some but

notall, of theimpostorsthatit constrains. Any arcsincidentto a removed statearealsoremoved.
The statesthat remainare thosethat containnoneor all of the constrainedmpostors. New arcs
arecreatedrom eachof the statescontainingall of the constrainedmpostorsto the stateshatare
identicalexceptfor the replacemenof the sharedmpostorby its replacemenset. Recallthatthe
replacemensetof a sharedimpostorconsistsof the immediatelyhigherimpostorsof the linked

objectsin the constrainedon-hierarchicatiescription(Sectiord.2). Thealgorithmthatappliesthe
effectsof aconstrainbnalevel of detailgraphis givenin Figure34. It is assumedh thedescription
of the algorithmthatthe constraintbeingappliedcorrespondso a sharedyroupimpostorin a valid

hierarchicalevel of detaildescriptionof thetype de nedin Chapter.
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Figure33: Effectsof a singleconstraint. Theeffectsof theapplicationof asingle
constraint(on impostorsl and4) to a non-hierarchicalevel of detail description
onthelevel of detailgraphof the description.Remwed statesandarcsareshovn
with dottedlines. Notethe additionof anew arcbetweerstatel,4 andstate2,5.

Figure 35 comparedhe effects of two single constraintsappliedto a simple non-hierarchical
level of detaildescription.Figure35 (a) shavs the original unconstrainedescriptionandits level
of detailgraph.(b) shovstheresultof linking the lowestimpostorsof the threeobjects(impostors
1, 4 and7) by asingleconstraintand(c) shows theresultof constraininghe lowestimpostorsof
only the rst two objects(impostorsl and4).

5.3.2 Multiple Constraints

Typical hierarchicalevel of detail descriptionsare equivalentto constrainedhon-hierarchicatie-
scriptionswith morethanoneconstraint,suchasthatin Figure30. Therearenonethelessertain
requirementshataresatis ed by ary constrainedhon-hierarchicatlescriptionthatis equivalentto
avalid hierarchicadescription:

1. Eachimpostormaybe constrainedy at mostoneconstraint.
2. Eachconstraintmay constrainat mostoneimpostorof eachobject.

3. If animpostorof anobjectis constrainedhenall of the lower detailimpostorsof thatobject
mustalsobe constrainedsinceif animpostoris aninheritedgroupimpostorthenall lower
impostorsof thatobjectarealsoinheritedgroupimpostors).

4. If and areconstraint®nconsecutreimpostorof anobjectthen and mustconstrain
consecutieimpostorson ary objectconstrainedy , in thesameordet
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input: alevel of detailgraph

input: asetofimpostors thataresubjectto thenew constraint
input: |, thereplacemensetof thegroupimpostorcorrespondingo
output: thenew level of detailgraph

begin
for eachlevel of detail in
/l'if  containssomebut notall of theimpostorsn  then

/l remore  from thelevel of detailgraph

if and then
remo/e andall arcsincidentto from

/['if containsall theimpostordn  thencreateanarcfrom to ,
/l thelevel of detailreachedrom by replacing with

if then
set

createanew arcfrom level of detail to level of detail in

end

Figure 34: The constraint algorithm. The constraintalgorithm takesasinput a level of detail
graph , asetof impostors thataresubjectto the new constraintandthereplacemenset of
thegroupimpostorcorrespondingo . Its outputis thelevel of detailgraphafterapplicationof the
constraint.
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Figure35: Comparison of the effectsof two single constraints. The effectsof
two singleconstraintsappliedto a simplenon-hierarchicalevel of detail descrip-
tion. Theunconstrainedion-hierarchicatiescriptionandits regular 3-dimensional
level of detailgraphareshavnin (a). In (b) the lowestimpostorsof the rst two
objectsareconstrainedandin (c) thelowestimpostorsof all threeobjects.

Thelevel of detail graphof arny constrainechon-hierarchicatlescriptionthatis equivalentto
avalid hierarchicalone may be generatedy beginning with the graphof the unconstraineahon-
hierarchicaldescriptionand applying the ConstraintAlgorithm of Figure 34 for eachconstraint
in turn, in increasingorder of detail of the impostorsthey constrain. The algorithmis showvn in
Figure36.

Figure37 shows anexamplehierarchicallevel of detail descriptionjts equivalentconstrained
non-hierarchicaflescriptionandthe generatiorof its correspondingevel of detailgraph.

5.4 Summary

Sincewe have introducedthe novel notion of the HierarchicalMultiple ChoiceKnapsackProblem
in Chapter, we have hadto derive new methodof reasoningbouttheimplicationsof hierarchical
level of detaildescriptiondor level of detailoptimization.In this chaptemwe have presente@ new
representatior;alledlevel of detail graphs of the statespace®f hierarchicalevel of detailscene
descriptions.This representatioiis generaland may be appliedto ary hierarchicalevel of detalil
descriptionor scenedescriptionthatis describedoy the formal de nition givenin Chapterd. We
have provided algorithmsfor the generatiorof the level of detail graphsof arbitraryhierarchical
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input: anon-hierarchicalevel of detaildescription
input: asetof constraintgo beapplied
output: thelevel of detailgraph of theconstrainediescription

begin
// begin with thelevel of detailgraphof theunconstrainedescription
/l andapplythe ConstraintAlgorithm for eachconstrainin order
set level of detailgraphof theunconstrainedescription

for eachobject of thenon-hierarchicatlescription
for eachimpostor of from lowestto highest
if thereexistsa constraint containing then
if constraint hasnotalreadybeenappliedthen
set resultof applying to usingthe ConstraintAlgorithm
end

Figure36: Level of detail graph generationalgorithm. Algorithm to generatehe level of detail
graphof an arbitrary constrainechon-hierarchicalevel of detail description(and thereforeof a
hierarchicalevel of detaildescription).

level of detail descriptions.Theselevel of detail graphrepresentationandtheir generatioralgo-
rithmssene equallywell for therepresentationf the statespace®f non-hierarchicadiescriptions,
wherethey area simplerspecialcase.

Applicationsfor theselevel of detail graphrepresentationmcludethe investigationof the be-
haviour and functionality of hierarchicaland non-hierarchicalevel of detail optimizationalgo-
rithms. They function asa graphicalandsemantionotationto visualizeand simulatemore easily
the operationof suchalgorithms,which may be viewed astraversalsof the level of detail graphs
generatedby their level of detaildescriptions.

In thenext chaptemve returnour attentiondo the hierarchicalevel of detailoptimizationprob-
lem, devising a greedyapproximationalgorithmfor the HierarchicalMultiple Choice Knapsack
Problembasecnthesimpli ed greedyalgorithmfor the MCKP thatwe presentedh Chapter3.
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Figure37: Level of detail graph of a hierarchical level of detail description. A
hierarchicalevel of detaildescription,its equivalentconstrainedon-hierarchical
descriptionandthe generatiorof its level of detailgraph.We begin with thegraph
of the unconstrainedon-hierarchicatiescriptionandapply the constraints

and in thatorder Impostorsarenumberediniquelyin the constrainedon-
hierarchicaldescriptionfor clarity. Groupobjectsin the hierarchicaldescription
arenumberedvith the numbersof the sharedmpostorgo which they correspond.



Chapter 6

GreedyAlgorithm for the Hierar chical
MCKP

In this chaptemwe presenta greedyapproximatioralgorithmfor the HierarchicalMultiple Choice
KnapsackProblemthatwe introducedin Chapter4. In the descriptionof the algorithmwe make
useof theconcepbf replacemensetsthatwe de nedin Sectiond.1.2for impostorsandin Section
4.2for itemsin the HierarchicaMCKP.

This greedyalgorithmfor the HierarchicaMCKP is a hierarchicalextensionof the simpli ed
greedyalgorithmfor the corventionalMCKP presentedn Chapter3. We prove thatits solution
to the HierarchicalMCKP is guaranteedo be at leasthalf-optimal (in termsof total pro t) for
instance®f asubproblenof theHierarchicaMCKP in whichmoredetailedrepresentationsrovide
diminishingreturns.Thetime compleity of thealgorithmis log  with respecto thenumber
of candidatatems.

We bagin in Sections6.1and6.2 by de ning hierarchicalversionsof the relativevaluemetric
andthe corvexity assumptiorde ned previouslyin Chapter3. In Section6.3 we presenthe algo-
rithm, andin Section6.4 we prove its correctnessWe discussthe limitations and advantageof
the algorithmin Section6.5, shaving that, like the greedyalgorithmfor the MCKP presentedn
Chapten3, its expectederroris typically very small. In Section6.6we introducetheideaof making
thealgorithmincremental Finally we closethe chapterin Section6.7with asummaryof the major

points.

109



110 CHAPTERG6. GREEDY ALGORITHM FORTHE HIERARCHICAL MCKP

6.1 Hierar chical Relative Value

In Chapter3 we de ned a metric calledrelative value that measuredhe desirability or relative
pro t density of itemsrelative to otheritemsof the samecandidatesubsethatthey might replace
(seeSection3.1). Thisrelative valuemetricwasput to usein the greedyalgorithmsfor the MCKP

describedn Chapter3. Recallthatin generatherelative valueof anitemmaybede nedrelativeto

ary otheritemfrom the samecandidatesubsetbut becaus®ur simpli ed MCKP algorithmalways
considerghecandidatétemsin eachsubsein ascendingrderof cost,in the caseof thatalgorithm
relative valuewasalwaysde ned relative to theimmediatelylower costitem from thesamesubset.
Likewise in this algorithmfor the HierarchicalMCKP we invariably measurehe relative value
of more expensve representationwith respectto immediatelylessexpensie ones. Recallfrom

Chapter4 thatwe de ned the replacemensetof anitem in the HierarchicalMCKP to be the set
of itemsthat,in a sensetogetherconstitutedts immediatelyhigherdetailrepresentatiortHerewe

de ne a hierarchicalersionof relativevaluewhich measureshe desirabilityof replacemensets
relative to theitemsthatthey replace:

De nition 6.1 RelativeValue of a Replacemerfbet
Therelative value of thereplacemenset of anitem is measued with respecto andis
de nedasfollows:

RV

Therelative valueof replacemenset  providesa measuref the advantagegainedby usingit
to replacetheitem thatit replacesandis usedto comparereplacemensetsagainstreplacement
setsof otheritems. This is measure@stheratio of the differencesn total pro t andcostbetween
thereplacemenset andthereplacedtem . Therelative valuemeasureenablesisto gaugethe
desirabilityof potentialreplacemensets just asthe non-hierarchicatelative valuemetricallowed
usto measurehedesirabilityof replacemenitemsin Chapter3.

6.2 Hierar chical Convexity Assumption

Our algorithmassumedor its half-optimalitythatthe replacemensetof anitem will alwayshave
greatertotal costthanthatitem andlower relative valuethanthe replacemenset(if ary) of which
thatitemis anelement(SeeFigure38). If this requirements satis ed by aninstanceof the Hier-
archicalMCKP, thenthe algorithm's solutionto thatinstanceis guaranteedo be half-optimal,as
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we shall demonstratén Section6.4. This requiremenis a hierarchicalversionof the corvexity
assumptiorintroducedn Section3.2.

A —= A

AN VA S lVAVAVAY
12 2 345

A—s A
A 5 6

VAN lVAVAN
3 78

Figure38: The hierarchical corvexity assumption. Our algorithmrequiresfor
its half-optimality that replacemensetsshouldalwayshave lower relative value
thanthereplacemensets(if ary) containingthe candidatétemsthatthey replace.

In this example, this implies that the replacemenset haslower relatve
valuethanthe replacemenset (thatis, ), andre-
placemensets and bothhave lowerrelative valuethan

The corvexity assumptiorns likely to besatis edin mary instance®f the HierarchicaMCKP
thatarisein level of detailoptimization.It impliesthathigherdetailrepresentationsf objectsmust
provide increasedperceptualbene t at the expenseof increasedrenderingcost with diminishing
returnsfor increasinglymoredetailedrepresentationd/e shalldiscusghis furtherin Section6.5.

6.3 GreedyAlgorithm

In this sectionwe presenbur greedyalgorithmfor the HierarchicaMCKP, shovnin Figure39.
The algorithmacceptsas input an instanceof the HierarchicaMCKP and producesas outputa
feasiblesolutionto thatinstance. The algorithm begins with the simplestfeasiblesolution and
iteratively replacestems with their replacementsetsas far as the available costwill allow. It
maintainsthe feasibility of the solutionby alwaysreplacinganitem with its completereplacement
setandensuringhatreplacemensetsareonly consideredor selectionvhentheitemsthey replace
have alreadybeenselected.lt maximizesthe quality of the solutionby favouring, whengiventhe
choice replacementthatresultin thegreatesincreasen pro t for thesmallesincreasen cost.In
orderto determinghe mostdesirableeplacementgshe algorithmmakesuseof a simpleselection
heuristicbasen the hierarchicarelative valuemetricde nedin Section6.1.
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input: aninstanceof the HierarchicaMCKP (seede nition 4.8)
output: afeasiblesolutionto thatinstance

begin
set emptylist I/l nocritical replacemensgetyet, emptylist
for eachitem in thereplacemensetof norepresentation

set I selectthecheapesteasiblesolution
set thereplacemenset,if ary, of
insert into in descendingelative valueorder

while is notempty /I while thereareunconsideredeplacemensets

set the rst replacemensetin

set theitemwhosereplacemengetis

remoe  from

if then //if we canafford to replace with

set /I unselect
for eachitem

set I selecteveryitemin
if hasareplacemenset, ,then
insert into in descendingelative valueorder

elseif then set Il if nocritical replacemensetyet, s critical

if then Il if thereis a critical replacemenget
I/l thenconsidetthecritical solution
nd ,thelowestcostcritical replacemensetsolution
if and then
if
set otherwise

end

Figure39: Greedyalgorithm for the Hierar chical MCKP.
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Thealgorithmmaintainsa list of replacemensetscurrentlyavailablefor selectionorderedoy
descendingelative value. It initially selectsthe imaginaryroot item (SeeDe nition 4.8in Sec-
tion 4.2) thathasno pro t andcostandis an elementof every candidatesubsetandinsertsinto
the replacemensetlist the replacemensetof this item. It then greedily considersthe remain-
ing replacemensetsin orderof descendingelative value,usingthe replacemensetlist to ensure
that eachreplacemensetis only consideredafter the item it replaceshasbeenselected. While
the replacemensetlist is not empty the algorithmconsiderghe rst replacemensetin the list
for replacementsubstitutingit for theitem it replacedf this replacementanbe afforded. If the
replacemenis madethenthe replacemensetis removed from the replacemensetlist andthere-
placemensets(if ary) of theitemsit containsareinsertednto thelist in descendingelative value
order Otherwisethe replacemensgetis simply removed from thelist anddiscarded!f it is the rst
replacemensetto be so discardedt is markedasthe critical replacemenset At ary stagethe
replacemensetsthatareavailablein the replacemensetlist arethosewhoseassociateitemsare
currentlyselectedandthey areconsideredn descendingrderof relative value.

Whenthis greedyselectionterminategdueto thereplacemensetlist beingfoundto be empty)
the solutionreacheds comparedagainstthe lowest cost feasiblesolution containingthe critical
replacemenset.|If thiscritical replacemensetsolutionhasgreateipro t thanthegreedyselection
andhastotal costlessthanor equalto the sizeof theknapsackhenit is selectednstead.

Findingthecritical replacemensgetis simple:it is foundasa by-productof thegreedyselection
stage. Finding the lowest cost feasiblesolution containingthe critical replacemenset however
requiresan iterative selectionprocesssimilar to the greedyselectionstagebut taking no notice of
relative valueorderingsandselectingonly replacemensetsthatrepresentandidatesubsetshatare
alsorepresentedby the critical replacemenset. An algorithmfor nding the lowestcostcritical
replacemensgetsolutionis shovn in Figure40.

Our HierarchicalMCKP algorithmessentiallyfavoursthe more detailedrepresentationsf se-
lecteditemswhosemoredetailedrepresentationsave greatestelative value. Thesearethosethat
provide the greatesincreasen prot for the smallestincreasein renderingcostwhenreplacing
theirimmediatelower costrepresentation8y consideringnoredetailedrepresentationis units
correspondingo replacemensets,the algorithmensureghatwhena sharedtem is replacedt is
replacedccompletelyby its entirereplacemenset. In this way the algorithmpreseresthe feasibil-
ity of theapproximatesolution,sinceevery replacemensetrepresentshe samecandidatesubsets
astheitem thatit replaces.The algorithmthereforealwaysproduces feasiblesolutionin which
exactly oneitemis selectedrom eachcandidatesubset.
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input: aninstanceof the HierarchicaMCKP (seeDe nition 4.8)
input: thecritical replacemensetfor thatinstance,
output: thelowestcostfeasiblesolutioncontainingthe critical replacemenset

begin
set emptylist of replacemensgets
for eachitem in thereplacemensetof norepresentation

set I selectthecheapesteasiblesolution
set thereplacemenset,if ary, of
append ontotheendof

while is notempty /I while thereareunconsideredeplacemensets
set the rst replacemensetin
set theitemwhosereplacemengetis

remoe from

/l'if  representsall thereplacemensetsthat does
if thereexistsanitem for every for some then

set /I unselect
for eachitem

set I selecteveryitemin

if hasareplacemenset, ,then
append ontotheendof

end

Figure40: Critical replacementsetsolution algorithm. This algorithmmay beusedto nd the
cheapesteasiblesolutioncontainingthecritical replacemenset whichis neededy theHierarch-
ical MCKP algorithmof Figure39.
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6.4 Proof of Half-Optimality

In this sectionwe prove the half-optimality of the greedyalgorithmdescribedn Section6.3, for
the subproblenof the HierarchicalMCKP in which the hierarchicalcorvexity assumptiorholds
(seeSection6.1). Instance®f this subproblenarethosein which every replacemensethasgreater
prot andcostthantheitem it replacesandlower relative valuethanthe replacemenset (if ary)
containingthatitem. We assumen this proofthatthoserequirementsresatis ed.

Theproofis ahierarchicakxtensionof thatalreadyprovidedfor thesimpli ed greedyalgorithm
for the MCKP in Section3.4. This proof differsfrom thatfor the simpli ed MCKP algorithmdue
to the factthatin the HierarchicalMCKP we dealwith replacemensetsratherthanreplacement
items. Likewiserelative valueis de ned for replacemensets(asdescribedn Section6.1) rather
thanfor relative items,andthe proof takesthisinto account.

6.4.1 Overview of Proof

Like the proofsfor thesimpli ed andfull MCKP algorithmspresentedn Sections3.4and3.6,the
proofis composedf six steps:

1. Weformulateanequatiorrelatingthepro t of the optimalsolutionto thatof anintermediate
stagdn thegreedysolutioncorrespondingo the solutionreachedipto theconsideratiorand
rejectionof thecritical item. This equationprovidesan upperboundon the maximumerror
of the greedyalgorithmandincludestermsthatquantifythe pro t gainedby selectingitems
thatarenotin the optimalsolutionandthepro t lostby notselectingtemsthatare.

2. Weshaow thatary replacemengetsthatarein theoptimalsolutionbut werenotselectedy the
greedyalgorithmbeforetherejectionof the critical replacemensetmusthave lower relative
valuethanthecritical replacemenset,sincethey werenot consideredbeforeit.

3. Similarlywe shaw thatary replacemergetshatwereselectedy thegreedyalgorithmbefore
therejectionof the critical replacemensetbut arenot in the optimal solutionmustat least
have higherrelative valuethanthecritical replacemenset,sincethey wereconsideredefore
it.

4. Usingtheresultsof steps? and3, we show thatthe maximumerror of the greedyalgorithm
is boundedby thetotal differencein costbetweerthe optimal solutionandthe intermediate
greedysolution,multiplied by therelative valueof the critical replacemenset.
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5. Thenwe show thatthe differencein costbetweerthe optimal solutionandthe intermediate

greedysolutionis boundedoy the differencen costbetweerthecritical replacemensetand
theitemthatit wouldreplace.

. Substitutingwe show thatthe maximumerrorof theintermediatgreedysolutionis bounded

by the differencein prot betweerthe critical replacemensetandtheitem thatit replaces.
Recallingthat the algorithmcompareghetotal pro t of the nal greedysolution(whichis
necessarih\greaterthanthe pro t of the intermediatesolution)to the pro t of the cheapest
feasiblesolution containingthe critical replacemenset and keepswhichever is better we
concludethatthealgorithm's solutionis atleasthalf asgoodasthe optimalone.

6.4.2 Proof

1. Given an instanceof the HierarchicalMCKP, let the prot of the optimal solutionto this

instancebe . Let bethesetof itemsin the intermediatesolutionreachedy the greedy
algorithmimmediatelybeforethecritical replacemensgetis consideredandrejected) andlet
bethepro t of thisintermediategreedysolution.

Therefore

(39)

where istheitemwhosereplacemensetis , isthesetof replacemensetsthatwould
beselectedn theproces®f selectingheoptimalsolutionbut werenotselectedn theprocess
of selecting (thosewherethe algorithmhas*“underselected”)and is the setof those
replacemengetsthatwereselectedn theprocessf selecting but would notbe selectedn
theselectiorof the optimalsolution(wherethealgorithmhas“overselected”).

. Inthisstepwe considethereplacemensetsthatarein . Whenthecritical replacemensget

wasconsideredandrejected}hesetof currentlyselectedtemswasexactly . Thereforehe
critical replacemensetwasconsideredsthereplacementor someitem thatis anelement
of , andwasconsiderednsteadof somereplacemenset thatis the replacemensetof
someitem andis anancestoreplacemensetof . Thisimpliesthat haslower

In practicethe algorithmmay alsoselectotherlaterreplacemensets replacingitemsin , but sinceevery replace-
mentincreaseshetotal pro t of theselectedtems(becaus@®f our assumptiong Section6), we know thatthepro t of
the nal greedysolutionis greatetthanor equalto
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relative value(with respecto )than (with respecto ):

Now becaus¢hereplacemensetsof itemsalwayshave lowerrelative valuethanthereplace-
mentsetscontainingthoseitems(from the hierarchicalcorvexity assumptior— seeSection
6.2)all thereplacemensetsin  musthave lowerrelative valuethan :

(40)

3. In this stepwe considertthereplacemensetsthatarein . Whenthecritical replacemenset
wasconsideredor selection(andrejected}the setof currentlyselectedtemswasexactly

. Theremustthereforeexist a list of replacemensets suchthat ,
,and is thereplacemensetof someitemin  for all of

Likewisetherealsoexists a list of replacemensets where  isthe
replacemensetof someitem in the cheapesteasiblesolution, and there-
placemensetof someitem  in for all of . Notethat is not
selectedasthereplacementor someitemin ,because (ie. )isnotselectedatall.
Thenwe know that the algorithm at somestagereplacedsomeitem in with
insteadof replacingsomeitem in with , for some :

since wasselectecand wasnot. Therefore

Now becaus¢hereplacemensetsof itemsalwayshave lowerrelative valuethanthereplace-
mentsetscontainingthoseitems(from the hierarchicalcorvexity assumptior— seeSection
6.2)all thereplacemengetsin  musthave greaterelative valuethan

(41)

4. Thereforefrom (39), (40)and(41) we have

(42)
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5. Let™ bethe spacdeft in theknapsaclafterthe selectionof , immediately
beforethe rejectionof the critical replacemenset . Fromthefactthat wasrejectedwe
know thatthedifferencein costbetween and is greaterthan™:

- (43)

Furthermorewne know that the total differencein costbetweenthe optimal solutionandthe
intermediatgreedysolution mustbelessthanor equalto ~

6. Thereforefrom (43),
(44)
andso,from (42) and(44),
(45)
(46)

(47)

Recallthatthe greedyalgorithmcompareshetotal pro t of the nal greedysolution(which
is greaterthanor equalto ) to thetotalprot  of the cheapessolution containingthe
critical item, and keepswhichever solutionis better Thatis, the algorithm's solutionhas
prot max . Clearly , SO max . Thereforefrom
(47),

andtheprot of the algorithm's solutionis guaranteedo be at leasthalf the pro t of the
optimalsolution.

6.5 Advantagesand Limitations

Recallthatin Section3.7 we notedthatthe maximumerrorof the simpli ed MCKP greedyalgo-
rithm wasin factboundedy thepro t of thecritical item, andarguedthatthetypical behaiour of
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thealgorithmwasthereforemuchbetterthanhalf-optimal. Herewe makea similaragumentfor the

HierarchicalMCKP algorithm. Note thatthe maximumerror of the greedyalgorithmis bounded
by thedifferencen pro t betweerthecritical replacemensetandtheitemit replacegseeequation
(46)). Thereforeasthe granularityof the candidatetemswith respectto the knapsackhecomes
ner, themaximumerror of the algorithmtendsto zero. In practicallevel of detailapplicationghe

performanceof the algorithmcanbe expectedto be much betterthan half-optimal. Pathological
casesariseonly whenthedifferencdn totalpro t between and is asigni cant proportionof the

optimalsolutionvalue .

Recallthatjust asits ancestothe simpli ed greedyalgorithmfor MCKP describedn Chapter
3 depend®nthenon-hierarchicatorvexity assumptionthe algorithmdepend®n the hierarchical
convexity assumptior§Section6.2)for its half-optimality. Its solutionto instance®f the Hierarch-
ical MCKP thatdo not satisfythe hierarchicakcornvexity assumptiommay belessthanhalf-optimal
in the worst case. The hierarchicalcorvexity assumptiorimplies that more expensve selections
mustprovide increasegro t attheexpenseof increasedaost,with diminishingreturnsfor increas-
ingly more expensve selections.Theserequirementsrelikely to be satis edin mostreal-world
applicationsLevel of detailproblemsn which moreexpensve renderingslo notprovide diminish-
ing returnsareuncommon For examplethe successie additionof moredetailto a polygonalmesh
modelgenerallyresultsin progressiely smallerimprovementsn visual perception.Thereforethe
half-optimalityguaranteés a worstcase gure andthe algorithmcanbe expectedto performwell
in mostpracticallevel of detailapplications.

The complity of the greedyalgorithmis log . Thenumberof replacementsnade
is in the numberof candidatdtems (and hencein the numberof replacemensets). Each
replacemeninvolvesthe deletionof thereplacemensetat the headof thelist, whichis , and
thein-orderinsertionof (we assume) new replacemensets eachat theexpenseof  log
compleity. Thecomplity of the greedyselectionstageis therefore log . Afterthegreedy
selectionstagethe critical item solutionmustbefound. Thecompleity of thisis . Theentire
algorithmis therefore log

6.6 IncrementalVersion

Like thesimpli ed greedyalgorithmsfor the MCKP presentedh Chaptei3, thehierarchicaMCKP
algorithmcanbe madeincrementato takeadwantageof coherencédetweenthe optimal solutions
of successie probleminstancesThatis, it canbemodi ed to takeasinput aninitial approximate
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solutionthatis typically dervedfrom the mostrecentapplicationof thealgorithm. Thefact thatthe
algorithmcanbe madeincrementais a directresultof the hierarchicakornvexity assumptionWe
provide anincrementahierarchicallevel of detail optimizationalgorithmbasedon this algorithm
in Chapter7. Thatincrementahlgorithmis equivalentto this greedyalgorithmfor instance®f the
HierarchicaMCKP for which the hierarchicatorvexity assumptiorde nedin Section6.1 holds.

6.7 Summary

In this chapterwe have presentech greedyapproximatioralgorithmfor the HierarchicalMultiple
ChoiceKnapsackProblemintroducedin Chapter4. Our algorithmis half-optimal for a useful
subproblemof the HierarchicalMCKP and hasa time compleity of log . Furthermore
its worstcaseperformancas signi cantly betterthanhalf-optimalfor instance®f the subproblem
in which the pro ts of the candidatétemsare smallwith respecto the total pro t of the optimal
solution.

The algorithmmay be madeincrementako takeadwantageof coherencédetweerthe optimal
solutionsof successie probleminstancesandwe will makeuseof this in the developmentof an
incrementahierarchicalevel of detailoptimizationalgorithmin the next chapter Chapter7.



Chapter 7

Hierar chical Level of Detall
Optimization Algorithm

In this chapterwe presentour level of detail optimizationalgorithm. Our algorithmis incremen-
tal, hierarchical andpredictive It is anincrementalersionof the greedyapproximatioralgorithm
for theHierarchicaMultiple ChoiceKnapsackProblempresentedh Chaptel6, rewritten to exploit
frame-to-frameoherencéor increase@f ciency in practicallevel of detailapplicationsThisbasis
in anapproximatioralgorithmfor the HierarchicaMCKP givesthealgorithmits truly hierarchical
naturewith elegantsupportfor multiple sharedsimpli ed representationfor groupsof relatedob-
jects. In additionit impliesthatthe algorithmis predictve and providesboth guaranteedimits on
predictedrenderingcostandguaranteetkevels of predictedvisual quality.

This incrementaklgorithmexploits frame-to-framecoherencéy acceptingasinput aninitial
solutionthatis the approximatesolutionfound for the previous frame. Dueto the typically large
amountof coherencédetweersuccessie frames,the approximatesolutionsfoundfor consecutie
framesaregenerallysimilar. Thereforethe approximatesolutionis found moreefciently on av-
erageby theincrementahlgorithmthanby the non-incrementagireedyalgorithm. In this way our
algorithmis similar to the incrementalnon-hierarchicalevel of detail optimizationalgorithm of
FunkhouseandSéquin(discussedn Section2.6.1).1t is equivalentto the greedyalgorithmfor the
HierarchicalMCKP presentedn Chapter6 for a usefulsubproblem.This is, by coincidencethe
samesubproblenfor which the greedyalgorithm’s solutionis at leasthalf-optimal. Thereforethe
algorithmproducesan approximatesolutionthatis guarantee@t leasthalf asgoodasthe optimal
solution,for thesubproblenof thehierarchicalevel of detailoptimizationproblemin which higher
levels of detail provide increasecperceptuabene t but with diminishing returns. We prove the

121
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equialenceof the algorithmsfor this subproblenformally in Section7.2.

Theincrementahlgorithmshareshe advantage®f the non-incrementaalgorithmof Chapter
6. It hasaworst-casdheoreticatime compleity of log |, butisincrementahndsohasan
averagetime complity closeto . Thealgorithmproducesan approximatesolutionthatis
guaranteedt leasthalf asgoodasthe optimalsolution,for the subproblenof the hierarchicalevel
of detailoptimizationproblemin which higherlevelsof detailprovide increasegerceptuabene t
but with diminishingreturns.

Whereaghegreedyalgorithmof Chapte6 wasdescribedn termsof the HierarchicaMultiple
ChoiceKnapsaclAlgorithm (thatis, candidatdtemswith pro t andcost,partitionednto anumber
of candidatesubsetythis incrementablgorithmwill be describedn termsof hierarchicalevel of
detailoptimization(thatis, impostorswith perceptuabene t andrenderingcost,eachbelongingto
aparticularsceneobjec).

Thede nition of ef cient andaccuratdene tandcostheuristicdor usein thealgorithmis itself
atricky problem. However we aremoreinterestedn level of detail optimizationalgorithmsthan
in the problemof de ning the heuristicshemselesandsowe assumehatappropriatebene tand
costheuristicsexist thatpredictthe perceptuabene t andrenderingcostrespectiely of impostors
in ary givenviewing situation(seeChapter2). In Chapter9 we reporton anexperimentin which
somesimpleheuristicsvereevaluated.

The organizationof this chapteris asfollows. In Section7.1 we presentthe algorithm. In
Section7.2 we prove the equivalenceof theincrementaklgorithmto the greedyalgorithmfor the
HierarchicaMCKP describedn Chapte6. In Section/.3wediscusgheadwantagesindlimitations
of thealgorithm.In Section7.4we concludethe chaptemwith a summaryof theimportantpoints.

7.1 Algorithm

Theincrementahierarchicalevel of detailoptimizationalgorithm,shavnin Figure41,is anequv-
alentincrementaVersionof theHierarchicaMCKP greedyalgorithmdescribegreviouslyin Chap-
ter 6. Its advantageover thatalgorithmis purely oneof ef ciency: it exploits coherencéy basing
its initial solutiononthe solutionreachedor the previousframe.

Thealgorithmis appliedonceperframeandits outputis alevel of detail of the sceneobjectfor
thatframe. Its inputis thelevel of detail selectedor the previousframe anda constantendering

A detailedexperimentalkevaluationof its practicalcompleity is presentedn Chapter9.
Or ary valid level of detail,in the caseof the rst frame.
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input: aninstanceof the hierarchicalevel of detailoptimizationproblem
input: afeasibleinitial solutionto thatinstance
output: asolutionto thatinstancgin )

begin
set theinitial solution
setdone FALSE
while done= FALSE
/I increment , if possible
if isnotthehighestevel of detailthen
nd ,theimpostorin whosereplacemensethashighestrelative value

set thereplacemensetof
set

// decrement , while thetotal renderingcostis too high

while Cost renderingcostlimit
nd , thereplacemensgetin  with thelowestrelative value
set theimpostorwhosereplacemengetis
set
if then

setdone TRUE

end

Figure41: The incrementalhierarchical level of detail optimization algorithm.
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costlimit thatrepresentgherenderingtime availablefor this frame. The algorithmguaranteethat
thetotalpredictedrenderingcostof the selectedevel of detailis lowerthantherenderingcostlimit.
In additionit attemptgo maximizethetotal predictedperceptuabene t (or pro t) of theselection.

Thealgorithmis iterative, repeatedlyncrementinganddecrementingheselectedevel of detail
until the nal solutionisfound. In eachterationtheselectedevel of detailisincrementednce then
decrementecepeatedlyvhile thetotalrenderingcostis greatethantherenderingcostlimit. Recall
thata level of detailmayin generabe incrementec&nddecrementeth mary differentways. The
incrementatiorselectedn eachstepis that which replaceghe currently selectedmpostorwhose
replacemensethasthehighestrelativevalue Corverselythedecrementatioselecteds thatwhich
deselectshe currently completelyselectedeplacemensetwith thelowestrelativevalue

Therepeatedterationterminatesvhentheincrementatiomnddecrementationperation®of the
sameiterationselectand deselecthe samereplacemenset. Whenthis occursthereis no further
work for thealgorithmto do. After terminatiorof thealgorithmwerendertheimpostorsonstituting
the selectedevel of detail. For simplicity the algorithmasshovn assumeshatthe renderingcost
limit is sufcient to renderat leastthe lowestlevel of detail but not greatenoughto renderthe
highestevel of detail. The specialcasesn which theseassumptionsgo not hold mustbe dealtwith
by trivial testsbeforethealgorithmbegins. In suchcaseave selectthe lowestandhighestevels of
detail,respecitiely.

Note alsothat the algorithm as describedcheredoesnot considerthe critical replacemenset
solution(seeChapter6), the cheapesteasiblesolutioncontainingthe critical replacemenset For
completenesshe algorithm should, after terminationof the iterative stage,comparethe solution
reachedagainstthe critical replacemensgetsolutionandtakewhichever hasgreatertotal pro t. In
thecasewheretheiterationterminateslueto the selectioranddeselectiorof the samereplacement
setin a singleiteration, the critical replacemensetis the replacemensetin question(sincethe
incrementalalgorithmis equivalentto the non-incrementabne— aswe show in Section7.2 —
so all the replacemenstetsselectechave higher relative value thanit andall thosenot selected
have lower relative value thanit). In the caseswvherethe algorithm terminatesdue to running
out of possibledecrementationer incrementationsthe critical replacemensetis eitherthe rst
replacemenset or doesnot exist, respectiely. Oncethe critical replacemensetis known the
critical replacemensgetsolutioncanbefoundusingthealgorithmpresentegreviouslyin Figure40
(Section6.3).

In practicewe believe thatcheckingthe critical replacemensetsolutionis unnecessarfpr level
of detail optimization. Recallthatthe critical replacemensetsolutionis the lowestcostfeasible
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solution containingthe critical replacemenset. Thereforein ary instancesn which the critical
replacemensetsolutionhasa highertotal pro t thanthe solutionresultingfrom greedyselection,
the critical replacemensetitself musthave a pro t thatis large relative to the total pro t of the
optimal solution. Suchinstanceseemunlikely in level of detail optimizationwherethe prot of
theindividualimpostorss likely to besmallrelative to thetotal pro t of theoptimalsolution.

7.2 Equivalenceof the Incrementaland Non-Incremental Algorithms

In this sectionwe prove that the incrementalhierarchicallevel of detail optimizationalgorithm
describedn this chapteris equialentto the non-incrementagjreedyalgorithmfor the Hierarchical
Multiple ChoiceKnapsackroblemdescribedn Chaptei6. We dothisby usinglevel of detailgraph
representationfChapterb) of the statespacesf the incrementabind non-incrementatlgorithms
to analyzetheir behaiour andshow thattheir solutionstatesarealwaysidentical.

Both algorithms,as we notedpreviously, are guaranteedo be half-optimalfor well-de ned
subproblemsf their respectre problemgthe hierarchicalevel of detailoptimizationproblemand
the HierarchicalMCKP). In additionthey are only equivalentfor thesesubproblems:if the re-
quirementf thosesubproblemsreviolated thenthe incrementaklgorithmis not equivalentto
the non-incrementadlgorithmandits outputmay differ from thatof the non-incrementabne. We
henceassumdierethattherequirementaremet: thatthereplacemengetof ary impostor(or item)
hashigherpro t andcostthanthatimpostorandlower relative valuethanthe replacemenset (if
ary) containingthatimpostor

In this proofwe referto the conceptof ancestoranddescendanteplacemensets thecovering
of replacemensetsby levels of detail,andthe incrementatioranddecementatiorof onelevel of
detailto another Theseconceptsvereintroducedn Chaptet.

7.2.1 Level of Detail Optimization asa Search Problem

Recallfrom Chapter5 that eachinstanceof a hierarchicallevel of detail descriptiongenerateds
own particularlevel of detailgraph. The hierarchicalevel of detail optimizationproblemmay be
viewed asa searchprobleminvolving the traversalof the level of detail graph(from someinitial

level of detail)in searchof anoptimallevel of detailin which total pro t is maximizedwhile total
costis limited. The operationof both the greedyalgorithmfor the HierarchicalMCKP andthe
incrementahierarchicalevel of detail optimizationalgorithmmay in turn be viewed as different
traversaldn searchof a solutionstatethatis anapproximatiorto this optimalstate.Ouraimin this
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proofis to shav thatbothalgorithmsreachthe samesolutionstate.

Thegreedyalgorithmfor theHierarchicaMCKP presentedh Chaptei6 beginswith thelowest
level of detail selectedthatis, the lowestcostsolution)andalwaysincrementdrom onelevel of
detailto anothertowardsits nal solutionby replacingselectedtemswith their replacemensets.
The currently selectedtem (or impostor)chosenfor replacemenin eachstep,we recall, is that
whosereplacemensethasgreatestrelativevalue If the replacementant be affordedthenthat
replacemensetis simply discarded. The greedyalgorithm stopswhenit runs out of available
replacemensets— whenit reaches level of detail in which no further affordablereplacements
exist. Thatlevel of detailis thenits nal solution.

Theincrementahierarchicablgorithmontheotherhandbeginswith ary arbitrarylevel of detail
selectedusually the approximatesolutionfoundfor the previousframe)andbothincrementsand
decrementto reachits nal solution.Eachincrementatiotis thereplacementf acurrentlyselected
impostorwith its replacemengetandeachdecrementatiors thereplacemenof acurrentlyselected
replacemengetwith its associatednpostor In eachiterationtheimpostorselectedor replacement
duringincrementatioris thatwhosereplacemensethasgreatestrelativevalueandthereplacement
setsselectedor replacementluringdecrementatioarethosecompletelyselectedeplacemensets
with lowestrelativevalue Theincrementahlgorithmterminatesvhenit reaches level of detailin
whichtheselectedncrementatioris negatedin the sameiterationby its inversedecrementation.

Thenodesof thelevel of detailgrapharepartitionedinto two subsetdy theavailablerendering
time: thosewhosecostis lessthan or equalto the limit andthosewhosecostis greater. Sinceit
is assumedhatreplacemensetsalwayshave highercostthantheitemsthey replace higherlevels
of detail alwayshave highercost,sowe canimaginethe level of detail graphbeingcut into two
distinctself-containegartsby animaginarysurface.The optimalandapproximatesolutionsmust
all lie just below this surface. Figure 42 compareghe actionsof the incrementalalgorithmand
non-incrementajreedyalgorithmastraversalsof alevel of detailgraphwith respecto this surface.

Let the solutionstatefound by the non-incrementagreedyalgorithmbe called . Whenthe
incrementahierarchicalalgorithmis in a given state andincrementsor decrementsthereare
generallymultiple distinctincrementationand decrementationavailable,eachof which replaces
adifferentcurrentlyselectedmpostoror replacemenset. In general someof theincrementations
will selectreplacemensgetsthatarecoveed(SeeDe nition 4.5in Section4.1.5)by butnotby
andotherswill selectreplacemergetshatarecoveredby neither nor . Similarly decrementations
will generallybe available that deselecteplacementetsthat are coveredby but notby and
othersthatdeselecteplacemensetsthatarecoveredby both and . Thecentralideabehindthe
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Figure 42: Level of detail optimization as a search problem.  The non-

incrementagreedyalgorithmbeginsatthelowestlevel of detail(a) andincrements
until it reaches nal solution(g). Theincrementahlgorithmbeginsattheprevious

frame’s solution(b) andbothincrementsanddecrementso reach(g). Also shovn

is theimaginarycuttingsurfacebetweerthelevelsof detailwhosecostis lessthan

or equalto the availablerenderingtime (feasiblesolutions shavn with grey lines)

andthosewhosecostis not (infeasiblesolutions shavn with blacklines).

proof is to shawv that the incrementationgnd decrementationshosenalwayssene to bring the
selectecstate “closer”’to , by selectingvhenever possiblereplacemensetsthatarecoveredby
anddeselectingnesthatarenot. By shaving thattheincrementablgorithmterminatesonly upon
reaching , we prove thatthe solutionstateof theincrementahlgorithmis also .

7.2.2 Incrementationand Decrementation

In this sectionwe prove two lemmasthat togethercharacterizehe behaiour of the incremental
algorithmwith respecto the nal solutionstate of thenon-incrementahlgorithm,for all possible
states.To this endwe partitionthe setof statesnto four distinct subsetspr classesaccordingto
theirrelationto (SeeFigure43). For ary state , exactly oneof thefollowingis true:

1.
2. ( is strictly lowerthan )

3. ( is strictly higherthan )
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4. and arenotcomparabldwe referto thisas ).

The impostorsand replacemensetsreferredto in the proofs of the lemmasareillustratedin
a simpleexamplein Figure43. This exampleconsistsfor simplicity of the level of detail graph
of a simple non-hierarchicalevel of detail descriptionwith two objects. Note however that the
sameamgumentsapply for comple level of detail graphsof arbitrary hierarchicallevel of detalil
descriptions.

Lemma 7.1 Whateerits currentstate theincrementablgorithmwill alwayschooseanincremen-
tation selectinga replacemensetcoveedby , if oneis available,overanythat selectreplacement
setsnotcoveedby .

Proof:

1. In thecasewhete the currentstate of theincrementalalgorithmis in the class , all
possibléncrementationselectreplacemensetscoveedby andthe proofisimmediate

2. In thecasewhere isin class or all incrementationselectreplacemensets
coveedneitherby norby , andtheproofisimmediate

3. Inthecase isin class , there mustexist at leastoneincrementatiorirom that selects
areplacemenset coveedby . Atleastoneincrementatiormustselecta replacemenset
notcoveedby (byde nition of this class). Thele mustexista state fromwhich the non-
incrementabreedyalgorithmchosean incrementatiorselecting overoneselectinganother
replacemenset thatis anancestoreplacemensetof . Replacemerget musttherefore
havegreaterrelativevaluethan . Sincedescendanteplacemensetshavelower relative
valuethantheir ancestors, hasgreaterrelativevaluethan andso hasgreaterrelative
valuethan . Theefore theincrementaklgorithmwill choosetheincrementatiorselecting
overthatselecting .

Lemma 7.2 Whateerits currentstate,the incrementaklgorithmwill alwayschoosea decemen-
tation deselectinga replacemensetnot coveed by |, if oneis available,over any that deselect
replacemensgetsthatare coveedby .

Proof:

1. In thecasewhele the currentstate of thealgorithmis uniformlyhigherthan , anydecie-
mentatiormustdeselect replacemensetnot coveedby , andtheproofis immediate
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Figure43: Partitioning of states. The partitioningof the setof statesinto four
distinctclasses: , , and (the shadedstates)for aregular
2D level of detail graph. The dark arrowns shaw, for this example,the pathtaken
by the non-incrementahlgorithmin reachingits nal solutionstate . The light
labelson rows of arcsnamethereplacemensetsselectecanddeselectedby all the
incrementationanddecrementationsepresentedly arcsin thatrow, andthelight
arrows to the possibleincrementationsnddecrementationsientionedn the text.

2. In the caseswhere is in class or , No decementationsxist that deselect
replacemensetscoveedby , sotheproofis immediate

3. Inthecasewhee is eithernotcompanbleto or strictly higherbut notuniformlyhigher
than , there mustexistat leastonedeciementatiorfrom thatdeselects replacemenset
notcoveedby . Atleastonedecementatiorfrom mustdeselecta replacemenset that
is coveedby (by de nition of this class). Thele mustexista state  fromwhich the non-
incrementabreedyalgorithmchoseanincrementatiorselecting overoneselectinganother
replacemenset thatis anancestoreplacemensetof . Replacemerget musttherefore
havegreaterrelativevaluethan . Sincedescendanteplacemensetshavelower relative
valuethantheir ancestors, hasgreaterrelativevaluethan ,so hasgreaterrelativevalue
than . Theefore the incrementalalgorithm will choosethe decementatiordeselecting
overthatdeselecting .
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Togethertheselemmasshaw that the incrementationsind decrementationperformedby the
incrementablgorithmsene, wherever possible to bring the algorithm’s currentstatecloserto the
nal solutionstateof the non-incrementadlgorithm.

7.2.3 Actions of the Algorithm

Tablel shavsthe actionsof theincrementablgorithmin ary iterationfor eachstateclass.Firstly,
recallthatthe algorithmalwaysincrementsexactly oncein eachiteration(unlesst is alreadyatthe
highestlevel of detail). Theincrementationshoseralwaysselecta replacemensetthatis covered
by andnotby the currentstate exceptin classes and wherethis is not possible.In
theseclassedt incrementonceandthendecrementsintil the total costis lessthanor equalto the
renderingcostlimit. Therepeatediecrementationsiustreach , andthenstop. Thealgorithm
thenterminateshaving selectecanddeselectethe samempostorin the sameteration.

current| no.of | replacemenset | no.of | replacemenset new halt
class | incr. selected decr deselected class now?
1 notcoveredby 1 notcoveredby yes

1 notcoveredby 1 | notcoveredby yes

1 coveredby 0 none : no

1 coveredby 0 | notcoveredby : : no

Table 1: Actions of the incremental level of detail algorithm. Table shawving

the actionsof theincrementahlgorithmin ary giveniteration. Columnsshow the
currentstateclass,the numberof incrementationperformed,whetheror not the
replacemersgetselecteds coveredby ,thenumberof decrementationserformed,
whetheror notthereplacemenset(s)deselectedrecoveredby , theclassof the
resultingstate andwhetherthe algorithmterminatesn thisiteration.

In class theincrementiorselectsa replacemensetcoveredby . The stateafterincre-
mentationis either or still . Eitherway, thetotal costof the statemustbe lessthanor
equalto thelimit sono decrementatiois performed.Theresultingstateis thereforeeither or
still

In class the incrementionalso selectsa replacemensetcoveredby . The stateafter
incrementations either or still Cf thenthe renderingcostis greaterthanthe
limit andthe algorithmmustdecrementntil it is not. If thenit may or may not be greater
thanthe limit, andso may or may not decrement.Any decrementationthat are performedwill
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deselecteplacemensetsthatarenotcoveredby . Thedecrementatiohaltswhenthetotal costis
lessthanor equalto thelimit. At this pointtheresultanttateis eitherstill , ,or

The stategraphof thealgorithm,whencollapsednto stateclassesis shovn in Figure44. The
algorithmmovesfrom onestateclassto anotheypossiblysometimestayingin thesameclassfrom
oneiterationto thenext. However sincethealgorithm's statealwaysapproaches in every iteration,
it cannotstayin thesameclassinde nitely andmusteventuallymove to class andterminate.
Its nal solutionis thereforealways , thenon-incrementahlgorithm'ssolution.

‘@ @ HALT

\/

Figure44: Summarizedstatediagram of the incrementalalgorithm. Thefour

stateclassegrepresentedy circles)correspondo the four possiblerelationships
thatthealgorithm's currentstate(or level of detail) canhave to the solutionstate
of thenon-incrementahlgorithm, . In eachiterationof theincrementahlgorithm
it changedts currentstate eithermoving from onestateclassto anotheror staying
in thesameclass.

In this proofwe have assumedhattheincrementallgorithmterminatedy meansf its normal
terminatingcase:that it selects(by incrementationpnd deselectgby decrementationjhe same
replacemensetin a singleiteration. This assumeshatthe exceptionsin which the renderingcost
limit is eithertoo low to selectary representatiomr high enoughto selectthe most expensve
representatiohave beeneliminatedby meanf simplechecksasdescribedn Section7.1.

We have alsoignoredthe casein which the algorithmsselectthe critical replacemensetso-
lution: the lowestcostfeasiblesolutioncontainingthe critical replacemenset. In this caseboth
algorithmsselectit (assuminghatthetestof the critical replacemensetsolutionis not skippedin
theincrementahlgorithm)andtheir solutionsarethe same As we notedin Section7.1,thecritical
replacemensgetsolutionis unlikely to be usefulin practicesincethealgorithmis intendedor level
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of detailoptimization.

7.2.4 Proof for FunkhouserSéquin Algorithm

Note that the proof of equivalencepresentedn Section7.2 may be alteredtrivially to actasa
proof of equivalenceof theincrementakndnon-incrementaversionsof FunkhouseandSéquin's
algorithm(Sections2.5.4and2.6.1). This follows from the fact that the relationshipbetweenour
incrementaland non-incrementablgorithmsis essentiallythe sameas the relationshipbetween
theirs. Thedifferencesrethatthe FunkhouseiSequinalgorithmis non-hierarchicahnddealswith
valueratherthanrelative value The proof may thereforebe adaptedoy replacingall references
to replacemensetswith referenceso replacemenitemsandall referencego relativevaluewith
referenceso value In additionthe conceptof descendandndancestorreplacemensets,aswell
asthecoveringof replacemergetsby levelsof detail,mustbeusedn their simplernon-hierarchical
form.

7.3 Advantagesand Limitations

The compleity of theincrementaklgorithmis log intheworstcase.Onepossibleémple-
mentationmight makeuseof two lists of replacemensets,orderedby increasingand decreasing
relative value. Onelist containscandidategor selectionduringincrementatiorandthe othercan-
didatesfor deselectiorduring decrementation.Thenthe tasksof nding the currently selected
impostorwhosereplacemensethasgreatestelative value andthe currently completelyselected
replacemensgetwith lowestrelative valuearereducedn compleity to . In exchangetheor-
deredists mustbe updatedaftereveryincrementatiomnddecrementatioby meansof thedeletion
of thereplacedmpostorsandtheinsertion,in order of the newly selectedeplacemensets. This
canbe performedoptimally with a compleity of log . The numberof decrementationper

formedperiterationis andthe numberof iterationsin theworstcaseis . Thereforethe
theoreticalworst-casecompleity of the algorithmis log where isthenumberof object
impostors.

We have foundin practicethat it may be dif cult to nd animplementatiorthat allows the
theoreticalcompleity of log . In particular our experimentalimplementatiorpresented
in Chapterd hasa worst-casdime compleity of . Thestated log compl«ity of the
updatedo the incrementatiorand decrementatiotists dependson the lists being storedin some
optimal datastructuresuchasatree. If atreeis usedhowever it will requireconstantrebalancing
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to preventit degeneratingnto alist, sincereplacemensetsare alwaysremoved from the front. In
our experimentalimplementationdescribedn Chapter9) we madeuseof unsortedarraysrather
thanmorecomple datastructurestherebyincurringthe costof searchinghe arraysbeforeevery
incrementatioranddecrementatioriut avoiding the costsof updatingthe lists afterwardgby in-
sertingitemsin order). Moreover, this allows usto usearraysratherthanlists, leadingto increased
bene tsdueto caching. In this sensethe compleity agumentsare usefulasguidelinesonly and
whatmattersn practiceis theef ciency of theimplementation.

In ary caseonly a few iterationsare generallyperformedfor eachframe, dueto the typical
coherencdetweerthe approximatesolutionsof successie frames.Ratherthanbeginningwith the
lowestlevel of detailandrepeatedlyncrementingo reachthe nal solutionasthenon-incremental
algorithmof Chapter6 does,this algorithmbeginswith the nal solutionfrom the previousframe
(whichis typically similarto the nal solutionfor this frame)andbothincrementsaanddecrements
to reachthe nal solution. The actualnumberof incrementationgnddecrementationperformed
variesdependingon frame-to-framecoherenceln typical situationswhereframe-to-framecoher
enceis high, thenumberof iterations(andthereforethe practicalcompleity of thealgorithmitself)
approaches . Ourexperimentalesultsin Chapter9 suggesthatits averagecomplity is close
to

Situationswherethe compleity approaches  log  or includethe rst frame,in
which the initial solutionis simply an arbitrarily choserlevel of detail (typically the lowest),and
thosewherethe visual importanceof mary objectschangesdramaticallyfrom one frameto the
next. In thesecasegheinitial and nal solutionsmay be quite dissimilaranda signi cant number
of incrementationsind/ordecrementationsiustbe performed.In the worst casethe ef ciency of
theincrementahlgorithmapproachethatof thenon-incrementadne. We reporton anexperimental
investigatiorof thealgorithm'sef ciency in Chapte9.

Theincrementahlgorithmrepresenta hierarchicageneralizatiorf theoptimizationapproach
of Funkhouseand Séquin(plus someadaptation$o ensurehalf-optimality) atlittle or no expense
in termsof time compleity. Thetime compleities of the optimizationalgorithmsof Funkhouser
andSéquinandMacielandShirley, by comparisonare log and respectiely . Theal-
gorithmof MacielandShirley howeveris notincrementahndthereforerequiresa completegreedy
selectionprocessstartingfrom the lowestlevel of detailfor every frame.

Our optimizationalgorithm has several importantadvantagesover both the non-hierarchical

Maciel and Shirley claimin [47] thatthe compleity of their algorithmmaybereducedo log , butwe seeno
way of doingthis— seeChapter2.
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algorithmof FunkhouseandSequinandthehierarchicablgorithmof MacielandShirley. Firstly, it

is hierarchicahndallowstheuseof hierarchicalevel of detaildescription®f arbitrarystructureand
type with multiple sharedepresentationfor groupsof objects.This enableghe algorithmto save
additionalrenderingcostby selectingsharedsimplerepresentationsy impostorsfor groupsof less
importantobjectsandto guarantee completescenerepresentatiomven whenthe complity of

thevisible scends very high. Thisaffordsbetterrenderingof moreimportantobjectsandprevents
theappearancef “holes” asobjectsareomittedcompletelyin orderto limit renderingcost. In this
way thealgorithmis animprovementover thatof FunkhouseandSgquin[24] andis similar to that
of MacielandShirley [47].

Secondlythe algorithmprovidesa solutionthatis guaranteedo be at leasthalf asgoodasthe
optimalsolutionfor arestrictedsubproblenof the hierarchicalevel of detailoptimizationproblem
in which higherlevelsof detailaremoreexpensve andprovide diminishingreturns.In thiswayit is
animprovementover thealgorithmsof bothFunkhouseandSequinandMacielandShirley, whose
algorithmsprovide no suchguarantegSeeSections2.6.1and4.3). Furthermoreaswe shaved
for our greedyalgorithmsfor the MCKP in Section3.7 andthe HierarchicaMCKP in Section6.5,
the algorithm's solutionis typically muchbetterthanhalf-optimalaslong asthe granularityof the
impostorsis relatively small (thatis, aslong asthereare no impostorswhoseindividual bene ts
contributeasigni cant proportionof thetotal bene t of the optimalsolution).

Theincrementahierarchicahklgorithmis predictive(SeeSection2.2)in thatit actively attempts
to regulatethe renderingcompleity of the scenerepresentationselectedn eachframe. The pre-
dictedrenderingime of its solutionis alwayslessthanor equalto the availableframetime. It, like
the algorithmof Funkhouseland Séquin, is thereforebetterableto guaranteenteractiity in the
form of constantenderingimesthanarethe non-predictve algorithmsof for exampleShadeet al
[75] andChamberlairetal [14].

Themaostsigni cantlimitation of thealgorithmresultsfrom theassumptiorthatthereplacement
setsof impostorsalwayshave greaterrenderingcostandprot thanthoseimpostorsand lower
relative valuethanthereplacemensetg(if arny) containinghoseimpostorsonwhichtheequivalence
to the non-incrementadlgorithmis based.If this requirements not metthentheincrementabnd
non-incrementailgorithmsarenolongerequivalentandno guaranteesanbe placedon the quality
of thesolution.

Thisdiminishingreturnsassumptioris identicalto the hierarchical corvexity assumptiorde n-
ing the subproblenof the HierarchicalMCKP for which the solution of the greedyalgorithm of
Chaptes6 is atleasthalf-optimal.In Section6.5we arguedthatthisrequirementvasnotexcessiely
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restrictve. Similar alumentsapply here. The diminishingreturnsrestrictionagreeswvell with the
commonconceptionof higherlevels of detailas more expensiveandlessefcient representations
to be usedonly whenthey canbe afforded. Moreover, we believe diminishingreturnsto be com-
monplacen rendering;gainsin perceptuabene t dueto morecomple renderingseldommatch
theiraccompaying increasesn renderingcost. We expect,for example,thatsuccessieincreases
in the polygon-counbf anobjectmodelwill tendto resultin progressiely smallerimprovements
in the perceptiorof the modeledobject. For thesereasonswe believe thatthe diminishingreturns
requirementloesnotsigni cantly impairthealgorithm's usefulness.

At ary rate therequirementareultimatelyrestrictionsonthebene t andcostheuristics rather
than on the actualperceptuabene t and renderingcostof objectrepresentationsFor example,
uctuationsin the predictedperceptuabene t andrenderingcostof impostorsdueto viewing ori-
entationmust be carefully controlled. Impostorsmostlikely to causeproblemsarethosewhose
perceptuabene t or renderingcostarestronglydependendntheanglefrom whichthey areviewed
— for example,singlelarge textured polygons. In particular problemsarelikely to arisein cases
wheredifferentimpostorsof the sameobjectare affecteddifferently by changesn viewing direc-
tion: in thesecaseghe orderingof theimpostorsmay changeasviewing directionchangesin the
worstcase grientationdependengffectscansimply beignoredby makingbene t andcostheuris-
tics independendf viewing directionat the expenseof somereductionin accurayg. Caremustbe
takento ensurahattherequirementaresatis edin all concevablerenderingsituations.

Notably the algorithm of Funkhouserand Séquin (Chapter2) also hasa similar (but non-
hierarchical)imitation. Theirincrementalevel of detailalgorithmis only equivalentto theirMCKP
greedyalgorithmif higherlevels of detail of objectsalwayshave higherpro t andcostandlower
value Themanneilin which their decreasingalueassumptiorallows theirincrementaklgorithm
to beequivalentto their non-incrementadlgorithmcorrespondsirectly to themanneiin which our
decreasingelative valueassumptiorallows our incrementabindnon-incrementailgorithmsto be
equialent.

7.4 Summary

In this chaptemwe have presente@nincrementahierarchicalevel of detailoptimizationalgorithm.
This algorithmis basedon the equivalenceof the hierarchicalevel of detail optimizationproblem
to a hierarchicalversionof the Multiple ChoiceKnapsackProblem,notedin Chapter4, andis an
incrementalersionof the greedyalgorithmfor that HierarchicalMCKP presentedn Chapter6.
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Theadwantageof this algorithmoverthe simplegreedyalgorithmis thatit acceptasinputaninitial
“best-guesssolutionthatis theapproximatesolutionfoundfor the previousframeandsois ableto
exploit thetypically large coherencdetweersuccessie framesin level of detail optimization.

We have also showvn that the incrementalhierarchicalalgorithmis equivalentto the greedy
algorithmand provides an approximatesolutionthatis guaranteedo be at leasthalf-optimalfor
a restrictedsubproblenof the hierarchicallevel of detail optimizationproblem. The assumption
de ning thesubproblenis thatreplacemensetsof impostorshouldalwayshave greatetotal pro t
andcostthantheimpostorghey replace andlower relativevaluethanthereplacemensets(if ary)
containingthoseimpostors.Theimplicationsof this in termsof level of detailis thathigherlevels
of detail of objectsmustalwaysprovide diminishingreturns.

We usedlevel of detailgraphs(introducedin Chapterb) to prove the equivalenceof theincre-
mentalandnon-incrementaversionsof the algorithm. Centralto this proof is the realizationthat
level of detailoptimizationmayberegardedasa searchproblemon alevel of detailgraph.

The next chaptempresentghe ndings of an experimentdesignedo demonstratéhe practical
usefulnessf hierarchicalevel of detailoptimization.



Chapter 8

Perceptual Experiment

This chapterdescribesa perceptuakxperimentthatwasconductedn orderto comparethe useof
hierarchicalevel of detail optimizationto traditionalnon-hierarchicalevel of detail optimization.
In particulay we wish to determinethe effectsof the useof hierarchicalevel of detaildescriptions
with sharedepresentationfor groupsof objectsthatour hierarchicaklgorithmallows.

In order to comparethe use of hierarchicallevel of detail descriptionsto the use of non-
hierarchicalones,we neededa predictive non-hierarchicalevel of detail optimizationalgorithm.
We selectedhe incrementalalgorithm of Funkhouseand Séquin[24] (describedn Chapter2),
sinceit is the bestpredictve non-hierarchicahlgorithmthat we are aware of, and becauseour
hierarchicallgorithmis closelyrelatedto it. This experimentsenesasa demonstratiorof the ef-
fectivenesof extendingpredictive level of detail optimizationto makeuseof hierarchicalevel of
detail descriptionsandis thereforealsoin a sensean evaluationof the generalapproactusedby
MacielandShirley [47].

For thepurpose®f this experimentwe introducetheuseof perceptualevaluationfor thepracti-
calinvestigatiorof graphicsalgorithms.In keepingwith theusercentricapproactof level of detail,
perceptuakvaluationinvolvesthe subjectve controlledevaluationof renderedmagesby a group
of volunteernon-epertusers.We derive muchof our inspirationand methodologyin this regard
from the more establishegbracticeof the perceptuakvaluationof television pictures,asdescribed
in[12].

We bagin the chapterin Section8.1 by discussinghe experimentahypothesighatthe experi-
mentis designedo test.In Section8.2we describehe experimentaimethodologyused.In Section
8.3 we presentanddiscusgheresultsof the experiment.We closethe chapterin Section8.4 with

someconcludingremarks.

137



138 CHAPTERS. PERCEPTWL EXPERIMENT

8.1 Aims

As wasdiscussedn Chapter7, the principle advantageof the useof impostorsfor groupobjectsis
thatthe level of detail optimizationalgorithmis ableto selectthesegroupimpostorsin situations
wheretherenderingcostincurredby renderingeven the cheapestepresentationsf the individual
groupcomponentsvould be betterinvestedn theimprovedrenderingof otherobjects.Dueto the
inherentcompleity of multiple disjoint representationst, is generallypossibleto provide shared
representationthat are simplerandthereforecheapeto renderthaneven the simplestreasonable
representationsf theindividual objects.This allowsthe optimizationalgorithmto bettercopewith
arbitrarycompleity of thevisible sceneby selectingwhereappropriateprogressiely lessdetailed
impostorgfor progressiely largergroupsof objects.In particular it enableghe algorithmto ful I
the maximumrenderingcostrequiremenin situationswherethe maximumpermittedrendering
costis lowerthanthenominalcostof the scenewithout creating*holes” in therenderedmagesby
omitting sceneobjectsentirelythroughthe selectionof null impostorgimpostorswith no dravable
representation).

We de ne the nominalcostof a scendn a particularsituationto be the minimum costof ren-
deringthe scendn thatsituationwithout the useof null or groupimpostors.Thatis, thetotal cost
of thelowestnon-nullimpostorsof thevisible leaf objects.

We hypothesizéhatthe useof hierarchicalevel of detaildescriptionsvith sharedgroupobject
representationis capableof improving the effectivenesof predictive level of detail optimization:
thattheperceptuabene t of renderingnaybeimprovedfor noincreasen renderingcost.We claim
thatthe provision of sharedgroup objectrepresentationandthe ability to selectthemin level of
detailoptimizationallowstheselectiorof acompletescenegepresentatiofor everyframe,avoiding
theappearancef holes.Furthermoreave claimthathierarchicalevel of detaildescriptionsllow for
thesaving of renderingcostthatmay beusedto improve therenderingof moreimportantobjects.

8.2 Methodology

In this sectionwe describen detail the methodologyemployedin the evaluation. We discusshe
theevaluationschemaused the contentandselectionof theimagesequenceased the selectionof
assessordghe experimentalconditions,the evaluationschemethe experimentprocedureandthe
detailsof the optimizationalgorithmscompared.
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8.2.1 Approach

Theapproachakenfor theexperimentakvaluationwasoneof perceptualevaluation whichis more
commonlyusedin the evaluationof the perceptuaimagequality of television equipmen{81] [31]
[66] [12]. The generalapproaclof performinguserstudieshasalsobeenusedrecentlyby Smets
andOverbeekd79], Watsonetal [84] [85] andReddy[63] [62].

Perceptuakvaluationinvolves the subjective perceptualkevaluationof a seriesof image se-
guencedy agroupof typical humanassessordle selectedhe stimuluscomparisormethod[12],
in which imagesequenceproducedusingtwo competingmethodsare comparedn pairsandan
index of therelationshipbetweerthetwo sequencesf eachpairis providedby eachassessofThis
methodgivesriseto a distribution of voting indicesacrosghe gradingscaleused for eachassess-
mentpair. The averageandstandardieviation of eachdistributionis thentakenasanindicationof
therelationshipbetweereachpair of sequencesspercevedby atypical viewer.

The level of detail optimizationalgorithmsusedto producethe imagesequenceto be com-
paredwere (anearlyversionof) theincrementahierarchicalevel of detail optimizationalgorithm
of Chapter7 (for hierarchicaloptimization)and the non-hierarchicalevel of detail optimization
algorithmof FunkhouseandSéquin(for non-hierarchicabptimization). The behaiour of thehier-
archicalandnon-hierarchicahlgorithmsbecomesnoreasthe renderingcostlimit (the maximum
permittedrenderingcostof eachframe)increasesCorverselyastherenderingcostlimit decreases
the hierarchicalalgorithmis morelikely to selectsimple sharedrepresentationfor groupobjects
in orderto satisfyit, sothatthe hierarchicalandnon-hierarchicatesultsbecomeesssimilar. We
thereforeconcentratedn very low renderingcostlimits.

8.2.2 Image Content

Our testsceneconsistsof a group of geodesialomes whereeachdomeis constructedrom a set
of cylinders. Figure45 shows two imagesof the scene.Cylinderswerejudgedto be suitableleaf
objectsdueto the easewith which multiple impostorrepresentationsf themat varying levels of
detailcanbecreated Domeswereselectedsgroupobjectsdueto the availability of suitablegroup
impostorsin theform of low-resolutionspheres.

The entiresceneconsistsof 16 animatedyeodesiadomes.arrangedseudo-randomlin the x
andy directionssoasto partially Il the eld of view. Theirz (distance)oordinatesrecalculated
in eachframeaccordingto a sine-basedunction of the elapsedime (humberof frames),so that
eachdomemovesperiodicallytowardsandawayfrom theviewer. Thephaseof thefunctionfor each
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Figure45: Sceneusedin the perceptual experiment. The sceneconsistsof 16 geodesialome
groupobjects,eachconstructedrom 48 cylindrical parts. The domesarerepresentedimplicitly in
theimageontheleft by theexplicit cylinder representationsf their cylinder parts.In theimageon
theright, they arerepresenteexplicitly by their associatedphericaimpostorrepresentations.

domeis chosermpseudo-randomjothatthe domesareout of step.This allows a wide distribution
of distancedrom the viewer, while ensuringthat eachdomeobjectis at timesrelatively closeby
andatothertimesrelatively far off. Thelevel of detailalgorithmsaretherefordorcedto continually
anddynamicallyupdatethelevelsof detail of all objects.

Eachgeodesiaomeusedin the experimentconsistof 48 cylinders. The useof impostorsfor
groupobjectsin the hierarchicalcaseis facilitated by this hierarchicalstructureof larger objects
composeaf mary smallerparts.

While this contentdoesnot representvorst casecontentfor the effectsunderinvestigation it
doessene to testthe effectsundercircumstancewhenthey arelikely to besigni cant. Theuseful-
nessof impostorsfor generalgroupobjectscannot be extrapolatedentirely from this experiment,
sinceit will dependn generabntheavailability of groupimpostorswith similar perceptiongo that
of theimplicit representationsf thosegroups.We expecthowever thattypical scenewill contain
mary casesn whichimpostorsfor groupobjectsmaybe employedasusefullyasthey arehere.
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8.2.3 Stimuli

In this sectionwe describan detailthe stimulusmaterialselectedor usein the experiment.

Rendering Cost Limits

Table2 shovstherangeof renderingcostlimits usedin the experiment.

| Rendering costlimit | Description |
1920 Half of thenominalcost
3840 Equalto thenominalcost
7680 Twice thenominalcost
15360 Equalto thesufcient cost

Table2: Rendering costlimits. The rangeof renderingcostlimits usedin the
experiment.

Thenominalcost(Section8.1) of renderingall objectsat their lowestnon-nulllevels of detail
without the use of impostorsfor group objectsis equalto the sum of the renderingcostsof the
lowestdetail non-nullimpostorsof all the leaf objects. In this case,therefore,it is equalto the
numberof domes(16) multiplied by the numberof cylinder objectsper dome(48), multiplied by
the Costof the lowestdetail non-nulllevel of detail of eachcylinder object. Sincethe rendering
costof eachobjectrepresentatioim this implementatioris assumedo be view-independentthe
costof the lowestdetail cylinder impostorLoD is alwaysequalto 5. In addition,all objectsare
alwayswithin the viewport andwe makeno attemptto takeinto accountthe effectson rendering
costof occlusionof oneobjectby another Thereforethe nominalcostof thescends alwaysequal
to 3840.

Oneaim of the experimentis to comparethe behaiour of the two algorithmsundercritical
conditions,wherethereis insufcient renderingtime availableto renderall objectsat their lowest
level of detail. Thatis, whenthe renderingcostlimit is lessthanthe nominalcost. In practice,
wheneithergroupor null impostorsareavailable,the hierarchicalandnon-hierarchicahlgorithms
respectiely will chooseto selecttheseimpostorseven for somesituationswherethe rendering
costlimit is closeto but greaterthanthe nominal cost. This occursbecausehe useof null or
groupimpostordfor lessimportantobjectsrepresents saving of renderingcostthatmay be better
utilizedin theimprovedrenderingof moreimportantobjects aswith ary otherlow levelsof detail.
By providing groupor null impostorsat all, we invite their selectioneven when not absolutely
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necessary

For this reason,we selecteda rangeof renderingcostlimits encompassing gure equalto
the nominalcost,onewith a gure equalto half of the nominalcost,andonewith a gure twice
thatof the nominalcost. In addition,a singleimagesequencevascreatedat arenderingcostlimit
eqgualto therenderingcostof the highestdetail representationf the scenefor useasa reference.
This full-detail sequencevasrenderedwith the non-hierarchicahlgorithm, but could have been
renderedvith eitheralgorithm,sincethey behae identicallywhenthe renderingcostlimit is equal
to the maximumrenderingcost.

Image Sequences

Renderingcostlimits were selectedas describedn Section8.2.3. Table 3 shows the imagese-
guencesreatedandthe parametersf each.

| Sequence|  Algorithm | Rendering costlimit |
1 hierarchical 7680
2 non-hierarchica 7680
3 hierarchical 3840
4 non-hierarchica 3840
5 hierarchical 1920
6 non-hierarchica 1920
7 non-hierarchica 15360

Table3: Parameters. Parameter®f theimagesequenceselectedor the experi-
ment.

Figures46, 48,49 and47 shaw the rst framefrom eachof the sevenimagesequencefisted
in Table3. Noticethe useof impostorsfor groupobjectsin theimagesequencesenderedvith the
hierarchicahklgorithm,andof null impostorsn thoserenderedvith thenon-hierarchicahlgorithm.

Image SequencePairs

In theselectiorof imagesequenceairsfor comparisonwe selected subsetf all possiblepairs,in
accordancavith our intentionof comparingthe perceptiorof imagesequenceeenderedvith both
algorithmsat the samerenderingcostlimit. A limited subsetwaschosendueto time constraints.
Table4 shovstheimagesequenceairscreatedrom theimagesequencem Table3.
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Figure46: First frame of imagesequence. The rst frameofimagesequencé,
renderedvith the non-hierarchicadlgorithmandwith arenderingcostlimit equal
to thesufcient costof thescene 15360.Thisrepresenttherenderingof theentire
sceneatmaximumlevel of detail.

Figure47: First frames of image sequencesl and 2. The rst framesof image sequenced
(left) and 2 (right), renderedwith the hierarchicaland non-hierarchicabptimizationalgorithms
respectrely. Therenderingcostlimit is 7680,twice thenominalcostof thescene Noticetheuseof
groupandnull impostorsn thehierarchicakndnon-hierarchicatasesespectrely. Null impostors
arevisible asmissingobijects.
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Figure 48: First frames of image sequences3 and 4. The rst framesof imagesequence8
(left) and 4 (right), renderedwith the hierarchicaland non-hierarchicabptimizationalgorithms
respectiely, andwith a renderingcostlimit of 3840. This representshe behaiour of the two
algorithmsatarenderingcostlimit equalto thenominalcostof thescene.

Figure49: First frames of imagesequence$ and 6. The rst framesof imagesequences (left)
and®6 (right), renderedvith the hierarchicalandnon-hierarchicahlgorithmsrespectrely, andwith
arenderingcostlimit of 1920,half thenominalcost. The extensive useof groupandnull impostors
in the hierarchicabndnon-hierarchicatasesespecitiely is apparent.
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| Sequencepair | First sequence| Secondsequence]|
1 7

N NfWw| o1

2 4
3 6
4 1

Table4: Image sequencepairs. Thepairsof imagesequencessedin theexperi-
ment.

Sequencegair 2 compareghe perception®of imagesequence8 and4, which wererendered
with differentalgorithmsatarenderingcostlimit of 3840.Sequenceair4 comparesheperceptions
of imagesequenced and 2, which were renderedwith differentalgorithmsat a renderingcost
limit of 7680. Sequencegairs1 and 3 comparethe perceptionof imagesequence$ and6 to
the perceptiorof imagesequencéd, respectiely. Takentogetheythey comparethe perception®of
imagesequences and6, whichwererenderedvith differentalgorithmsatarenderingcostlimit of
1920.Recallthatimagesequencd wasrenderedat maximumlevel of detailfor all objects,andis
usedhereasareferencesequence.

8.2.4 Subjects

Fifteenassessorparticipatedn the experiment,noneof whomwereknowledgablen the eld of

level of detail optimization,althoughsomewere knowledgablein computergraphicsin general.
They were screenedor normalcorrectedvisual acuity, andthe resultsindicatedthat all had ac-

ceptablevisual acuity Somehadlimited previous experienceasassessorasthe experimentwas
conductedn conjunctionwith thatof anotheresearchemusingan almostidenticalgroupof asses-
Sors.

8.2.5 Experimental Conditions

Theimagesequencewererecordedrameby frameontoHi8 videotapeandpresenteedn asingle
monitorin theform of alargetelevisionscreenTheassessomwereseatedndividually atadistance
six timesthe heightof the screen.The backgroundlluminationin the viewing roomwasprovided
by adjustableverheadights, andwassetto low.
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8.2.6 Evaluation

A categyoricaljudgmeniradingscalewasused.With thisform of gradingscale assessorareasked
to assigrtherelationbetweereachpair of stimuli to oneof asetof semanticallyde ned cateyories.
The catgyoricalscaleusedwasthatrecommendedy the CCIR[12], shovn in Table5.

| Index | Description |

-3 muchworse
-2 worse

-1 slightly worse
0 thesame
+1 | slightly better
+2 better

+3 muchbetter

Table5: Categorical grading scale. The cateyorical gradingscaleusedin the
experiment.

The semantiadescriptionof eachcateyory refersto the relationshipof the secondsequencéo
the rst. Thisgradingscaleyieldsadistributionof judgmentindicesacrosshe scalecatejoriesfor
eachpair of imagesequences.

8.2.7 Procedur

In this sectionwe describeheexperimentaprocedureemployedn this experiment.

Presentations

Theimagesequencesonstitutingthe stimulusmaterialweregroupednto pairsasdescribedn Sec-
tion 8.2.3. Onesessiorwasheld for eachassessoduringwhich he or sheviewed andvotedtwice
on eachpair. Eachsessiorastedbetweenwentyandthirty minutes,includingall introductionsof
theassesson® theassessmemiethod.

Therewereeightassessmeitttials persessionplustwo testtrials in which the assessoraiere
ableto practicethe assessmemhethod. Eachassessmeritial constitutedthe comparisorof two
imagesequencesl hestructureof atrial is shavn in Figure50.
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stimulus stimulus stimulus stimulus
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Figure50: Structure of an assessmentrial.  Eachtrial consistedof two pre-
sentations.During eachpresentatiorstimulusA wasshaown for 10 secondsthen
stimulusB, separatedhy a 3 secondmid-grey adaptioneld andfollowedby a 10
secondnid-grey post-adaptioneld.

Eachtrial consistedof two presentations During eachpresentatiorstimulus elds A andB
wereeachshown for 10 secondsA mid-grey adaption eld wasshown for 3 seconddetweerthe
two stimulus elds anda mid-grey post-adaptioneld for 10 secondsafterwards.During the 10
secondpost-adaptioneld the numberof the trial wassuperimposeth black. Voting on the trial
wasonly allowed duringthe nal post-adaptioneld of thetrial. Only one display monitor was
used.

The secondour assessmerttials were a repeatof the rst four, shaving the sameimagese-
guencesagainin the sameorder However during thesetrials the assessorg/ere allowedto view
eachtrial asmary timesasthey felt necessaryo arrive ata nal judgment. Thereforeduring a
sessioranassessoprovidedtwo setsof indicesof thesamefour assessmeittials, with the rst set
beingforcedjudgmentsafter only oneviewing, andthe secondbeing considerequdgmentsafter
repeatedriewing. Thefour uniqgueassessmettials wereorderedosuedo-randomly

Intr oduction to Assessments

The assessorwereintroducedtio the assessmemhethodologybeforethe assessmeritials of that
sessiorbegan. Theseintroductionswereprovided in written form for consistenyg, althoughverbal
guestionsvereansweredCarewastakento avoid theintroductionof bias.

In particular the assessorg/ere instructedasto the assessmermirocedurethe sequencend
timing of presentationghe allowedvoting period,andthegradingscaleused.Thetypeandrange
of impairmentdikely to occurweredescribedn theintroductionanddemonstratedy meansf the



148 CHAPTERS. PERCEPTWL EXPERIMENT

testassessmetttials.

The assessorweretold thatall of theimagesequencesepresentethe samesceneconsisting
of 16 objects but dravn differently They wereexplicitly askedto compareheir perception®f the
two imagesequence eachpresentationandto expresshis relationto the bestof their ability in
termsof thesemantigradingcateyoriesprovided.

8.2.8 Level of Detail Optimization Algorithms

Two level of detail optimizationalgorithmswere compared:an early versionof the incremental
hierarchicaloptimizationalgorithmdescribedn Chapter7 andthe non-hierarchicailgorithm of
Funkhouserand Séquin. The hierarchicalalgorithmis distinguishedy its useof an hierarchical
scenedescriptionandits supportfor impostors,or shareddravablerepresentationgor groupob-
jects.Herewe describdn detailthe characteristicsf theactualalgorithmimplementationsisedin
theexperiment.

Level of Detail Descriptions

Figure 51 shaws conceptuallythe hierarchicallevel of detail descriptionusedin the caseof the
hierarchicaloptimizationalgorithm. The scene(root) objectis a group object consistingof the
group objectsrepresentinghe domes,which in turn consistof the leaf objectsrepresentinghe
cylinders. Theleaf objectsandthe domegroupobjectshave associate@xplicit impostorrepresen-
tations,whereaghe scenegroupobjectdoesnot.

Thelevel of detail descriptionusedin the caseof the non-hierarchicahlgorithmis shavn in
Figure52 and canbestbe thoughtof asa non-hierarchicatollectionof distinctandindependent
objects,eachwith its own associatedimpostors.Theseobjectscorresponaxactly to the objectsat
theleavesof thehierarchyin thehierarchicablescriptiorof the hierarchicabptimizationalgorithm,
andrepresentheindividual cylindersmakingup thegeodesidomes.Thereis no concepbf group
objectsin the non-hierarchicahlgorithm,or of explicit sharedevelsof detailfor them.

Levelsof Detalil

Six impostorswere suppliedfor eachleaf objectin the hierarchicalcaseand eachobjectin the
non-hierarchicatase.Sinceall of theseobjectsare cylinders,their impostorswere createdeasily
andnaturallyusingthe SoComplrity nodeprovidedby Inventor[52]. This nodeallowsanInventor
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Figure51: Hierar chical level of detail description. Thelevel of detail descrip-
tion usedin the caseof the hierarchicaloptimizationalgorithm. The description
consistof 7680objectsrepresentingylinders,whicharegroupednto 16 groupsof
48cylinderseachrepresentinglomes.The16 domegroupobjectsarethengrouped
into a singlesceneobject. Eachcylinder objectis provided with 6 impostors.In
additionthe domeobjectsareeachprovided with a singleimpostor

applicationto specify the geometriccompleity, or subdvision level, of all Inventor primitives,
includingthe SoCylinder Figure53 showvs the six cylinder impostorsused.

Thelevelsof detailof thecylinderobjectsconsisof thesix cylinderimpostorsn thehierarchical
case andthe six cylinder impostorsplusa singlenull impostorin the non-hierarchicatase.These
levelsof detailareshavn in Table6 andTable7.

Null impostorswere suppliedfor the cylinder objectsin the non-hierarchicatase,sincewe
areinterestedn comparingthe effectsof the availability of impostorsto the effectsof not having
impostors,andtheseeffectsare differentmainly whenthe availablerenderingtime is insuf cient

@ ce @ (x768)
/N Y/////AN

Figure 52: Non-hierarchical level of detail description. The level of detail
descriptionusedin the caseof the non-hierarchicabptimizationalgorithm. The
descriptionconsistof 768 distinctobjectsrepresentinghe cylindersof which the
scends composedEachcylinder objectis providedwith 6 impostorgplusasingle
“null” impostor(shaded)No sharedmpostorsareprovidedfor groupsof objects.
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Figure53: Cylinder impostors. Thesix cylinderimpostorsn orderof increasing
level of detail,correspondingo the InventorSoComplgity values0.00,0.12,0.20,
0.35,0.53and0.61.

| Level of detail | Description | Complexity value |

LoD lowest 0.00
LoD . 0.12
LoD . 0.20
LoD . 0.35
LoD . 0.53
LoD highest 0.61

Table 6: Cylinder object levels of detail for the hierarchical case. Cylinder
objectlevelsof detailusedwith thehierarchicabptimizationalgorithm,consisting
of the six cylinder impostors. Note that the impostorcorrespondindo comple-

ity value0.00is still arenderablegeometricobject,albeita very simpleone (See
Figure53).

to renderall objectsat even their lowestnon-null levels of detail. In suchsituations,the non-
hierarchicalalgorithmis only ableto meetthe renderingcostlimit by selectingnull impostorsfor
someobijects.

Recallfrom Section8.1 that part of our hypothesids that, becausesharedrepresentationfor
groupsof objectsmay be simplerthaneventhe simplestseparat@epresentationfor thoseobjects,
the useof sharedrepresentationallows the saving of additionalrenderingcostwithout resorting
to the useof null impostors. For this reasorwe chose,for our lowestdetail non-nullimpostors,
representationthat wereaboutassimpleasthey could reasonablype made. As shown in Figure
53, thelowestdetailimpostorsof the cylinder leaf objectsconsistof 3 sidedprisms.

In thehierarchicataseasingleimpostorwasprovidedfor eachgroupobjectcorrespondingp a
geodesicdomein thesceneTheseconstitutedhesingleexplicit levelsof detailof thedomeobjects.
Therepresentatiofor thedomeimpostorwasimplementedisan SoSpher@bjectin Inventot with
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| Level of detail | Description | Complexity value |

LoD null -

LoD lowest 0.00
LoD . 0.12
LoD . 0.20
LoD . 0.35
LoD . 0.53
LoD highest 0.61

Table7: Cylinder objectlevelsof detail for the non-hierarchical case. Cylinder
objectlevels of detail usedwith the non-hierarchicaalgorithm, consistingof the
six cylinderimpostorsandasinglenull impostor

an SoCompleity valueof 0.12. This representationvas chosenbecauseof the similarity of its
appearance that of the domeobjectswhenrepresentednplicitly by the explicit representations
of their cylinder objectchildren.

Heuristics

Thebene t andcostheuristicsprovided for all objectswereintentionallysimplistic, andwerein-
tendedto functionassuitabletestcasegatherthanasaccuratgredictionsof the true contribution
to sceneperceptiorandrenderingcostof thoseobjects.

Thebene t heuristic predictingthe contributionto scengperceptiorof a givenobjectrepresen-
tationin boththe hierarchicabndnon-hierarchicataseswasde ned asfollows:

Bene t Accuray ObjectSize ScreenSize (48)

where:

Accuray is de ned aspredictingthe “renderingaccurag” of thelevel of detail of
object , andis givenby:

Accuray — (49)

for acylinderobjectatLoD

This model of representatiomccurag was proposedoy Funkhousemland Sequin[24], and
providesincreasingaccurag for morecomple renderingsbut to a diminishingextent.
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Thecoefcient of 1.2wasselectedbasednabestt againstempiricalestimate®of the per
ceivedaccurag of eachrepresentationThe constanf.5waschoserto satisfythe corvexity
assumptionsf thealgorithmgof descendingelative valueanddescendingaluerespectrely
— seeSection.6.1and7.3).

Accuray (50)

for acylinder objectat null level of detailLoD .

The accurag of the null cylinder representatiomassetto anarbitraryvalueof 0.01which
is just high enoughto ensurehatthe corvexity assumptioris satis ed evenfor null levels of
detail. In particular we requirethat the valueof ary objectat LoD shouldbe greaterthan
thevalueof thatobjectat LoD .

Accuray (51)

for adomeobijectat explicit LoD , thedomeimpostor

Theaccurag of the non-leafobjectimpostorwassimilarly setto anarbitrary gure of 0.21,
which is just high enoughto ensurethat the corvexity assumptiorholdsfor all descendant
objectsthat are representedby thatimpostor In particular we requirethat the value of a
non-leafobjectat ary of its explicit levelsof detailshouldbe higherthanthe valueof ary of
its descendarbjectsat their explicit levelsof detailLoD .

ObjectSize  predictsthe averageprojectedareaof an object in objectspace,andis
approximatedby:

length diameter

ObjectSize (52)
for acylinder objectatary level of detail,and
ObjectSize radius (53)

for adomeobijectat explicit LoD .

Thesizeof anobject,meaningheobjectspaceprojectedareaof thatobjectfrom theviewing
direction,was approximatedy a simple viewing directionindependenscheme.Sinceall
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leaf objectswerecylinders,their averageprojectedareain objectspacevasapproximatedby
half of the productof their lengthanddiameter The sizeof groupobjects whoseimpostors
werelow-resolutionsphereswasapproximatedy their cross-sectionarea.

ScreenSize s inverselyproportionalto the squareof the euclideandistanceof object
from the cameraandis givenby:

ScreenSize  distance (54)

The ScreenSizef anobjectis anindicationof the inverseof the degreeto which apparent
objectareais diminishedby physicaldistancet is thereforeapproximatedy theinverseof
thesquareof thedistanceof theobjectfrom thecameraEuclideardistancevasusedfor con-
venienceof implementatiorin Inventor althoughperpendiculadistancerom theviewplane
wouldbe moreaccuratg10].

The costheuristic, predictingthe renderingcost of a given objectrepresentatiofn both the
hierarchicabndnon-hierarchicataseswasde ned asfollows:

Cost Samples (55)
where:

Samples(O,L)s de ned asapproximatinghe numberof “samples”(polygons,in this case)
of thelevel of detail of object , andis givenby:

for LoD
for LoD
for LoD
Samples (56)
for LoD
for LoD
for LoD

for acylinderobject atLoD ,

Thesevaluesareapproximationof the numberof polygonsusedby Inventorfor the corre-
spondingmpostorrepresentations.
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Samples (57)

for acylinderobject atnull level of detailLoD .

The gure 0.0001waschoserto provide anegligible but non-zeracostfor eachnull LoD, so
asto avoid unde nedvaluecalculations.

Samples (58)

foradomeobject atexplicit level of detailLoD , thedomeimpostor

This gure representshe numberof polygonsin the domeimpostor namelythe Inventor
SoSphergrimitive atan SoCompleity valueof 0.12.

This formulationof the costheuristicis basedooselyon thatof Funkhouseand Séquingiven
in [24]. A morecompletamplementatiorof their costheuristicmighthave takeninto accounother
factorssuchasthe dependeng of the renderingcostof anobjectrepresentatioon the distanceof
thatobjectfrom theviewer.

8.3 Resultsand Discussion

Figure 8 shaws the resultsof the initial choicevoting over the four assessmerttials, while Fig-
ure 9 shows the resultsof the considerecchoicevoting. Recallfrom Section8.2.2thattrial T1
comparedhe full detail sequencevith the hierarchicallow cost(1920)sequencetrial T2 com-
paredthe non-hierarchicaind hierarchicalkequencefor mediumcost(3840),trial T3 compared
the non-hierarchicalow cost(1920)sequencavith thefull detail sequenceandT4 comparedhe
hierarchicabndnon-hierarchicahigh cost(7680)sequences.

Theresultsof the experimentappeato besigni cant. The 95% con denceintervalsof all but
thelasttrial exclude zeroandthereforeindicatea signi cantly positive or negative averagevalue,
in boththeinitial choiceandconsidereahoicesections.

Theresultsin theinitial choiceandconsiderecthoicesectionsdo not differ very signi cantly.
In particulay they do not changesign. This suggestghat the initial choicevotesarereliableas
indicatorsof theresultsof the experiment.

Thesecondassessmeitial comparedhe perception®f theimagesequencesenderedvith the
non-hierarchicahndhierarchicaklgorithmsfor arenderingcostlimit equalto thenominalcostof
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Trial - VAR[T] | 95% interval
T1 |-1.067| 1.387| 0.128 | [-1.783,-0.351]
T2 | 0.867 | 1.356| 0.123 | [0.167,1.567]
T3 | 1.800 | 1.656| 0.183 | [0.945,2.655]
T4 | 0.067 | 1.385| 0.128 | [-0.622,0.757]

Table 8: Voting indices for initial choice evaluation. Shown is the average
indicatorvaluefor eachtrial, aswell asthe standardieviation, varianceand 95%
con denceinterval of theaveragevalue.

Trial - VAR[T] | 95% interval
T1 |-1.133| 1.642| 0.180 | [-1.988,-0.279]
T2 | 1.133| 1.126| 0.085 | [0.552,1.715]
T3 | 1.600 | 1.882| 0.236 | [0.628,2.572]
T4 | -0.067| 1.438| 0.138 | [-0.809,0.676]

Table9: Voting indicesfor considered choiceevaluation. Shawn is theaverage
indicatorvaluefor eachtrial, aswell asthe standardieviation, varianceand 95%
con denceinterval of theaveragevalue.

thesceneTheresultsof thistrial suggesthat,onaveragetheassessormsonsideredheperceptiorof
theimagesequenceenderedvith the hierarchicaklgorithmto beslightly betterthanthatrendered
with thenon-hierarchicahlgorithm.

Thefourthassessmetitial comparedhe perception®f theimagesequencesenderedvith the
hierarchicaland non-hierarchicahlgorithmsfor renderingcostlimits equalto twice the nominal
costof thescene.Theresultsof thistrial suggesthatthe assessorundno signi cant difference
betweerthetwo imagesequencesn average.

The rst andthird assessmeirttials comparehe perception®f imagesequencesenderedvith
the hierarchicalndnon-hierarchicahlgorithmsrespectiely at a renderingcostlimit equalto half
the nominalcostof the sceneo the imagesequenceenderecat maximumdetail. Takentogethey
they compareimagesequence$ and 6. The resultsof thesetrials suggesthat the assessorsn
averageconsideredhe impairmentof perceptiordueto the hierarchicalalgorithmto be lessthan
thatdueto thenon-hierarchicahlgorithm,atarenderingcostlimit equalto half thenominalcostof
thescene.

Taking theseresultstogethey we deducethat the assessoren averageratedthe perceptionof
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theimagesequencersnderedvith the hierarchicabptimizationalgorithmto be betterthanthatof

thoserenderedvith the non-hierarchicahlgorithm,in the casesvheretherenderingcostlimit was
eqgualto thenominalcostandhalf thenominalcost,but wereunableon averageto nd asigni cant

differencdn thecasewherethelimit wasequalto twice thenominalcost. Thissuggestshattheuse
of the hierarchicalalgorithmimprovesthe perceptionof imagesequencesuchasthesewhenthe
availablerenderingime s very low, but haslittle effectwhenit is not. This is aswe would expect,
sincethe hierarchicalalgorithm differsin the use of groupimpostorsinsteadof null impostors.
Theseareonly usedatlow renderingcostlimits or, equivalently, whenthevisible scenecompleity

is high.

Furthermoreye canassumehatno differencewould bevisible for higherrenderingcostlim-
its, sincethe hierarchicaland non-hierarchicahlgorithmsbehae more similarly, ratherthanless
similarly, for higherrenderingcostlimits (or equialently, for lower visible scenecompleity).

We speculatehatthereasorfor theassessorgreferencef theimagesequencesenderedvith
the hierarchicahlgorithm,for renderingcostlimits lessthanandequalto thenominalcost,wasthe
impressiorof objectsappearinganddisappearingausedy the useof null impostorsin theimage
sequencesnderedvith the non-hierarchicahlgorithm. This creategheimpressiorof ickering
“holes” in the scenerepresentationAlthough thereis somevisible degradationof the imagese-
qguencesenderedvith the hierarchicalalgorithmdueto the switchingbetweendomeandcylinder
representationghis effect is, in our opinion, lessdisturbingthanthe completedisappearancef
thoseobjectsthatoccursin the non-hierarchicatase.

It is unclearto what extent the increasein detail levels in importantobjectsafforded by the
selectionof simplesharedrepresentationfor unimportantgroup objectsby the hierarchicalalgo-
rithm in uencedtheresults.For onething, the completeomissionof objectrepresentations the
non-hierarchicataseaffordsevengreatersavings,attheexpenseof disturbingvisual“hole” effects.

8.4 Conclusion

The experimentalresultsshav thatthe imagesequenceproducedwith the hierarchicalpredictive
level of detail optimizationalgorithm were preferredby typical assessorspn average,to those
renderedwith the non-hierarchicablgorithm, for renderingcostlimits lessthan or equalto the
nominalcostof thescene.

We concludethatthe appropriataiseof impostorsfor groupobjects,asallowedby hierarchical
level of detail optimization,canleadto animprovementof the perceptiorof imagesequencesver
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thoserenderedvith cornventionalFunkhouseand Séquinstyle non-hierarchicapredictive level of
detailoptimization.The advantage®f theuseof impostorgor groupobjectsbecamevisibly appar
entto theassessorwhenthevisible scenecompleity wasrelatively high— atleasthigh enoughto
causethe omissionof objectrepresentationky the non-hierarchicahlgorithmof Funkhouseand
Séquin.We believe thisimprovementin visualappearancis dueto thereductionin the perception
of ickering “holes”, or of objectsappearinganddisappearingsausedy the useof null impostors
in the non-hierarchicatase. The experimentwasnot conclusve regardingthe advantagegained
by the applicationof saved renderingcostto improved renderingsf moreimportantobjects.

More generallywe concludethat perceptuakvaluation,the subjectie evaluationof imagese-
guencedy non-epertvolunteerusersmaybeusefullyemployedo provide real-worlddataonthe
effectivenesf graphicsalgorithms.

The next chapter Chapter9, describesa secondexperiment. Whereasthis experimentwas
designedo testthe usefulnessf hierarchicalevel of detailtechniquesn generalthe next focuses
onourhierarchicahlgorithmin particular Also, whereashis experimentusedsubjective perceptual
evaluationmethoddo testabstraceffectssuchasusercorviction, the next usesmeasuremerdand
analysisof performancénformationto testthe ef ciency of our algorithmandprovide validation
of thetheoreticatime compleity analysisof Chapter7.



Chapter 9

Radiosity Experiment

This chapterdescribesa very detailedsecondexperimentwhich we proposedandsupervisedsa

4thyearcomputersciencenonoursproject. The numerousneasurementsikenprovide insightinto

the practicalapplicationof our methodto real world situations. The extenswve programmingand
testingaswell asthe recordingof resultsand muchof their analysiscomprisingthe projectwas
conductedoy ShaunNirensteinand SimonWinbeig, two honoursstudentaunderour supervision
in the Departmenbf ComputerScienceat the University of CapeTown. The testsystemmade
useof andincorporatedanearlierradiositysimulationsystemdesignedindimplementedy Adrian

SecchiaanMScstudenin theDepartmentOurrole consisteaf providing theunderlyingtheoryof

thealgorithmdesignandthe supervisiorof the projectaswell asconstaninvolvementwith regard

to issuesarising in the implementationoptimizationand evaluationof the system. The overall

analysisof theresultsis alsoour own.

Whereaghe rst experiment(describedn Chapter8) wasaimedat demonstratinghe general
usefulnesof hierarchicallevel of detail optimization,this experimentis gearedtowardsprovid-
ing a corvincing experimentaldemonstratiorof the applicability of the hierarchicalevel of detail
optimizationalgorithmdescribedn Chapter7 to areal-worldvisualizationandrenderingoroblem.

We bagin in Section9.1 by describingthe aimsof the experiment.In Section9.2 we describe
themethodologyemployedandin Section9.3we presentanddiscusghe results.Finally we drav
someconclusionsn Section9.4.

158
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9.1 Aims

Our primary objective in this experimentis to testthe hypothesighatthe incrementahierarchical
level of detail optimizationalgorithmdescribedn Chapter7 may be usedto performhierarchical
level of detailoptimizationin realtimein a practicalinteractve visualizationsystem.This hypothe-
sisrequireghatthealgorithmis successfuin limiting framepreparatiortimesto ensurenteractive
framerates. Sincethe preparatiorof eachframeinvolvesbothlevel of detail optimizationandthe
renderingof the selectedscenerepresentatiorthe hypothesisequiresthatboth operationgnay be
performedn the availableframepreparatiortime.

Funkhousemnd Séquin [24] assumethat renderingand level of detail optimizationmay be
performedin parallel,with theresultthatthe full availableframepreparatiortime is availablefor
bothlevel of detail optimizationandrendering.We expectthatin practicethis parallelizatiorwill
bepartialatbestdueto dependencieanddelays.As Funkhouseand

For example renderingof the selectedscenaepresentatiomayonly begin oncethe nal solu-
tion to level of detail optimizationfor thatframeis known, sincethe selectedepresentatioof ary
objectmay in principle be incrementedr decremente@t ary time during optimization. At best,
level of detail optimizationfor a framemay be performedin parallelwith the renderingof the se-
lectedrepresentatiofor the previousframe.Howeverif theinteractvity of thesystemis measured
asthe delaybetweena useractionandthere ection of the resultingchange®n the displaythen
from the pointof view of thislateny level of detailoptimizationandrenderingmustbe assumedo
takeplacein series.

Frameprepaiation time is dependenbn both the time takenfor level of detail optimization
(which we call optimizatian time) andthe time takenfor the renderingof the scenerepresentation
selectedy thelevel of detailalgorithm(renderingtime). Shaving thattheframetimeis acceptable
thereforeampliesshaving notonly thattherenderingime is acceptabléut alsothatthetime taken
by the optimizationalgorithmitself is acceptableandleaves sufcient time for rendering. While
our theoreticalanalysisof the ef ciency of our level of detail algorithm (Chapter7) suggestshat
its worst-casdime compleity is log |, thisalonesayslittle aboutactualaverageandworst
caseexecutiontimesof the algorithm. Furthermoresincethe algorithmis incrementalndtakes
advantageof frame-to-framecoherencd is importantto investigatehow its behaiour dependsn
theamountof coherencéetweersuccessie frameswhichthecompleity analysidails to address.
Sincethe time complity of the algorithmis not constantwith respecto the size of its input it
makesno senseo speakof absoluteexecutiontimeswithout makingreferenceio workloads. We
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thereforeaim to investigatehow the optimizationtime aswell as the renderingtime dependin
generabnthe compleity of thescenebeingrendered.

9.2 Methodology

In this sectionwe describeéhemethodologyemployedn theexperiment.

9.2.1 Level of Detail for Hierar chical Radiosity

Hierarchicalradiosityis a physically-basedenderingtechniquein which equationsmodelingthe
diffusetransferof light betweersurfacesaresolvednumericallyto produceshadingntensityvalues
for eachsurface.As an approximatiorthe sceneis modeledby at polygons,or patches andin-
tensitiesareonly calculatedor theverticesof thesepatchesAn initial scenedescriptionconsisting
of arelatively smallnumberof at top-level polygonss adaptiely subdivided(asshavnin Figure
54) accordingto estimatef perceptuaimportanceto producea nal collectionof patcheghat
approximatehe scene.Theimagequality of the resultingvisualizationthereforedependstrongly
onthelocallevel of re nementof thepatchhierarchy

Secchid74], amongothershasproposedperceptually-based nementheuristicthatpredicts
thevisualimportanceof surfacesaccordingto a simplisticmodelof humanvisual perceptiorand
exploits the exaggeratedmportanceof edgessuchasshadaev boundarieso visual perception.The
illuminated patchhierarchiesgeneratedising this heuristicare characterizedy higher levels of
re nementin areasthat are, in somesense perceptuallymore important. We usethe radiosity
engineimplementedoy Secchiao generatanput les for out system.Furthermoreve makeuse
of the perceptuainformationinherentin theadaptvely re ned radiosityhierarchyto exploit visual
perceptiorin theform of bene t heuristicghatpredictthevisualimportanceof potentialimpostors,
takinginto accounthepresencef perceptuallymportantedgesasdetectedy Secchiasre nement
heuristic.

Sinceradiosityrenderings performedasapre-procesto renderinghelevel of detail-likeadap-
tive subdvision of thetop-level polygonsis view-independentThe perceptuate nementheuristic
predictstheinherentperceptuaimportanceof patchesandcanmakeno assumptionsegardingthe
positionor orientationof the viewer. Thereforeeachpart of the scenemustbe subdvidedto the
maximumlevel of detailthatmightberequiredn ary reasonablgiewing situation.Ourapproachs
novel in thatinsteadof simply renderinghe entirepatchhierarchyatthehighestievel of re nement
reachedoy the algorithmeverywherein the traditionalfashion,we treatthe patchhierarchyasa
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Figure54: Adaptive patch subdivisionin hierarchical radiosity. In hierarchical
radiositymethodghe polygonsde ning theinitial coarsescenerepresentatioare
recursvely andadaptiely subdvidedinto a patch hierarchy. Eachpatchis either
retainedor subdvidedinto smallerpatchesdependingn the outcomeof a simple
heuristicthat predictsthe compleity of theillumination function over thatpatch.
In our systempatchesrequadrilateral@ndarealwayssubdizidedinto four equal-
sizedsmallerquadrilateralsif atall.

hierarchicalevel of detaildescription.Theintermediatg¢non-leaf)patcheghatweregenerate@nd
subsequentlgubdividedsere aslow detailimpostordor the patcheshatarosefromthem. This al-
lowsusto chooseatrendertimethelevel of re nementappropriatdor eachpartof thescenetaking
into accounthe characteristicsf the currentviewing situationandtherenderingime available.

Ourhierarchicalevel of detaildescriptionconsistof a hierarchyof nestecpatchobjects.Each
patchhasa singlepolygonimpostor andits four childrenarethe patchegif ary) into whichit was
re ned. Theroot objectcorrespondso the entiresceneandhasno impostor Its childrenarethe
patchesorrespondingo the original top-level polygons. The level of detail optimizationconsists
of the selectionfor eachframe,of a singlesubtreeof the hierarchyrootedat the sceneobject. The
polygonimpostorsat the leavesof the selectedsubtreecomprisethe selectedscenerepresentation.
By takingadwantageof view-dependerinformationaboutthe positionandorientationof theviewer
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we areableto adaptvely anddynamicallyfavour increasegatchresolutionin areashatare per
ceptuallymoreimportant.In addition,dueto the predictive natureof the optimizationalgorithmwe
areableto place rm boundson the predictedrenderingcostof the selectedscenerepresentations.
Theaimis to rendey for eachframe,the mostperceptuallyeffective scenerepresentatiothat may
be renderedn the availablerenderingtime. Note that the reductionof renderingcompleity in
unimportantareasallows usto rendermoreimportantareasin increasedetail. Figure55 shaws
exampleoutputdemonstratinghe useof hierarchicalevel of detailoptimization.

Figure 55: Sample output of the experimental system. The top threeimages
shawv the sameview of the samescene with renderingcostlimits equalto 500,
1000and1500respectiely. At bottomarewireframerendering®f thesameviews.
Note the adaptve subdvision of polygons.

Note that the useof the non-leafpatchesas polygonimpostorswithout actively subdviding
someneighbouringpatchednto trianglesto resole unsharedrerticesresultsin T-vertex artifacts
(seeFigure56), visible asshadingdiscontinuities.We chosefor simplicity to ignorethe T-vertex
problem,with theresultthatsomevisualartifactswereintroduced(seeFigure57). Thesecouldbe
avoidedby triangularsubdvision of offendingpatchesf improvedvisualquality wasdesired.
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Figure56: The T-vertex problem. The T-vertex problemarisesvhenoneof apair
of adjacentpatcheds subdvidedfor renderingandthe otheris not, asshavn in
(a). The mostolvious solution,shovn in (b), is to subdvide the adjacentpatch
aswell. Howeverthisis impracticalasit quickly propagateshroughouthe entire
hierarchyconstraininghepossibleselectiongo thosein whichtheentirehierarchy
is subdvidedto the samelevel. Insteadit is possibleto subdvide eachadjacent
patchinto threetriangularpatchesas shawvn in (c), which avoids the creationof
new unsharedertices.

9.2.2 Scope

Thesizeof theradiosity-generatescenedescriptionsisedin theexperiments quitelarge: consist-
ing of up to approximately50000polygons. The scenesepresentedrestandardadiosityscenes
often found in the literature(in particular the office  anddining room sceneq74]). The

office  anddining room scenesonsistof around200 and 400 top-level polygonsrespec-
tively.

Thechoiceof radiositypatchessobjectdn the hierarchicalevel of detaildescriptionyesulting
in single-polygonimpostors,represents worst casefor the level of detail algorithmsinceevery
single polygon mustbe individually consideredor renderingby level of detail optimization. In
the majority of visualizationsystemghe objectsin the hierarchywould be of a larger granularity
and their impostorswould typically consistof tensor hundredsof polygons,resultingin lower
optimizationoverheadper polygon. By usingthe outputof a hierarchicalradiosity simulationon
a polygon-pefimpostorbasiswe essentiallytestthe level of detail optimizationalgorithmin the
extremecasein which every singlesceneprimitive mustbeindividually consideredor rendering.
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Figure57: An exampleof the T-vertex problem. Images(a) and(b) show wire-

frame and shadedrenderingsof the samesceneview. Note the occuranceof T-

vertex problemsjdenti able in (a) asverticesthatareincidentto only 3 polygons
andin (b) asshadingdiscontinuites.

9.2.3 Experimental System

NirensteinandWinbeig [51] implementedninstrumentedestbedsystenthatallowstherecording
andplaybackof real andsimulateduserinteractionduring the realtimerenderingof anoptimized
scengepresentatiorgswell asthemeasuremergndrecordingof timing information. A screenshot
of thesystemis shavn in Figure58.

In accordancevith our aim of testingthetime performancef our algorithm,the systemallows
the automaticrecordingof the optimizationtime, renderingtime andtotal framepreparatiortime
of eachframeduringawalkthroughof the sceneusingeitheraninteractve or pre-recordediewer
path.It alsoallowstherenderingof arbitraryscenesvhoselevel of detaildescriptionsaregenerated
usingthe hierarchicalradiosity systemof Secchia,adaptedo also outputthe solutionvaluesof
non-leafpatches.

The systemis instrumentedand allows the userto changethe parametersf the optimization
algorithminteractizely, suchasthe renderingcostlimit (the maximumpermittedtotal costof the
selectedrepresentatiofior eachframe) andthe weightingsof the component®f the bene t and
costheuristics.It displays,in additionto the optimizedscenerepresentationenderedn OpenGL,
an OpenGLwireframerenderingof the optimizedrepresentatiomnda graphicaltree view of the
hierarchicakcenealescriptiorshoving which polygonswereselectedThewireframeandhierarchy
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Figure58: Screenshotof the experimentalsystem. Screershotof thetestsystem
displayingaradiosityscene.Thetop left window containsuserinterfacecontrols
and performancegraphs. The top right window shaws the renderedscene. The
bottomwindow shavs awireframeview andtheradiosityhierarchy

viewsaswell astheregularupdatingof thegraphsandreadingontheuserinterfacemaybeturned
off to avoid compromisingheaccurag of timing measurements.

All testswereperformedon the sameSilicon GraphicsO2 workstationrunningthe IRIX oper
atingsystem.Theworkstationspeci cationsareshown in Table10.

Costandbene t heuristicsvereprovidedthat predictthe renderingcostandperceptuabene t
of objectimpostors.Theseheuristicaveredesignedo beassimpleaspossiblewhile still providing
acceptableesults. The renderingcostof our single4 sidedpolygonimpostorsis measuredis a
constantl.2 arbitrary units irrespectve of viewing distanceand size. We assumethat sinceour
polygonsaretypically relatively smalltheir rasterizatiorcostis relatively smallandthe rendering
costis thereforedependeninostly on their setupcost. Our resultssuggesthatthisis a suf ciently
accurateapproximation.

Thebene t heuristicwasformulatedas:

area
distance

bene t depthConstant depth log sizeConstant

wherearea is the areain object spaceof the polygon comprisingthe impostor distanceis the
distanceof the centerof the polygonfrom the viewer, anddepthis the maximumdepthof the full-

detail hierarchicalevel of detail descriptionat andbelown the nodeto which theimpostorbelongs.
The area and distancemeasuregrovide an estimateof the projectedsize of the polygonon the
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Component \ Speci cation
System SGI102,1P32
OperatingSystem| IRIX 6.3
Videosubsystem | MVP versionl.4

Clock speed 175MHz

FPU MIPSR10010Rev: 0.0
CPU MIPS R10010Rev: 2.5
Datacache 32 Kbytes

Instructioncache | 32 Kbytes
Secondargache | 1 Mbyte onprocessor
Main memory 64 Mbytes

Table10: Testworkstation speci cations. All testswereperformedon a standard
SGI 02 entrylevel workstation.

viewport (not taking into accountchangesn apparensize dueto viewing direction, which were
ignored). The effect of this is that patchescloseto the viewer are favouredover thosethat were
furtheraway. The constantsleterminethe relative in uence of thetermsandcanbe interactvely
adjustedn our system. In additionwe reducethe bene t of a polygonto zeroif it is backfacing
or if it is behindthe viewer, in orderto takeadvantageof the renderingcostsaved by clipping and
culling.

By biasingthebene t heuristicto predictgreateperceptuabene t for polygonghatweremore
denselyre ned in themaximumresolutionscenalescriptionwe effectively encourage¢heselection
of higherlevelsof detailin thoseareas Sincethe patchhierarchyscenedescriptionvasadaptvely
subdvidedaccordingto the perceptually-basee nementheuristicof Secchig74] the maximum
depthof the hierarchyat ary point providesa corvenientapproximatemeasureof the perceptual
importance(in termsof intensity gradients)of the detail at that point. The effects of the bene t
heuristicareillustratedin Figure59. Our simpleviewplane-clippingapproximatiordoesnot detect
invisible detailwhichis in front of the viewer but outsidethe viewport, accountingor thefactthat
theamountof detailvisible in Figure59 (a) and(b) is greaterthanthatin Figure59 (c) and(d).

The fact that someareasof the sceneareinherentlymore importantthan others(due, in this
caseto theshadingnformationthey contain)becamepparengfterour rst testrunswith asimpler
bene theuristicbasedurelyondistancelf importantdetailssuchasshadev boundariesretreated
thesameaslessimportantareasuchaswallsthentheresultis thattheimportantdetailsarerendered
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Figure59: Variation of local detail with viewing distance. Images(a) and
(b) shav shadedand wireframerenderingsof a sceneview. Images(c) and (d)
shav shadedand wireframerenderingsof the sameview, zoomedsuchthat the
viewer is closerto the far wall. Note thatthe re nementof the polygonsaround
the shadev boundaryhasincreasedas a resultof the distancecomponenbf the
bene t heuristic. Note alsothatthe shadov boundaryitself is well-re ned in the
far view. This is dueto the compleity componenbf the heuristic,which favours
higherdetailin areasvherethe maximumdetailis higher ensuringthatimportant
areassuchasshadev boundariesregiven precedencever unimportantareaghat
arerelatvely uniform.
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in poor detail in favour of betterrenderingsof uninterestingexpanse<f wall. Someobjectsare
inherentlymoreinterestingandrequiremoredetailto representhemadequately

9.3 Resultsand Discussion

In this sectionwe presenthe resultsof the experiment,togetherwith discussiorof their signi -
cance We assumeomefamiliarity with theworkingsof thehierarchicalevel of detailoptimization
algorithm,which wasdescribedn Chapter7.

9.3.1 Dependenceof Optimization Timeson Changesin Viewing Angle

We beganby investigatingthe consisteng of the executiontimesof the optimizationalgorithmit-
self. Recallthatthe optimizationalgorithmis incrementabnd exploits frame-to-framecoherence
by basingits initial solutionon the solutionfound for the previousframe(Section2). The success
of this approachdependon the degreeof coherencdetweerthe optimal solutionsof consecutie
frames. We thereforemeasuredhe changein viewing anglefrom oneframeto the next (for sim-
plicity, withoutregardto changesn viewing position)alongeachof severalpathsthroughthescene
andnotedthe correspondingptimizationtimesfor eachframe. Measurementaeretakenfor four
differentrenderingcostlimits. Therenderingcostlimit dictateshow muchtotal detailthealgorithm
is allowedto selectandis measuredh arbitrarycostunits. Figure60 shavs theresultinggraphs.

From Figure 60 it seemghatthe algorithmexecutiontime is roughly proportionalto the an-
gular changein viewing direction betweensuccessie frames. This is to be expectedas greater
changesn viewing angleresultin more objectsbecomingyvisible that were previously not visi-
ble andvice versa As objectsbecomenewly invisible their allocatedrenderingcostmustbe re-
allocatedamongsibtherobjects(someof themnewly visible) by meansof repeatedevel of detail
incrementationanddecrementations.

Also evidentis thatthe algorithmexecutiontime is roughly proportionalto the renderingcost
limit. While the aim of the algorithmis to ensureconstantenderingtimesirrespectve of visible
scenecompleity, the optimizationtime (the executiontime of the algorithmitself) increasesisthe
amountof detail selectedncreasesHighercostlimits imply thatmoreselectedmpostorsmustbe
consideredor incrementatioranddecrementatiom eachiterationof the algorithm. This resultis
in contrasto the algorithmof Funkhouseand Sequin,whoseexecutiontime is independentf the
renderingcostlimit. Sinceour optimizationalgorithmis hierarchicalt is ableto save optimization



9.3. RESULTSAND DISCUSSION 169

—— Cost = 3000
------ Cost = 2500
—- - Cost = 2000
—— Cost = 1500

Algorithm Time (in ms)

0 50 100 150 200
Change in Viewing Angle (in degrees)

Figure60: Dependencedf optimization timeson turn magnitude. Optimization
algorithmexecutiontimesfor variouschangesn viewing anglefrom oneframeto

the next alonga typical pathandfor variousrenderingcostlimits. The costof a

singleimpostoris 1.2 units. The “cost” referredto in the diagramis the rendering
costlimit. Seethetext for anexplanationof the high frequeng variationsthatare
evident.

time by makinguseof sharedmpostorrepresentatiornthataremoreef cient to considethananon-

hierarchicalcollectionof impostorsproviding the samenumberof levels of detail for eachscene
object. Thissaving increasesstherenderingcostlimit decreasesincelower detailimpostorsare

sharedo a greaterextentthanhigherdetailones.The complity of ouralgorithmapproachethat

of the FunkhouseifSéquinalgorithmasthe renderingcostlimit tendsto the costof thefull detail

representation.

Thehighfrequeny irregularitiesof thegraphsin Figure60 canbe explainedby notingthatthe
visibility of objectschangegddueto backfaceculling andclipping. Sometimesa small changein
positionor orientationwill causea top-level polygonre ned into perhapshundredsf patchego
suddenlybecomevisible wherepreviously it wasnot. In theseinstancesheallocationof rendering
costmustbeupdatedy meanf repeatedncrementationanddecrementationd-his destabilizing
effect on optimizationtimesis exaggeratedn this particularcasedueto the ne granularityof the
single-polygorimpostorsIn ourscenghetop-level polygonsaregenerallyeachre nedto hundreds
or thousand®sf patchessothatlarge groupsof impostorsexhibit high visibility coherence.

Thelinear dependencef optimizationtime on changen viewing angleimpliesthatthe algo-
rithm executiontimesarelower in caseswith greaterframe-to-framecoherenceasexpected.
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9.3.2 Frequencyof Turn Magnitudes

Most of theturn magnitudeshawn in Figure60 represenpathological’'non-incremental'casesn
which thechangen viewing angleis greatandthereis little coherencérom oneframeto the next.
We thereforemeasuredhe relative frequeng of turn magnitudegor a typical walkthroughin our
system.
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Figure61: Frequencyof turn magnitudes. The relative frequeng of various
changesn viewing anglebetweerconsecutie frames.

Figure 61 shaws the resultinggraph. It is clearthat small changesn viewing anglegreatly
outnumberarge ones,with changesabore 30 degreesbeingextremelyrare. We expectthis to be
the casein ary usefulinteractve visualizationsystemasvery large turn magnitudesregenerally
distractingto theuserandin factunlikely to occuratall athighframerates.Thisargumentsuggests
animportantinsightinto the useof incrementatechniqueshatexploit frame-to-framecoherence,
namelythatthey may amplify ary dropsin frameratesthat occur This implies thatit is more
imperatve thaneverto ensurghatreasonablérameratesaremaintained Thegreatetheframerate
thatis consistentlymaintainedthe greatettheinterframecoherencandthe betterthe performance
of incrementatenderingalgorithmsthatdependiuponit.

9.3.3 Algorithm ExecutionTimes

The high degreeof dependencef the algorithmexecutiontime on frame-to-framecoherenceand
therelative infrequeng of large turn magnitudegandassociateghoor frame-to-framecoherence)
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imply that the averageexecutiontime of the algorithm may be somevhat differentto the worst
casetime. Indeed this is theraisond'étre of theincrementaklgorithm:to exploit frame-to-frame
coherencandsoensurghataverageexecutiontimesarefar betterthanworstcaseexecutiontimes,
atthe expenseof the ef ciency of the worstcase.To testthis we measureaninimum, averageand
maximumoptimizationtimesfor a typical pathfor arangeof renderingcostlimits.

Figure 62 shows the results. The averageoptimizationtime is closerto the minimum time
thanthe maximum,andits behaiour is closeto linear We surmisethatthis is dueto the relative
infrequeng of large turn magnitudestypically thereis signi cant coherencédetweensuccessie
frames.The minimum algorithmexecutiontime (correspondingo thelimit casein which consec-
utive framesareidentical)is essentiallyconstantwith respecto the renderingcostlimit, but the
maximum (approachinghe oppositelimit in which consecutre framesare completelydifferent)
appearso begreatetthan
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Figure62: Optimization algorithm executiontimes. Plotshoving how themaxi-
mum, minimumandaverageoptimizationalgorithmexecutiontimes(over atypical
walkthrough)vary with increasingenderingcostlimit. The costof a singlepoly-
gonimpostoris 1.2 units.

While our theoreticabnalysigSection7.3) predictsatheoreticaworstcasetime compleity of

log , itisunclearwhetheran log implementations usefulin practice.Thetheoret-

ical log complity assumesheuseof orderedpriority queuegasFunkhouseand Sequin
[24] referto them)of impostorsavailablefor incrementatiomnddecrementatiorreducinghe com-
plexity of the selectionoperationdo atthe expenseof updateoperationof log . Inthe
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implementatiorof our experimentalsystemwe found thatthe advantagef usingadwanceddata
structureswith lower theoreticalcompleity (suchassortedtreesratherthanunorderedists) were
questionablen this casedueto the costsinvolvedin maintainingthem. Sortedtreesfor example
would quickly becomeunbalancednddegeneratento lists if not actively rebalancedsincedele-
tionsalwaysoccuratthefront. Insteadve madeuseof unorderedists storedasstaticarrayswith a
resultingalgorithmcompleity of . Staticarraysprovide anadwantagehatcomplex dynamic
datastructurescannot:they exploit cachecoherencdy ensuringthat consecutrely accessedata
elementarealwaysstoredin consecutie areaof memory Thedisadwantageof staticarraysis that
maintainingthemin sortedorderis expensve dueto the constanineedfor shifting of elementdo
createspace For thisreasorwe storedour lists asunsortedarrays.We foundthattheimprovement
of cachehit rate resultingfrom the useof arraysfar outweighedthe disadwantageof having to
explicitly searchthearrayfor every selection.

The usefulnes®f the incrementaklgorithmhingeson the fact that consecutie framesgener
ally exhibit a high degreeof inter-framecoherenceas suggestedby the relatively high frequeng
of smallturn magnitudeshown in Figure61. Therearenonethelessasesn which coherencas
limited andoptimizationtimesaresigni cantly high. If left uncheckedhesemayleadto excessve
inter-framedelaysdueto the costof thealgorithmitself ratherthanthe actualrendering.Consider
ing Figure62 againwe seethatfor amaximumcostof 5500(correspondingo approximately4500
selectedmpostors or optimizationof morethan4500sceneobjectsfor every frame)the maximum
optimizationtime may be ashigh as400 msin pathologicalkcasesvhereinter-framecoherences
lacking.

9.3.4 Constancyof Frame Preparation Times

To testtheconstanyg of framepreparatiomates,we measuredéstantaneouBamerates(de ned as
theinverseof framepreparatiorime)for eachframeof atypical walkthroughwith arenderingcost
limit correspondingo 2500selectedmpostors(or 2500 renderedpolygons). In orderto deduce
the causeof ary irregularitieswe found, we alsomeasuredhe framerenderingtimes (excluding
optimizationtimes)andthe optimizationalgorithmexecutiontimesfor the samewalkthrough.
Figure63 shavstheresults.lt is clearthatframepreparatioriimesvary dramaticallyfrom one
frameto the next. We notehowever thatthetime takento renderthe selectedscenerepresentation
is relatively constanbverall 160framesyvaryingbetweerapproximately60 and80ms.This shavs
thatthealgorithmis successfuin maintainingrelatively constantenderingimes.Furthermoreywe
notethatoptimizationalgorithmexecutiontimesvary dramaticallyfrom oneframeto the next, and
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thatthereis a markedcorrelationbetweerthe troughsin the graphof frame preparatiortimesand
the peaksin the graphof optimizationtimes. This suggestshatthe variationin framepreparation
time is dependentnainly on variationsof the executiontime of the optimizationalgorithm; the
algorithmis successfuin regulatingframerenderingtimes,but is not guaranteedo takea limited
or constantamountof time to do so. The objective thusbecomesdo placelimits on the execution
time of the optimizationalgorithmitself.

9.3.5 Truncation of Algorithm Execution

Theinconsisteng of frameoptimizationtimes,if left uncheckedmightundermingheability of the
algorithmto regulateframepreparatiortimes. We thereforamplementeda simplecut-off scheme
in which the algorithm's executionis simply haltedif its executiontime is foundto have exceeded
somepredeterminedimit. In the event of the algorithmbeinghaltedthe solutionreachedso far
is usedasthe nal solution. Dueto the iterative re nementstratgy employedby the algorithm,
its selectedsolution after ary iteration alwaysrepresents feasibleand complete(althoughnot
necessarilyalf-optimal)solutionto the hierarchicalevel of detailoptimizationproblem.

We measuredhe instantaneouframe ratesachieved for a walkthroughwith this technique.
Figure64 shavstheresults.It is clearthattime-truncatiorof the optimizationalgorithmsucceeds
in ensuringarelatively constanframerate irrespectve of visible scenecompleity.

The disadwantageof truncatingthe algorithm executiontime is thatin the frameswherethe
executionis truncatedhe algorithmproducesa potentiallylessthanhalf-optimalsolution. This in
theoryresultsin occasionatlropsin visualquality. Theamountof errorintroducedby truncationis
approximatelyproportionato the amountof time truncated.

Sincethereis signi cant coherencaot only betweensuccessie optimal detail levels but also
betweenhe changesn successie optimal detail levels over a seriesof frames,optimizationtime
skippedon one frameis typically borroved andwill in the worst caseneedto be “repaid” in the
form of additionalcomputationin the following frames. The errorintroducedby truncationwill
alwaysbe correctedswiftly aslong asexcessve executiontimesarerare. In atypical systemthe
imagequality would worsenimmediatelyafter a suddenexcessve motion by the viewer andthen
progressiely improve (over at mostafew frames)during periodsof relatively little motion.

As we notedwith regardto Figures60 and62, optimizationtime is dependenbn therendering
costlimit andthedegreeof coherencéetweersuccessieframes.Becaus¢heaverageoptimization
time is closerto the minimum optimizationtime thanthe maximum,we canexpectthe frequeny
of truncationgo berelatively low.
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Figure63: Constancyof frame preparation times. Plotsshawving (from top to
bottom)instantaneouamerates framerenderingtimes (excluding optimization
time) and optimizationtimes (excluding renderingtime) for eachframe over the
courseof atypicalwalkthrough.Therenderingcostlimit is 3000,equatingo 2500
single-polygorimpostors.
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Figure64: Frame rates after truncation of optimization times. Frameratesof
a typical walkthrough(calculatedas the inverseof individual frame preparation
times),with optimizationtimestruncatedat 50ms. The costlimit is 1500, corre-
spondingto 1250single-polygonimpostors. The full detail scenerepresentation
contains36879polygons.

9.3.6 Hierarchy Simpli cation

Recallfrom Figure 62 thatthe averageoptimizationtime waslessthan 100 ms for renderingcost
limits lower thanapproximately2500,correspondingo the selectionof morethan2000individual
impostors Becausef the natureof ourimpostorsthis correspondso only around2000polygons.
This ne granularityof onegraphicsprimitive perimpostorrepresents worstcasefor our algo-
rithm, sinceevery singlepolygonin thescenanustbeindividually consideredor selection In fact,
dueto thespeedf thegraphicshardwarethe consideratiorof animpostoris moreexpensve than
its rendering.

To improve this situationwe implementeda hierarchy simpli cation stratgy in the form of
a transformationthat reducesthe hierarchyby collapsingmultiple impostorsinto single shared
representationsAfter applicationof this transform,the impostorof eachobjectis the union of
the impostorsthat previously belongedto its children. The leavesof the hierarchyareremoved,
as their impostorsare now replacedby thoseof their parents. This transformis well suitedto
regular hierarchicaldescriptionssuchas this radiosity problemin which all the impostorsare of
the sametype. In the instanceof our hierarchya single applicationof the transformresultsin
eachobject(or patch)having a singleimpostorconsistingof four polygons.A secondapplication
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resultsin impostorsof sixteenpolygons,and so forth. The generaleffect of the transformis to
exponentiallyincreasehe granularityof theimpostorsso thatmorescenegeometryis represented
by eachimpostor Thecostandbene t heuristicanustof coursebe adjustedaccordingly

Totestthesuccessf thisapproachwve measuredptimizationtimesfor awalkthroughof ascene
afterzero,oneandtwo applicationf thehierarchysimpli cation transform.Theresultsareshovn
in Figure65. Therenderingcostlimit in eachcasecorrespond$o a maximumselectionof 1666
polygons.Theresultof applyingthe simpli cation transformis to greatlyreducethe optimization
time requiredto selectthe sameamountof scenadetail. After only oneapplicationof thetransform
theoptimizationtimesin Figure65arereducedo well below 25 msfor inter-frameturn magnitudes
lessthan50 degreesandfor a selectedscenaepresentationonsistingof around416impostors.
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Figure 65: Optimization times after hierarchy simpli cation. A plot shaving

optimizationalgorithmexecutiontimes(averagecdver four differentwalkthroughs
of the samescene)for variouschangesn viewing angleafter applicationof the

hierarchysimpli cation transformzero, one andtwo times. The renderingcost
limit in eachcasecorrespondso 1666selectecolygons.

It is importantto notethat after the applicationof the transform(and adjustmenif the cost
heuristicto re ect thefact thatimpostorsarenow moreexpensve to render)the amountof detail
thatmay be renderedwithin the availabletime doesnot change.Insteadwe have traded e xibility
of detailselectiorfor speedf optimization,by decreasinghe numberof possiblecombination®of
impostorsfrom which the algorithmmay choose(seeFigure 66). We have foundin practicethat
a singleapplicationof the transformin our caseresultsin analmostimperceptibldossof quality,
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Figure66: Lossof exibility dueto hierarchy simpli cation. Duetotheaggrga-

tion of groupsof impostoranto combinedmorecompleximpostorsthe e xibility

to selectcombinationf polygonsfor renderings reduced After oneapplication

of the simpli cation transform,all impostorscontainfour polygons. The single

four-polygonimpostorshown in (a) mustbe replacedoy the four-polygonimpos-

torsof its four childrenasshovnin (b). After that,arny of thoseimpostorsmaybe

replacedn turn by theimpostorsof its children,asshavn in (c). Howeverit is not
possibleo replaceonly partof theoriginalfour-polygonimpostor asshovnin (d).

whereagwo or more applicationstendto resultin visible degradation. Figure 67 compareghe
visible effectsof zero,oneandtwo applicationsof thetransform.

9.3.7 Dependenceof Frame Preparation Timeson SceneComplexity

In orderto testthe dependencef framepreparatiortimes(andthereforeframerates)on the com-
plexity of thefull detailscenewe measurechon-optimizedfull detail)renderingimes,optimized
renderingtimes, optimizationtimes and optimized frame preparationtimes for identical walk-
throughsof increasinglycomple versionsof the samescene with the renderingcostlimit held
constanthroughout.

Figure 68 shaws the results. The unoptimizedrenderingrendersthe impostorsat the leaves
of the hierarchicalscenedescriptionand the unoptimizedrenderingtime increasesinearly with
the compleity of the scenedescription,as we would expect (sincethe numberof leaf nodesin
a regular hierarchyincreasedinearly with the total numberof nodes). The renderingtime of the
optimizedscends constanfrrespectve of full detailcompleity, aswe would alsoexpectsincethe
compleity of the selectedscenerepresentatiois dependenbnly on the constantrenderingcost
limit. The optimizationalgorithmexecutiontimesare constaniexceptfor low scenecompleities
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Figure67: Visual effectsof the hierarchy simpli cation transform. The same
view of the samesceneafter zero,oneandtwo applicationsof the hierarchysim-
pli cation transform.

whereit increasewvith increasingscenecompleity, probablydueto more successfutachingof
smallerscenedescriptionsThe framepreparatiortime, beingroughlythe sumof the optimization
time andthe renderingtime, behaessimilarly to the optimizationtime andbecomesonstantor
increasinglycomplex scenedescriptions.

9.4 Conclusion

We presentedheresultsof anexperimentabpplicationof our predictive hierarchicalevel of detail
optimizationalgorithmto the interactve renderingof hierarchicakadiosityscenesThis work rep-
resentdoth an evaluationof the feasibility and effectivenessf the optimizationalgorithmanda
demonstrationf theapplicability of hierarchicalevel of detailoptimizationto hierarchicaradios-
ity.

The resultsattestto the predictive natureof the algorithm, shoving thatit may successfully
be usedto ensureboundedenderingtimes,to within the accurayg of the costheuristicused. The
algorithmselectsa scenaepresentatiofor every framethatmayberenderedn theavailabletime,
regardlesf the complity of thefull detailscenaepresentatioandthe compleity of thevisible
portionof thescene.

We notethat sincethe algorithmsuccessfullyregulatesframerenderingtimesthe variationin
framepreparationimesbecomesiependenthie y onthevariableexecutiontimesof thealgorithm
itself. Moreover becausehe algorithmis incrementaland successfullyexploits frame-to-frame
coherencats executiontimes are strongly dependenbn the amountof coherencenherentin the
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Figure68: Dependencef frame preparationtimeson scenecomplexity. Graphs
shawing the effects of increasingfull detail scenecompl«ity (max cost)on (A)

optimizedrenderingtimes, (B) unoptimized(full detail) renderingtimes,(C) op-
timization timesand (D) optimizedframe preparatiortimes. The renderingcost
limit is held constanthroughout.

imagesequencandarenotguaranteetb beconstantln particulartheframe-to-frameoherencen
whichthealgorithmdependss stronglyin uencedby the effectsof the angularchangen viewing
anglefrom oneframeto the next on clipping andculling. The executiontimesof the optimization
algorithmarefar lowerin themorecommoncoherentaseshanin therelatively rarecasesn which
coherencés lacking. In theworstcasethe compleity of thealgorithmapproaches log  or

, dependingntheimplementatiorchosenwith respecto thenumberof scendmpostors.in
thebestcaseit is . Theaveragecaseis muchcloserto the bestcasethantheworstandseems
to becloseto

Theapplicationof the algorithmto therenderingof radiosityscenesoldspromise. The most
signi cant obstaclego the algorithmappearto be the ne granularity(in this case)of thelevel of
detaildescriptionandthe destabilizingeffectsof visibility culling onframe-to-framecoherence.

Thestrongdependencen frame-to-frameoherencexhibitedby thealgorithmsuggestause-
ful lessorregardingthe useof incrementahlgorithmsin interactive systemstheuseof algorithms
thatdependn frame-to-framecoherencéor theiref ciency senesto reinforcetheneedfor consis-
tentandreasonabléramerates.Any dropsin frameratesthatoccurtendto cause¢heanimationand
usersinputto be sampledat a lower rate,leadingto a reductionin frame-to-framecoherencehat
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resultsin further performancelegradation.The useof incrementablgorithmssuchasoursmakes
it all themoreimportantto ensurehatreasonablérameratesaremaintained.

NirensteinandWinbeig have demonstratethata simplecut-off schemanaybeusedto prevent
the algorithmexecutiontimesfrom exceedingan acceptabldimit, while still providing a feasible
and complete(thoughpossiblyoccasionallynon-half-optimal)solutionfor every frame. This en-
suremearlyconstanframeratesand,aslongasthecasesn whichtheoptimizationtime exceedgshe
limit arerelatively rare,doesnot resultin seriousor cumulative degradationof theimagesequence.

We notethat the executiontime of the algorithmis directly dependenbn the numberof im-
postorsconstitutingits solution. This, in combinationwith the hierarchicalnatureof the algo-
rithm, makesthe optimizationtime dependenbn the renderingcostlimit, in contrastto the non-
hierarchicablgorithmof FunkhouseandSequinwhichfails to makeuseof theincreasef ciency
of optimizationresultingfrom sharedmpostorsandso alwaysperformsthe sameamountof work
for eachincrementatiormanddecrementatiorin the caseof this experimentthe optimizationtime is
linearwith respecto therenderingcostlimit, dueto theidenticalcostof all objectimpostors.

Theexcessie optimizationtimesrecordedor the scenewith single-polygorimpostorssuggest
that,for the optimizationalgorithmto beusefulin practice the granularityof theimpostorsshould
notbetoo ne. A usefulguidelineis thatthecostof consideringanimpostorfor renderingshouldbe
signi cantly lower thanthe costof simply renderingit without optimization. NirensteinandWin-
belg have demonstratethe useof a hierarchy simpli cation transformthatautomaticallyincreases
the granularityof theimpostorsandso dramaticallyreduceghe optimizationeffort requiredto op-
timize a givenscene.After oneapplicationof this transformthe algorithmwasfoundto perform
efciently andwith acceptableisualresults.

Ourexperiencesuggestshatrenderingartifactsin importantfeaturesuchasedgesandshadov
boundariesare easily noticedand detractfrom usercorviction even at relatvely large distances.
This suggestghat someobjects(or partsof objects)areinherentlymoreimportantto perception,
anddisagreesvith thepopularassumptionimplicit in staticlevel of detailcontrolbasedndistance,
thatall objectscanbetreatedequallyandthatthe perceptiorof artifactsis predictedwvell by distance
or screen-spacsizealone.It mayoftenbeworthwhiletakingtheinherentperceptualmportanceof
objectsinto accounin level of detailoptimization.

The nal resultof our implementationwas a working systemin which the optimizational-
gorithmwasusedto successfullyregulateframerateswhile providing acceptablédevels of visual
quality.
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Conclusion

In thisthesiswe have investigatedheimplicationsof hierarchicakcenedescriptiongor predictive
level of detail optimization. Our primary motivation is the developmentof improved predictve
hierarchicalevel of detail optimizationtechniqueghat eliminatelag by actively regulatingframe
renderingtimeswhile optimizing the visual quality of the resultingframes. Our aimswereto an-
alyzethe predictive hierarchicalevel of detailoptimizationproblemformally, to developtoolsfor
thisformalanalysisandto derive andtestimproved predictive hierarchicalevel of detailoptimiza-
tion techniques.

We presented new classi cationof existinglevel of detailoptimizationstratgies,shoving that
theacceptancef predictive level of detailoptimizationhasbeensurprisinglyslow andthatthe ap-
plicationof predictive approacheto hierarchicakcenealescriptionsasbeenall but nonistent.In
thelight of thisresult,ouraimis to investigatinghe reasongor this disparityandhenceto address
it. We reviewed previously demonstratedesultsshaving thatlevel of detailoptimizationis equiv-
alentto a well-known constraineptimizationproblem,the Multiple ChoiceKnapsa& Problem
(MCKP). However we have shovn thatthe equivalenceis not ascompleteaswas suggestedand
in particularthatit is compromisedy the useof hierarchicakcenedescriptionavith sharedbject
representationg-urthermoreve have drawvn attentionto errorsin a previously proposedalgorithm
basedon this approactthatinvalidateclaimsthatit providessolutionswith guaranteegberceptual
guality levelsandcastdoubtson the solutionquality of anotheralgorithmbasednit.

By basingour researcton amoresolid mathematicaloundationanddevelopingformal de ni-
tionsof ourideaswe derivednew algorithmsandtechniqueshatallowedusto correctthefailings
of previous approachesnd overcomethe dif culties posedby sharedobjectrepresentationsin

181
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Chapter we presentedhe rst formalde nition of ahierarchicalevel of detaildescription:ahier
archicalsceneadescriptionin which multiple sharedepresentationsiay be provided for groupsof
objects.Usingthisformal de nition asabasiswe shavedthatthe sharingof objectrepresentations
thatcharacterizebierarchicaldescriptionsffectively placesmplicit constraintson their selection.
By makingtheseconstraintexplicit we clearlyidenti ed the hierarchical level of detail optimiza-
tion problem anddemonstrateits equivalenceto a new hierarchicalgeneralizatiorof the MCKP,
which we call the HierarchicalMCKP (Section4.2). In the processwe provided the rst clear
and formal distinction betweenthe hierarchicaland non-hierarchicalevel of detail optimization
problems.

We developeda usefultool for the formal investigationof the hierarchicallevel of detail opti-
mizationproblem.Thesdevel of detailgraphs describedn Chaptel, sene asvisualandsemantic
representationsf the statespacegeneratedby hierarchicalevel of detail descriptions.They are
thereforeusefulin theanalysisandinvestigatiorof thehierarchicalevel of detailoptimizationprob-
lem andassociate@ptimizationalgorithms.In Section7.2we usedthemto prove the equivalence
of theincrementalhndnon-incrementaversionsof our predictive hierarchicalevel of detail opti-
mizationalgorithm.In Section7.2.4we shovedhow this proof maybe easilyextendedo sene as
a proof of the equivalenceof otherpreviously presentedlgorithmswhoseequialencewasstated
without proof.

Our mainfocuswasthe developmentof animproved predictive hierarchicalevel of detailop-
timizationalgorithm. This algorithm,presentedn Chapter7, is anextensionandcorrectionof pre-
vious approachegnamelythoseof Funkhouseand SéquinandMaciel and Shirley) thatcombines
predictive level of detail optimizationandthe useof hierarchicalscenedescriptionsandtherefore
providesthe bene ts of both. It is predictive and so guaranteegsonsistentandreasonabldérame
renderingtimes, makinga signi cant contribution to the eliminationof lag. It is hierarchicaland
somaytakefull advantageof the useof hierarchicakcenalescriptionawith sharedepresentations
for groupsof objects.It is incrementabndexploits frame-to-framecoherencdy basingits initial
solutionon thesolutionfoundfor the previousframe. Our incrementahlgorithmis anextensionof
anew greedyapproximatioralgorithmfor the HierarchicaMCKP, which we presentedn Chapter
6. We provedthe correctnessf the HierarchicaMCKP greedyalgorithm,showving thatits solution
is alwaysat leasthalf-optimalfor instanceof a usefulandwell-de ned subproblenof the Hier-
archicalMCKP. Thelevel of detail optimizationalgorithmthereforeprovidesguaranteedevels of
predictedperceptualuality. In the processof developingthe HierarchicalMCKP algorithmwe
presentednd proved two new greedyalgorithmsfor the corventionalMCKP, whosecorrectness



183

we provedformally usingmathematicatechniquesOneof theses asimpli ed versionof theother
thatwe provedis half-optimalundera simplifying assumption.

We presentedhe resultsof experimentstestingthe usefulnesf hierarchicallevel of detail
optimizationin generalandthe effectivenessandef ciency of the hierarchicalevel of detail opti-
mizationalgorithmin particular Our rst experimentdescribedn Chapte8, introducedheuseof
perceptualevaluation the subjectve evaluationof imagesequenceby non-specialisusersfor the
evaluationof computergraphicsalgorithms. The secondexperiment,describedn Chapter9, con-
sistedof the implementatiorof our hierarchicalevel of detailalgorithmin a practicalinteractive
visualizationsystemand demonstrateds usein the realtimeoptimizationof thousand®f scene
objects.Oneimportantcontribution of this experimentwasthe rst applicationof hierarchicalevel
of detailoptimizationto thedynamicview-dependenadaptve simpli cation of radiosity-generated
scenedescriptionsat rendertime. The experimentdemonstratethe effectivenessf the predictive
hierarchicabpproachandthefeasibility of our algorithm.

Inthisthesiswe have presentedneffective approximatioralgorithmfor the predictive hierarch-
ical level of detail optimizationproblem. Thereforean effective andfeasiblealgorithm exists for
theautomaticselectionof hierarchicallyde ned detail levelswith the aim of optimizing predicted
visual quality while limiting predictedrenderingcost. Our algorithmdependn the provision of
reasonabhaccuratdene t andcostheuristicghatpredicttheperceptuabene t andrenderingcost
of objectrepresentationsThis effectively shiftsthe unsohed portion of the broaderevel of detalil
problemto the creationof accurateandef cient predictionheuristics.Sincethealgorithmsuccess-
fully limits predictedrenderingcostandprovidesguaranteedevels of predictedvisual quality, the
problemis to accuratelypredictthe perceptuabene t andrenderingcostof arbitraryobjectrepre-
sentations.Experiencesuggestshat simple ad hoc heuristicstendto producereasonableesults.
Howeverthisis still anopenproblemwith muchscopefor furtherimprovement.
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